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FIFTH WINTER SCHOOL (1977) 

RIJKSUNIVERSITAIR CENTRUM ANTWERPEN 

A PARTITION OFB IN 

TWO HOMOGENEOUS AND H0ME0MORPHIC PARTS 

Jan MENU 

1. INTRODUCTION. 

In this paper we give a sketch of the construction of the par

tition. 

Consider the maps P(x) = 3nx + 2k.3m; n,k,m e l , and denote by 

P = tPjJn e u } the set of these. In paragraph 2, it is proved 

that if A c 3R is stable for P, and 1 € A, then A is necessarily 

homogeneous. We then consider the sets X(A), the orbits of a by 

P. In paragraph 4 it is proved that if a function f with cer

tain properties exists, the required partition can be constructed. 

In paragraph 5 a sketch is given of the construction of such a 

function, omitting the technical parts. 

I am indebted to Prof. Maurice to have suggested the problem 

and for valuable discussions. 

2- PROPOSITION. Let A c m be stable for the maps Pn, 1 € A, then 

A is homogeneous. 

PROOF. Let x £ A, it is sufficient to construct a homeomorphism 

h ; A -+ A, such that h(x) * 1 
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a) apply a translation hQ : A -» A, x -» x t 2k.3
m such that h(xn) € 30,2[ 

2 U. b) 1) if hQ(x) € 3|,^[, define ht = h 

2) if hQ(x) < -j, t).en there exists just one n- € 3Z such that 

nl 
2.3 x < hQ(x) 

define h^y) = 

nî n i " a 

2.3 x < h0(x) < 2.3
 г 

- h^x) Є ]|
f
Jc 

h
0
(y) if h

0
(y) f 30,21 

n.+l 
3

 a
 .h

0
(y> if 0 < h

0
(y) < 2.3 * 

2
 п n^

 ц 

ћ
Q
(y) + (y-2.3 Ъ if 2.3

 a
 < h

0
(y) < £ 

3 г
 (h

0
(y)-j) + (2-2.3 *> if | < h

0
(y) < 2 

3) if h
Q
(x) > -j, construct h. in an analogous way. 

c) Suppose h
n
 is constructed, h

n
(x) e 3l-3"

n
,l+3"

n
[ 

1) if h
n
(x) e 31-3"

n
"

1
,l+3"

n
"

1
{ 

define h
n + 1

 = h
R 

2) if h
n
(x) € 3l-3"n,l-3"n"1[ 

t h e n t h e r e e x i s t s j u s t one n .., € TL such t h a t 
n+i 

l - 3 " n • 2 . 3 - n + ^ * - < h (x) < l - 3 _ n * 2.Sn»+1~n*1 

' n + ľ 

n n + l " n 

h n ( y > i f h n ( y ) $ З l - 3 " n , l + 3 " n í 

l - 3 " n + 3 n + 1 ( h n ( y ) - ( l - 3 " П > ) 

i f l - 3 " n < h n ( y ) < l - 3 " n + 2 . 3 

_ - n - . * . i * " n 

h n ( y ) + 2 .3 ^ 1 " 1 - 2 .3 n + 1 

i f l - 3 " n + 2 . 3 n + 1 < h (y) < l + З " 1 1 " 1 

n * 
П - + 1 - n - _ i " ' n 

3 n + 1 (Һ ( y ) - ( l + 3 " n " a ) > + l + 3 " n - 2 .3 n + 1 

n * 

i f l + З " 1 1 " 1 < h (y) < l + 3 " n 

n ^ 
n - 1 s - n - l , m ^n+l^У^ € U ~ 3 * 1 + 3 I 
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a-п-1 1x1-П 
3) if h

n
(x) e ]i+

3

 n
"'

a
,l+3

-n
C, construct h ^

l
 in an analogous way. 

d) define h(y) s lim h (y), 
n 

It is easy to see that h is a homeomorphism of A and h(x) s 1. 

3. The classes X(a), a € 3R. 

1. Define X(a) * (3ma+2k.3n|m,n,k € 2 } . Every X(a) is countable, and 

the set {X(a)|a e n } is a partition of K. 

2. a + 1 € X(a) ~ a + 1 = 3na + 2k.3m (n,k,m € 2Z) 

~ a(3n-l) -- 1 -2k.3m 

** * - l-2k.3m 

~ a € X(~-~-i) for some p,l € U and 0 < 21+1 < 2.3P 

3P-1 

In this case X(a+1) n x(a) * 4, and X(a+1) * X(a). Denote by 

{-0~ these classes, n n 

3. Let a € X(-?i±i) * K where l,n € 11, 0 < 21+1 < 2.3n and such that 
3n-l q 

V kf,n» e u ; n» < n : 

-£±1 * x(li-l) . 

3n -1 3n*l 

then there are unique k,p,m with 0 < m < n, such that 

. »m 21+1 . k 
3n-l 3? 

Define D(q,k) = {x|x = 3m.%-i • -r-, 0 < m < n I where K -X(-^ii). 
3n-l 3p r e z | 1 3n-l 

H. Ra = P.\ X(0). 
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**• THEOREM. Suppose there is a continuous function f : R -> R , sue} 

that : 

i) fl * lRi 

2) Vx : f(x) <f X(x+1) 

3) Vx : X(f(x)) 8 f(X(x)) 

-*) if g(x) = f(x) • l then : 

Vx % X(l), Vn 6 H : x <{. X(g2n+1(x)) 

5) f(l) e X(l) 

then there is a partition of .R in two homeomorphic parts. 

Remark. g(X(x)) * X(g(x)), Vx € R 

PROOF of the theorem. 

1, Vx € Rt\ X(l); define 

.2n, Ax = u{X(g
zn(x))|n € 2Z} 

в

x
 = u{X(g

2n+1
(x))|n € 2}. 

Suppose g2n(x) e X(g2m+1(x)), then x e g"2n(X(g2m+1(x))) =X(g2tt"2n* 

which contradicts (*0, thus A n B « *. 

2. Choose xa ^ X(l) u X(0). Define A a
 s A

x > B! s B
x 

A1 n Ba * •. 

3. Suppose Aft and Bg are defined for every ordinal B < a, A. n B* s^, 

Then a) if o is a limit-ordinal, define 

I A a = u{A B|B< a} 

BQ = u{BB|6 ' 0} 

b) if o is not a limit-ordinal, 



47 

i) AB u BB u x(0) u x(l) - », for some B < a define 

Aa = u< A
el

e < «> 

Bg - u{Bg|B < a) 

i i ) A
a-1

 U Bo-l U X ( 0 ) u x ( 1 ) • ca-l **• G*400" *a en \ Caml. 
Define j A a = A ^ U A ^ 

t Ba " Ba-1 U \ 
for every a such that Aa n Ba * 0 and g(Aa) = B . . There exists 

an ordinal an such that A u B u x(l) u X(0) sJR. 
u a0 a0 

»*. Define f A -- ^{Aja < aQ} u x ( l ) 
| B -- u{Ba |a < aQ} u X(0). 

Then : [ A n B - • 

g : A •* B is a homeomorphism. 

^.2. This proves that B = A u B, where 

A n B s • 

A » B 

A and B homogeneous. 

5. Sketch of the construction of f. 

5.1. a) We only consider intervals [a,b] with a,b € X(Q), and 

b-a = 2.3k for some k e 25. 

A net W on such an interval is a finite set of points 

a = an < a- <...< a„ ., < a„ = b, such that V i < n-1, there 
u l n-l n 

exists a m € X : a. ... - a- = 2.3m : 

b) Let W be a net on [0,2], x € [0,2]. Denote : 

Vw(x) s U{V|V € W,x € V}. 

c) Let [a,b] be an interval, N a net on [a,b]. A function 
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1) V i < n-1 : h|, r is a translation onto 
Jai'ai+ll 

some J a . j , a . + I r , j < n-1 

2) h is the identity on ]a0,a1[, 3an-1,an[ and on 

the interval containing a-£--

[a,b] n R 3) Һ 2
 = 1| 

«*•) Vx 6 Kt : h(x) * 2 = h(x+2) 

5.2. At the n step is constructed the following : 

1) A finite set B C u{K |m € lO, such that B„ . C B and n m' * n-1 n 

u{Bjm € U} = u{K fjn e 20. 

2) V k < n and x,y € B n K, a PK e {Pjm € n } , such that 
a Jv x , y ni 

P x , y ( x ) = y » a n d i f P n { P x , y | x ' y € B
n

n V k < n } j t n e n 

P * C P and P i s a t r a n s i t i v e r e p r e s e n t a t i o n g r o u p . 

3) V x € B . n K, , k < n - 1 , a Vk - € l l (x ) , such t h a t 
n— x K x , n— •*. 

P k (Vk .,) = Vk - and i f k f < n , 1 < n - 1 , Vk , n x ,y x , n - l y,"--"*l x , n - l 

n Vk
 ldhA ~ Vk . C V k ' . . Denote V = u { v k

 1 | x 6 B T l n K, , k < n - l ! y , l # 0 x , n - l y , l n x , n - l ' n - 1 k* 

**) A n e t hi . t h a t r e f i n e s Wn_2 and c o n t a i n s t h e e n d p o i n t s of t h e 

Vk , , k < n - 1 , x € B . n K. , and such t h a t x , n - l » * n - 1 K' 

) = K x , y n - 1 k 
j v k 

x , n - l 

n - 1 

y , n - l 

5) A function f * such that n-1 

a) f 
[0,2] n (Rl\ ғ

n
_

2
(v

n
_

1
>> 

= 1, where 

Ғ
n-2

 = f
n-2 

f
л
 o o. . .o fл . n-3 1 

b) fn_2 i s a / ^ - e l e m e n t a r y f u n c t i o n on e v e r y F n . 2 < V x n - 1 ) 
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c) V x,y : P^ y o fn-1 0Fn.2(x!)-» f ^ o F^ 2 o ^ y ( x ' > , 

x» e v k 

x,n-l 

6) Moreover, there is taken care of the following : 

a) x e K-. i ~ lim F (x) e K~ 
2m-1 n n ^m 

b) the condition -O is satisfied in the n step outside of a 

set of length < 3~n. . . . 

Define f = lim F , then clearly f has the required properties, and 
n 

this completes the proof. 
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