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NINTH WINTER SCHOOL ON ABSTRACT ANALYSIS (1981)
Categories of models of langusges L, , ()
J. Rosicky

In [7], categories of models of infinitary languages Log (,;)
are considered. The main results of this peper show the relations
between syntsctic properties of theories and semsntical properties
of their categories of models. The considered infinitary lsngusges
are completely genergl, it means without any smallness condition.
The present pasper brings the suthor’s results concerning langusges
subjected to smallness conditions. There will be considered langue-
ges Lyy(p) admitting conjunctions end disjunétions of less than K
formules and quantifications over less than A varisbles. Here K
and N eare infinite cardinsls snd M is & type, i.e. & set of rele
tion &nd function symbols. The only distinction with respect to
[3] is that we admit infinitary relafion snd function syrbols, too.
But we shsll assume that their srities are smaller than X . The set
of variables of L,,(u) will be denoted by V.

We sre going to consider concrete categories Mod(T) of =11 mo-
dels of theories T of the just described langugges Lm(p.).. These
concrete categories have some immediate properties which we include

in our genersl definition of & concrete category.

Definition: Under & concrete category we shell mean a category A

equipped with a faithful functor / /: A — set into the category
cf sets such thst the following three conditions are satisfied:
(1) 1f A«A , X 1s a set and £: /A/— X+& bijection then there is
BeA and en isomorphism g: A— B such that /B/ = X end
/e/ = ¢ (the condition of transfer)
(2) 1f A,B¢A and f: A—B is an isomorphism such that /&/ = /B/
and /£/ = 4/1{/ then A= B and f = 4A (the condition of unicity)
(3){ae¢ A / /8/ = X} is & set for =ny set X (the condition of
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fibre-smrllness).

In what follows, the symbol //C// will mesn the cardinslity
of the underlying set /C/ of an object C6A ., Let ¢ be a ceréinsl,
¥e shall tske c-filtered colinits in the sense of [5] (where the
cese ¢ = Y, is considered), i.e., they correspond to c-cofiltered
colimits in the sense of [] . Concerning c-presentsble objects snd
categories see [{.

Let € be a set of objects of a category A . Let D: S—A.
be a c-filtered disgrem end & : D— A 1ts colimiting cone in A .,
We say that « 4s well-behaved with respect to € 4if for any Cs
and gny f: C—A there is 8 ¢ S and g: C —D(8) such that
= o gege i _

The comma category (€3 A) is defined as follows: its objects
are couples (C,f) where £: C—sA and morphisms h: (C,f) —3 (C,T)
are morphisms h: C—TC in A such that f.h = f. Sometimes we shall
write (Y ’A A) in order to stress that the situstion is considered
in = category A. The essignment

(C,f) v — £ . h =——. h
gives the projection P: (¥4 A4) — A =2nd the prescription
d‘(c,f) = £ gives the canonical cone d: P— A, ¥ is called dense
in A if « is a colimiting cone for any AcA (see [5)).

Some results will depend on L'6w'enheim-5kolem theorem for
Lyy(pu). Owing to the presence of infinitary relstion and function
symbols, the generalized continuum ‘h,ypothesis is needed for this
theorem. Hence, by \riting'GCH_wg shall ‘\egn that this hypothesis
is assumed. ST _

A theory T is called a strict 3l-theory if it cen be given
by sxioms of the kind

(V) Ay)(y(x)= g x,¥)),
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where x ¢ Vn, ye Vm, n,m are casrdinsls and ¢»y are conjunctions
of stomic formules, and such that

Tk (V) (W) (V)P (x) A y(x,y)A y(x,2)=y = 2)
(see [2]).

Theorem 1: Let A be a concrete category and ¢ a regulsar cardinsl.

Then the following conditions are equivalent:

(1) AT Mod(T) for & strict Ji-theory T of Lc,c(f')

(11) A is cocomplete, / / is representsble by a c-presentable ob-
Jeect (L'o and A contains a dense set of c-presentable objects

C admitting sn epimorphism n.Co—b C for some n ¢ c.

Corollary: Let A be a concrete category. Then the following con-
ditions sre equivalent:

(1) A £ Mod(T) for a strict 3Il-theory T of Lga(p)

(11) A 1s locally presentable and / / is representable by a pre-

sentgble object.

A theory T is called coherent if it can be given by exioms
of the kind
(¥x)y¢(x)
(Yx)19(x)
(Vx) (¢ (x)— y(x))
where x ¢ VD, n is s cardinal and ¢ ,y are existentisl-positive

formulas (see [6]). Clearly eny strict al-theoryk is coherent.

Theorem 2 (GCH): Let A be a concrete category. Then the following

conditions are eguivslent:
(1) A = Xod(T) for & coherent theory T of Ly, (u)
(i1) There is & regular cardinsl c such that
8) A has and / / preserves c-filtered colirits
b) e-filtered colimits are well-behaved with respect to
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Y=lceh 7 s/cl/< e
¢) ¥ 1s dense in A snd the comma category (Y} 4) 1s
c-filtered for esny A ¢ A .

o
A Irn—formula is a prenex forrula with a leeding quantifier Y
end with n alternstions of quantifiers (see [1]). A theory is called

[ ] o
-] “I -theory 1if it qan be given by axioms which are ]Tn-formulas.

Theorem 3 (GCH): Let A be a .concrete category and n2 4 a nstural
number. Then the following conditions are equivalent:
(1) A= ¥od(T) for a n;-theory_ T of L,,(p)
(11) A contains subcategories
A~M, > A‘l 2 ... Alll
such that the conditions
8)/f/ is injective for any f ¢ K,
b) if fog e M, end fe M,  thenge M, , for eny 0t k¢ n
are satisfied end there is a regular csrdinsl c¢ such that
c) A has colimits of c-filtered diggrams D: S—Nun. loreover,
these colimits are well-behaved with respect to
C=JceAd / //¢// ¢ c} end they sre preserved by / /
d) the comma category (Y l”'n A) is c-filtered and A is its

canonicel colimit for sny A¢ A .

The last theorem yields & characterizstion of categories of
models of universsl-existential theories (i.e. [r:-theories). Re-
merk that sny coherent theory is ]T:. Having 8 “;—the_ory T, the
subcategories Al , k2 0 consist of Eﬁ_ -extensions (in the sen-
se of ().
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