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PONTRYAGIN ALGEBRA OF A TRANSITIVE LIE ALGEBROID

Jan Kubarski

INTRODUCTION

The Chern-Weil homomorphism hP of a principal fibre bundle
Cpfbd P has been known for some forty years [Ch]l. On the
other hand, in analogy to the theory of Lie groups and Lie
algebras, each pfb P has its algebraic equivalent: a
transitive Lie algebroid C(tLad ACP> - constructed on the
basis of the.right-invariant vector fields on P . ACPD> is
simply a vector bundle equipped with some structures Cof an
algebraic natured like a structure of a Lie algebra in the

module of sections.

It turns out that the Chern-Weil homomorphism of P is a
notion of the Lie algebroid of this’pfb! This means that,
knowing only the Lie algebroid ACP> of P=PCM,G0, one can
uniquely reproduce the ring of invariant polynomials CVg*)I
and the Chern—-Weil homomorphism hP:CVg*)I——+HCM) Cg denotes

the Lie algebra of G6G>. -7

We pay our attention to the fact that this holds although
in the Lie algebroid ACPD there is no direct information
about the structural Lie group of P!

This paper is in final form and no version of it will be

submitted for publication elsewere.
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In addition, we must point out two things:

1) A tLa is - in some sense - a simpler structure than a
pfb. Namely, nonisomorphic pfb’s can possess isomorphic Lie
algebroids. For example, there exists a nontrivial pfb for
which the Lie algebroid is trivial Cthe nontrivial
SpinC3>-structure of the trivial pfb [RPCEIxSOC3D [Kub]a).

2) There exist "nonintegrable" tla's, ie tLa’s which
cannot be realized as the Lie algebroids of pfb’s. First
examples were constructed by R. Almeida and P.Molino
[Al'M°]1—a (see also [Mol) basing themselves on transweréally
complete foliations. The tLa of the foliation of a compact
simply connected Lie group by the left cosets of a connected
and nonclosed subgroup is an example of a nonintegrable tLa
[Mol.

In connection with the above, it seems important to
construct the Chern-Weil homomorphism of a thba 4 in such a
way that it will agree with the Chern-Weil homomorphism of
any pfb P for which A 1is its Lie algebroid. In addition,
this homomorphism will probably be useful to investigate some

nonintegrable tLa’s.

Originally, the notion of a Lie algebroid was invented in
connection with the study of differential groupoids
[J.Pradines in [Pra]l_a introduced the so-called Lie functor
which assigns a Lie algebroid to any differential groupoid 1].
Since each pfb P determines a differential groupoid Cthe

so-called Lie groupoid P‘P—_1 of Ehresmann [Ehrl), therefore

each pfb P defines - in an indirect manner - a tLa ACPD.
P.Libermann noticed [Libl] that the vector bundle of this tLa
ACP> , P=PCM,G>, 1is canonically isomorphic to the vector

bundle TP/G (investigated earlier by M.Atiyah in the context
of the problem of the existence of a complex connection in a
complex pfb [Atl)>. The construction of the Lie functor for
pfb’s with the omission of the indirect step of differential
groupoids was made independently by K.Mackenzie [Macl and by

the author [Kub]i.
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LIE FUNCTOR FOR PFB’S

We begin with giving the fundamental (for our

considerations) definition of a tLa and with a construction

of the Lie functor. We assume that all the manifolds
considered are C00 and Hausdorff, and that M - the base of
tLa’s - is connected.

Definition. [Pra]l_a. By a transitive Lie algebroid CtLad

on a manifold M we shall mean a system

1 A = CA.E-.-H.y)

consisting of a vector bundle A over M and mappings
[, ]: SecAxSeca—sSeca ., y:A—TH,

such that
cad CSecA.E-,-B) is an R-Lie algebra,
C(b> y» 1is an epimorphism of vector bundles,
Ced Secy:SecA—XCM> is a homomorphism of Lie algebras,
> [E./n] = £ [E n]*Cref > -n for feC¥CMI, E,neSecA.

Let C1> and (A',[-.-H'.r’) be two Lie algebroids on the
same manifold M . By a homomorphism between them we mean a
strong homomorphism H:A4A—A’' of vector bundles, such that

Cad  3’oM=p,

Cbd> SecM:SecA—SecA’ 1is a homomorphism of Lie algebras.
With each tLa (1) we associate a short exact sequence
4

(@=>] O——g —— A" TM—0

Cg=Keryd called the Atiyah seguence of (l1ld. g is a Lie

algebra bundle if in each fibre g the Lie algebra

| x
structure is defined by: [v.w]:=ﬂ§.n](x). £ ,neSecAd, ¥CxO=v,

nCxO=w (see [Al—MoJl, [Mac]l and [Kub]a).
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For the construction of the Lie functor, we take any pfb
P=PCM,G> with the projection n: P—M and the action
R: PxG——P, and define another pfb TPCTM, TGO with the
projection rz*:TP——;TH and the action R*: TPxTG——TP . We can
treat G as a closed subgroup of TG (Gg{sa;aeG}, Sa being
the null tangent wvector at a J>. The restriction of R* to G
is then equal to RT: TPxG—TP, Cv,ad h—»CRa)*U, Ra being
the action of a on P. We put

ACPO=TP/G

- the space of all orbits of RT, and denote by nA:TP—MCP).
viE—{vl, the natural projection. By [Ko-Nol, we see that
the structure of a Hausdorff C%-manifold, such that TI.'A is
a submersion, exists in ACP> .In the end, we define the
projection p: ACPO—M, {vl p—nz, if veTzP. For each point

xeM , in the fibre p_icx) there exists exactly one R-vector

space structure such that {v?+{wl={v+wl} if n:PCv)=rzPCw).
o TP—¥F being the projection. The system CACPO,p,M> is a
vector bundle [Macl, [Kub]l 1 Let &RCP) denote the
c®cM>-module of all % global right—invarian£ vector fields
on P .

Proposition. [Macl, [Kub]l 1- For each cross—-section

neSecACP>, there exists exactly one c® right-invariant
vector field n’e&R(P) such that ((n’{z2>2=nCnz2>. The mapping

€3 SecACP>—2RCP>, pr—n’,
is an isomorphism of c®cM>-modules. m

Now, we define some R-Lie algebra structure I[ , ]] in
the [R-vector space SecACP> by demanding that (3D be an
isomorphism of [R-Lie algebras. We also take the mapping

v: ACPO—TM, [v1 —_ .
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Theorem. [Macl, [Kub]l. The object

ACPO=CACPO, [, - ]h >

is a transitive Lie él gebroid. A homomor phism
F=CF<.;J):PCN.G)—>P'(M,G’) of pfb’s L M G—G’ - a
homomorphism of Lie groups, FC(zad=FC(2D- -ulCad 1 determines a
mapping dF: ACPO——ACP’ D, fvul r—»[F*vJ . which |is a
homomor phism of Lie algebroids. The correspondence
Pr—ACPD, Fp—sdF, 1s a covariant functor C(called the '

Lie functor for pfb’sdm

AN INTERPRETATION OF SECTIONS OF THE LIE ALGEBROID OF THE
LIE GrouPoOID GL{f

Let f be any vector bundle over M  and GLCfd - the Lie
groupoid of all linear isomorphisms between fibres of f.
Ngo-Van-Que [NVQ] discovered an operator interpretation of
sections of the Lie algebroids ACGLCfOD (see also [Kuml and
[Macl>. We describe it in a little different manner. For a
section ocSecf and for xeM, we put 3}(: GLCf')x—»f'P(.

hl——»h-1CaCf§h.)). Then we have the following
Proposition. Let ¥£e&SecACGLCf>>. Then the mapping

f Cod: M—af, x .—>gx<3x3

£

is a c®-section of f, and L. : Secf—Secf, or—8_.Co0D, is

4 4

'a differential operator of order =<1 such that

4> R, (fro2=f-8,Coo+X(fo-0, feCmCH), oeSecf, where X=pof.

4 4

Conversely, for any differential operator 8 of order =1 in
the vector bundle § , such that (4) holds for some XeX(M,
there exists exactly om_a_section FeSecACGLCEDD such that

ﬁl=51.z and X=ypof. =m
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REPRESENTATIONS OF LIE GROUPOIDS AND LIE ALGEBROIDS IN
VECTOR BUNDLES

By a representation of a transitive Lie groupoild $

in a vector bundle f C(both over M) we mean a strong

homomorphism 7T:3—GL D of Lie groupoids; whereas by a

representation of a transitive Lie algebroid 4 in a vector

bundle f we mean a strong homomorphism T':A—aACGLCFDD>  of
tLa’s. Of course, -for a representation T:3—GLCED, " the
differential dT:AC3>—3ACGLCfD> 1is a representation of the
Lie algebroid AC®> in f .

Definition.Ca)d. For a representation T: 3—GLCfD of a

Lie groupoid. & in f, we define the vector space of

invariant sections of f in the following way

= . A =
(Secf')I {oeSecf. PRAN [TCh)Co'ah) oﬂh]}

Cb). For a representation T’ : A ACGLCEDD of a

transitive Lie algebroid A4 in f, we define analogously

CSecf')Io = {aeSecf: EGSQCA [SE.T.°8C0)=O]}.

The following facts play the fundamental role in our

theory:

Theorem 1. Let T:3——GLC(f> be any representation of a
Lie groupoid & in f. and dT:ACQ)—»ACGLCf)) its
differential. Then

cad CSecf')IcCSecf')Io,

Cb> if & is connected, then (Secf)I=CSecf')zo.I

For a representation T:3—GLC(f> and for xeM we take
the indiuced representation Tx: Gx——»GLCf'lx) of the isotropy
Lie group Gx in the vector space flx' By Cf'lx)I we

denote the space of Tx—invariant. vectors. Then we have
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Theorem 2. For an arbitrary ve(flx)I » the section
ov:M——af. Vi—TChICv>, where he® and oh=x, fh=y,

is a correctly defined smooth invariant section, and the

mapping
Cf'xJI——»CSecf')I s Vo,
is an isomorphism of vector spaces.m
In addition, we have the following fact: For an arbitrary
representation T’:A——ACGLCfO> of a tLa A in f, each

T’-invariant section oe(Secf)Io is uniquely determined by

its value at any point.

Now, for a tLa A4 , having {23 as its Atiyah sequence,

we define the adjoint representation

ad: A—ACGLgO

in such a way that 2ad°:COJ=ﬂ§.a]. oeSecg. ad induces the
representation adv:A——»ACGng*) by the formula

<£advozr.aiv. . v0k>= C}'of)([‘.o"v. .. vo’k>
- <r.01v. .. vl[f ,Oi—]]v. .. vdk>.

i=1

In particular, we have

CSe&g*)Io:{reSec&g*.- PoE T, 0 v. . . vo)>

A A C
feSecA al....oke$ecf[

=E’:=1< r,a‘v. .. vl[f.di]]v. . vak>]}

k
In addition, if [SeCSecVSg™> s=1,2,, then

I°’
2 krk
r‘vr’e csec'v *g >0
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so f(Sec%g*) o 1s a =s'ibalgebra of ?(Sec&g*).

1

K. Mackenzie [Macl proved that if A4=A4AC%>, then ad is a
differential of the adjoint representation Ad: @—GLC gD
defined by: AdCho=CT, D >

1 =
. G —G , ap—yhah T, x=okh,
v=3h.

Th

THE CHERN-WEIL HOMOMORPHISM OF A TRANSITIVE LIE ALGEBROID

By a connection in a tLa A=cA, [, ] »> we mean a
splitting of the Atiyah sequence O—g—3Ad—3TH—s0 of A4,
ie a mapping XAX:TM——A such that yok=id1u. For a connection
A in A , the uniquely determined morphism of vector
bundles w: A—g fulfilling wlg=1id and Kerw=Im\ is

called a connection form of A. By a curvature base-form

Cor a curvature tensord) of a connection A we shall mean

the 2a-form QM on M with values in the vector bundle g,
defined by the formula

Q (X, ¥>=-uC [[x»x,my]p [=>\n[x. y1-|[xax,>\sy]]].
Theorem. The mapping

y“;ﬁ(Sec{?g’) — M
Sec¥ig™s T —s LI ol v >
k! M M
k-times
is a homomorphism of algebras such that the form -yM(F) is

closed when I' is invariant.ms
The superposition

R gcseeciﬁg’) [oEAZC MO HC M)

is called the Chern-Weil homomorphism of A .Its image ImhA

is a subalgebra of HCM> called the Pontryagin algebra of A.

Theorem. The Chern-Weil homomorphism hA of a tLa A4 |1is
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independent of the choice of a connection.m

Now, take any pfb PCM,G2 and let A=ACPO be its Lie
algebroid. Then, for the Lie groupoid of Ehresmann &=PP*
and for the adjoint representation Ad: 2—GLCg2, we have,

by Theorems 1 and 2, the commuting diagram:

e(Sec&g*) o
k I A
h
= @ O
* h T x

CV(glx) )I >y HCMD

= R

*
Vg JI

from which we obtain that the Chern-Weil homomorphism hP of

a pfb P is an invariant of the Lie algebroid of P .

Remarks. 1/. It is possible to construct the
characteristic homomorphism hA of those nontransitive Lie
algebroids A for which §» 1is of the constant rank Csuch Lie
algebroids are called regulard.

27. There exists a characteristic homomorphism of flat
Cand of partially flatd regular Lie algebroids - an object
analogous to that for flat Cand for foliated) pfb’s.

3/. The proofs of the above-menticned thecrems will

appear in the next work by the author.
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