WSGP 11

Slawomir Gozdzik; Wojciech Wojtynski
Lie algebra of a family of one-parameter subgroups

In: Jarolim Bure$ and Vladimir Soucek (eds.): Proceedings of the Winter School "Geometry and
Physics". Circolo Matematico di Palermo, Palermo, 1993. Rendiconti del Circolo Matematico di
Palermo, Serie II, Supplemento No. 30. pp. [47]--53.

Persistent URL: http://dml.cz/dmlcz/701505

Terms of use:

© Circolo Matematico di Palermo, 1993

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/701505
http://project.dml.cz

LIE ALGEBRA OF A FAMILY OF ONE-PARAMETER SUBGROUPS

Stawomir Gozdzik and " Wojciech Wojtynski

1. Introduction

The theory of Lie groups may be viewed essentially as a skill
of deriving properties of a Lie group G from the structure of the
family ACGY> of all continuous one parameter subgroups of G.

The first part of this procedure is introducing the appropriate
real Lie algebra structure on A(G). Classicaly this 1is achived by
identif'ying ACGD with the family of all left invariant. vector
fields on G and it is possible due to the existence of a ¢® Banach
manifold structure on G. In a more general situation, when such a
manifold structure on G is not available the problem how to
associat.e the proper Lie algebra structure to ACG> has no obvious
solution. '

In this note we presente a new, mainly algebraic construction
which associates to an arbitrary family A of continuous one
parameter subgroups of a topological group G a real Lie algebra with
gradation. In the first etape A is embeded into the group PCAD
formed by all the functions from the real line R into G which are
finite pointwise products of the functions from A. The remaining
part of the procedure rest only on algebraic and topological
properties of PCA) and may be treated in fact as the construction of
the corresponding Lie algebra for an object of the category of
“"exponential R-groups" - the abstract generalization of PCA).

Acknowledgement: The authors are indebted to M. Mazur and
A. Przezdziecki for stimulating remarks.

2 Topological R-groups

Lett G be a Hausdorff topological group. Let COC R,G> denote
the family of all continuous G-valued functions on the real line R,
satisfying the condition #C0) = e. .COCIR,G) with the pointwise
multiplication and the compact-open topology is a Hausdorff
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topological group. It admits also multiplication by real numbers:

(¢D} R x Co(R,G) > (8,f) — sf € COCIR,G)
where
fCstd for s20
(sfo)to= -
C-stD for s20

Cleary this multiplication is jointly continuous and it satisfies
the following conditions (cf. [81).

For s.,8, € R and f‘,fz,f e CO(IR,G)

Cad ?1(szf) = (sisz)f
@ b sCf f,> = Csf X(sf)>
() C-1Of = f* , Of = e

wvhere e denotes the constant function equal for each t to the unit
element. of the group G.

In the abstract, setting a topological group H equipped

additionally with a binary operation

RxH > (s,t)2 —> 8f € H
which is jointly cointinuous and satisfies 2>Cad=<Ccd (where e
denotes the unit element of H) will be called a topological R-group.

In the obvious way one introduces notions of R-subgroup,
R-normal subgroup and R-qguotient group.

Let A be a family of continuous one parameter subgroups of .G.
Clearly A c CO(IR,G) , and we may consider the R-subgroup PCA> of
CO(IR,G) generated by A.

Observe that the elements of A are distinguished among those of
PCAD> by the property

&) nf = f° for ne2
Chere after £Z will denote the set of all integers and NN the set
of all positive integers). .

In the abstract setting we shall call an element f of a
topological [R-group H exponential, if it. satisfies the condition
(3>. We shall call a topological R-group H exponential iff the set
ECH>> of all exponential elements of H generates H. Thus PCA) is an ‘
example of an exponential topological R-group. The next proposition
suggests that the notion of an exponential R-group may by viewed as
a noncommutative generalization of the notion of a topological
vector space (cf. [81).

Proposition 1 Let H be a topological R~-group

Cad h € ECH> iff for each 5,8, € R

4> (s +3 Dh = (s h)X(s_ h)
1 2 1 2
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i.e. iff the function R > s — sh € H is a one parameter subgroup
of H. ‘
(b)Y H is a lirear space iff H = ECHD.

The proof is simple and will be omitted.

3. Lie ring structure associated with a filtred group

Applying standard notation, for arbitrary subsets 4 and B of a
group by {A4,B) we shall denote the subgroup generated by all the
elements {a,b = a'bab with a< A and b < B

Let H be a topological group. Consider the closed central
descending series of H ’

> H >H >H > ...
1 2 3
where H‘- H, Hn - (H,Hn_‘) for »n 2 2 , and ﬁn denotes the closure
of Hn' Clearly each En is a normal subgroup of H and moreover
(Hn,Hm) < ”n-nn
i.e. the sequence (5) is a discrete filtration of H.
It. is well known <(cf [1], [7] chap. II> that for

H ®©
”n - n//ﬁn"‘1 and LCH) = n‘=’; Mn
the group LCH> = the graded group associated to the filtration (5)>-

has a structure of Lie ring. This structure is composed of two
compatible binary operations: the abelian group multiplication of
LCH)> and Lie bracket. defined as the commun extension of the family
of biaddit.ive maps

["']m,n : I'lm bl H" —_ Mm+n

is defined as the quotient. class of {a,b} in Mmd-n tor

mn = 1.2,..
where ([a,b])
m,n

»

deﬁm and beﬁn.

The main point of the present note is the observation that for
H a topological exponential R-grpup the Lie ring structure of L(H)
may be compatiblly completed by one more operation: a multiplication
by real numbers, yielding thus structure of a real Lie algebra on
LCH>. It. should be noted, however, that the R=-group structure of H
is almost. irrelevant. here, what realy matters are the exponential

properties of H.

4. The Lie algebra of an exponential R-group.
Let H be new a topological exponential R-group. Consider the

closed central filtration (5> of H. Since Tin are closed, each I'In is
a topological R=-group, so is LCH)>. We shall modify its structure,
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defining the new multiplication "#** by real numbers in Mn by the

formula

> s * Call, D> = x(s)-CaH, O
where the multiplication on the right hand side of the above
equality is the quotient multiplication in Mn and
%, (s> = (sgn s>-*/TsT

for s € R. Since an(O) = 0 and the restriction of x, po RN{0>
is a continuous automorphism of the multiplicative group RN{O0> ,
the multiplication (6> satisfies the conditions 2>Cad>~C(c). Define
finally the new mult.i_pliéation in LCHD modifying coordinatewise
the old one acording to (6).

Theorem 2 The new multiplication 1is compatible vith the Lie
ring structure of IbCH)D.

The proof is based on some properties of exponential R-groups

Ccf. [8]1, Proposition 7).

Proposition 3 Let H be an exponential R-group and let h € T’n
. Then for each k € N

R" =
(¢P] kh = R mod H
n+1
Proof. Observe first, that since the both sides of (7> depend
continuously on h and En+1 is closed, with no loss of generality we

may assume that h e Hn .

Note also that for a,b e Hn and ¢ € N

8> a®? = cab>? mod K,
hence proving (7> we may restrict. our attention to the elements of
the form h_ = {a,...,a_ ) , i.e.
™ 1 m
[€°] h = {a ,a,....,{a_ ,a_r...>
m 1" 2 m-1" m
with e, € ECH> 1 =1,....m .

¥e shall prove (7> for the elements (9) by induction on .

If m =1, then h = a, so h €« ECH>D and kh = hk. Assume that
hn= (at,hn_l} where hn_1 € Hn—: and hn—1 has the form (9> with
m = n-1. By induction hypothesis
Rt

Rh = o
n-1 n-1 n

where r, € En . Observe that. for elements b,c,d such that. at least
one of the three belongs to Hn_‘ we have

{b,cd> = {b,c)3{b,d> mod h"“.1
and thus
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n-1 n-1

_ I Sk _ [k R _

kh = CRay,kh, > = {d®nR rn} {at,hn_1}
kn—l

k
= wha, * = (can,

h
n

n-1 n
)k]k - »k
1
where r, € ﬁn and all the equalities are understood modulo ﬁn-h ..
Proposition 4 Let h be an element of a topological R-~group

such that for a fixed n € N and each kR € N

10> . | R'h = bk
Then h is exponential.

Proof. We shall prove first that for & satisfying (10> and
sequences (?k)ko:;' (qh}k°=01 of positive integers with

lim q;:ph = 0

R—>®
it holds
4
(€)) lim q;"hk = e
STH) k—e e
b lim ¢*r " = &
kR—> 0

To prove (11>Cad observe that. by theorem of Waring d{(cf. [41,
[51> there exists s € N such that for each kR €N the numbers

Ppyr o Thg € IN U (0> may be chosen in such a way that

n n n
P = Th, + L + ...+ rk.s .
Thus
-1 Pr -1 1‘: 1 r:z r:s
) qk-h =qk-h’-h’-...-h’ =
a2 s
= T‘ch;‘-r: R
i=4 ’
Cleary lim q;:-rki = 0 for i =1,...,8 hence each factor

kR—r

of the right hand side of (12> tends to e.
To prove d(11>(b)> for a given sequence {qk)k:; of positive

integers satisfying lim q = +o, let. the sequence {1-‘2)};’:1 of
kR—>®
positive integers be defined by the inequalities

n n
LY < 9 < (f-k+1) k = 1,2,...
Then
lim ¢ %r +DO" = 1
R—r0 k"k
and

lim g lcCr +1O" - ¢ > = 0
k—s00 '
Hence applying (11>Cad we get
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q qQ r +1)"-q
lim g2 ® = lim q;‘-hk- lim g;'-h k R
R—> 0 R—r0 kR—r00
Cr +1O"
-1 k -1 n
= lim e, -k = lim qk(rk+1) ‘h = bk
kR—ro» k— 0
This proves (11>(b>.
Let now m € N . By (11)>(b>
mh = m- lim > ™ o 1im rF™ o
k— 00 k—
R
- [lim k“h] = "
R— 00
¥hat was to be proved. []

Corollary 8 (Mn,*) is a linear topological space.

Proof. Clearly (Mn,*) is a topological R-group, and 7D
implies that each element of Mn satisfies the condition (10).Hence
by Proposition 4 and Proposition 1 (Mn,*) is a linear topological
space.s

Proof of Theorem 2. Since LCHD is a direct sum of R-groups
and each coordinate of this sum is by Corollary 5 a linear
topological space also LCH) is.

The Lie bracket being additive with respect to this linear
structure, it satisfies

13> [ A*ae , b ] = A * [a,b]

for each rational A. The continuity of the multiplication #* and
the Lie product [ -,-] yield (13> for each A € R . The homogeneity
with respect to the second argument. results from antisymmetry of the
Lie product.. This completes the proof.m
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