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ON LOCAL STABILITY OF DIFFERENTIAL (n - 1)-FORMS ON AN
n-MANIFOLD WITH BOUNDARY

WOIJCIECH DOMITRZ

ABSTRACT. In this paper we consider classification of smooth differential (n — 1)-
forms on an n-manifold with boundary with respect to the equivalence defined by
pullback via a diffeomorphism which preserves the manifold together with its bound-
ary. We determine which smooth differential (n — 1)-forms are locally stable on an
n-manifold with boundary and find their local normal forms.

1. INTRODUCTION

Let M be a germ of a smooth manifold with boundary at p € OM. For simplicity
of notation, we take a germ at 0 € R" of the following set

M = {(z1,...,2,) € R* : 2, > 0} .

We will denote by Gy the group of diffeomorphism-germs (R*,0) — (R",0) at 0,
which preserve M. It is obvious that these diffeomorphism-germs preserve OM.

We define the natural equivalence of germs of differential k-forms on a manifold
with boundary. Let a, 8 be germs of smooth k-forms on R" at 0.

Definition 1. «, § are G-equivalent, if there exists ® € Gy, such that
d*a=g0.

The analogue of Martinet’s definition ([10]) for local stability of k-forms on a man-
ifold with boundary is the following.

Definition 2. A differential k-form o« is 9M-stable at z € M, if for any neighbour-
hood U of z there is a neighbourhood V of « (in C* topology of k-forms) such that
if B € V then there are y € U and a diffeomorphism-germ

®: (R"z) = (R"y),
which preserves M and

B =a.
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If a k-form is M-stable at p € OM, then it is also stable at p in the sense of
Martinet(on a manifold without boundary). Therefore, there are no locally dM-
stable germs of k-forms for 2 < k¥ < dimM — 2 and there are no locally
OM-stable germs of closed k-forms for 3 < k < dim M — 2 (see [10],[7],[9]).

Classification of differential k-forms is a classical problem (Darboux theorems). It
was considered by many authors ([12], [10], [7], [8], [9], [13], [14], [15], [3], [4], [5] )-
Germs of smooth differential (n — 1)-forms (on a manifold without boundary) were
classified in [10], [7], [9]. Classification of germs of (n — 1)-forms is given by the
order of contact of the kernel kera of the germ of the form o with its hypersurface of
degeneration {da = 0}. In [3] germs of locally stable smooth differential (n — 1)-forms
on an n-dimensional manifold with boundary were classified provided the kernel of
the (n — 1)-form is transversal to the boundary. Now we also consider (n — 1)-forms
such that their kernels are tangent to the boundary. We show that classification of
germs of locally stable (n — 1)-forms are given by the order of contact of the kernel of
the germ with its hypersurface of degeneration and the order of contact of the kernel
of the germ with the boundary of the manifold. We also find normal forms of these
germs. .

In this paper all object are smooth (C* differentiable).

The two following lemmas ([10]) will be useful.

Lemma 1. Let 7 be a k-form on R™. If T satisfies the following conditions : %JT =

0, 5‘:—}] dr =0, then 7 = 7*.*1, where

7: R" = {z; =0}, w(z1,22,...,20) = (0,Zo,...,2,),
v:{zy =0} =2 R, (ze,.. ., 20) =(0,22,...,2,) .
3

Lemma 2. Let 7 be a k-form on R*. If T satisfies the following conditions: a—:lJT =0,

Ia%JdT = T, then 7 = (m*1*1, where @, { are smooth functions on R* and (|(z,=0) =

It is easy to prove the following (see [3])

Lemma 3. Let a be germ of n-form on R™ at 0. If T satisfies the following conditions:
1. a = g(z)dzy A -+ Adzy,, where g is a function-germ such that g(0) = 0, dgo # 0,
2. the germ of vector field 5‘2—1- at 0 meets

S={zeR":g(z)=0}
transversally at 0,
then there exists ® € Gy, ®(z) = (¢(2),z2, ..., Zn), Such that
' = () — f(z2,...,xp))dzy A -+ ANdzy

where (, f are function-germs on R™.

2. CLASSIFICATION OF n-FORMS ON AN n-MANIFOLD WITH BOUNDARY

In these section we present complete classification of germs of locally dM-stable
smooth (dim M)-forms. We find normal forms of these germs.

Let o be a germ of n-form on R™ at 0. It is easy to prove the two following
propositions by standard Martinet’s methods([10]).
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Proposition 1. If ag # 0 then a is Gpr-equivalent to dzy A - -+ A dxy,.

Proposition 2. If o satisfies the following conditions:
1. Qp = 0,
2. S={z € R*: a, = 0} is a germ of a reqular hypersurface at 0,
3. OM meets S transversally at 0,
then a is G pr-equivalent to
Todzi A - Adzy,.

If o does not satisfy the assumption 3 of Proposition 2, then it is not M -stable at
0.
Proposition 3. If a satisfies the following conditions:

1. Gy = 0,

2. S={z € R": a, =0} is a germ of a regular hypersurface at 0,

3. OM is tangent to S at 0,

then a 1s not OM -stable at 0.

Proof. From condition 3, aaT, meets S transversally at 0. By Lemma 3 « is G-
equivalent to
(1) (1,‘1 —f((l,'z,...,.’l?n))d.'lfl/\"'/\dl?n,

where f is a function-germ at 0, f(0) = 0 and 0 is a critical point of f.

By Sard’s Theorem there is €, which is regular value of f, in any neighbourhood
of f(0) =0 € R. Let 8 denote the following n-form 8 = a + edz) A --- A dz,. If
a is OM-stable at 0 then there is a diffeomorphism ®, which preserves M such that
®*8 = a. The set {z € R*: §, = 0} is tangent to M at ®(0). This implies that
f(®(0)) = € and dfa(g) = 0, which is impossible. (see [3] for details). a

3. CLASSIFICATION OF (n — 1)-FORMS ON AN n-MANIFOLD WITH BOUNDARY

In this section we classify locally stable differential (n — 1)-forms.
Let a be a germ of an (n — 1)-form on R™ at 0. First we consider nondegenerate
(n — 1)-forms such that their kernels are transversal to the boundary.

Proposition 4. If o satisfies the following conditions:
1. Qg ?L- 0,
2. dao 9& 0,
3. a germ of a smooth vector field X at 0, which satisfies the following
X|(do) = a,
meets OM transversally at 0,
then a is G pr-equivalent to one and only one of the following two germs at 0

(2) o = (1£z)dry A+ Adxy,.

Proof. From condition 3 we can reduce X and a to the following form: X = :t%,

tapm@ = dxy A - -+ A dzy,, where tgp 1 OM — R". By the definition of X,
5]
@)

b—zjda:a.
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According to Lemma 2, we have
4) a= f(z)dza A+ Ndz,,

where f is a smooth function on R" such that flamr = 1. From Eq. 3 we have

a%L. = £ f. Therefore f = ¢** and it is easy to see that we can reduce a to Eq. 2.

Germs ot and o~ are not Gp-equivalent, because

(5) dot =dxy A Ndx,, da” = —dz A+ Ndz,

and

(6) et =da A ANdzy,, Gy =dry A Adx,

(see [3] for details). | O

Now we consider nondegenerate (n — 1)-forms such that their kernels are tangent to
the boundary. We need the following lemma.

Lemma 4. & : (R*,0) — (R",0) is a diffeomorphism-germ which preserves the germ
of (n —1)-form (1 + z,)dzy A+ Adzy_y at 0 if and only if  is a volume-preserving
diffeomorphism of the form
1 1
<I>x=(\Ila:,...,xn_ , Tn + —1),
(@) (z1 1) J(¥)(z1, ..., Tno1) J(U)(z1, ... Tn_1)

where ¥ : (R*1,0) — (R"1,0) is a diffeomorphism-germ and J(¥) is the determinant
of its Jacobian.

Proof. Firstly we notice that do = dz, Adzx; A -+ A dzx,_; must be preserved by
®. So ® is a volume-preserving diffeomorphism. A smooth vector field X such that
X |(do) = o, must be preserved by this diffeomorphism too. It is easy to see that
X=(01+ xn)%. Therefore

O(z) = (¥(21,...,Tn-1), f(&)Tn + 9(z1,. ., Znz1))
where ¥ : (R""1,0) — (R*",0) is a diffeomorphism, f : (R*,0) — (R, 0) is a function
such that f(0) # 0 and ¢ : (R™,0) — (R,0) is a function which does not depend on
Z,. Therefore we get

1+ f(x)zn + 9(z1, .., Ta1))J() =1 4+ 2,

and hence

9(z1, .oy 2ar) = 1/J(¥) (21, ..oy Zno1) = 1, f(z) =1/J(T)(z1,...,201) . O

Let X be a vector field and let 3 be a germ of a function or a k-form. Let £
denote i Lie differentiations with respect to X. A vector field X is k-tangent at
y € R to a regular hypersurface {z € R" : H(z) = 0} if L4 H|, =0fori=1,...,k
and L5 H|, # 0.

We use the above lemma to prove the following result.

Theorem 1. If a satisfies the following conditions:

1. o 7‘—‘0,
2. dO[() ié 0,
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3. a germ of a smooth vector field X at 0, which satisfies the following
X|(da) = a,
is (k — 1)-tangent to OM ={z € R* : z; =0} at 0 (1 < k < n),
4. dzy Ad(Lxzy) Ad(Lyz) A Ad(LE32:) A d(L5%2)|o #£ 0
then o is G p-equivalent to

(M Q+z,)-
k-1
<(kdzy Adzo Ao Adxpy + (:1:2_1 + Zziz;"z)dxn Adzy A+ ANdzp_y).
=2

Proof. By standard Martinet method we can find a diffeomorphism @ : (R*,0) —
(R*,0) such that ®*a = (1 + z,)dzy A dzg A -+ A dzpy and O~YOM) =
{z € R": H(z) =0}. It is easy to see that X = (1 + xn)%. From condition 3
we get ‘;—;’HO =0fori=1,...,k—1and %’E— o # 0. By the Malgrange Preparation
Theorem we have

k
{zeR":H(z)=0}= {:c € R*: 2k + 5 pi(zy,..., T0)z? =0} ,

i=1
where p; is a function-germ on R™ which does not depend on z, fori=1,... k.
Now we reduce the above hypersurface to the normal form by diffeomorphisms which
preserve

(1+zp)dzy Adzo A+ - ANdzyy .
Firstly we reduce it to the form

k-1
{x €ER":zk + Zq,«(zl, ey Tp)Ti = 0}

i=1
by the diffeomorphism

@(f[) = (Azl 1- Pk(t;fl?z, k .;zn—l)dt’l‘z, ey Tn—1y r“-j;_(;)‘(xn + 1) — 1) .

By Lemma 4 this diffeomorphism preserves (1 + z,)dz; A dza A -+ A dz,_q. From
condition 4 we get that the mapping Q = (q1,...,q-1) : (R*1,0) = (R*1,0) is a
submersion. If £ —1 < n — 1 then there exists a volume-preserving diffeomorphism
U (R*1,0) — (R*1,0) such that

) k.’L‘3 kl‘k_g k(l:k_l)

N ceeadpn-1) = ) Y o 1y 'L o
QO (xl) » T 1) (kl'] kIZ 2 k‘-3 k—?

Now by a diffeomorphism of the form A(zy,...,z,) = (¥(z1,...,Zn-1),Zs) which
preserves (1 + z,)dzy Adzy A -+ A dz,—; we reduce the hypersurface to

R B
TeR: 224+ a2 =0} .
A
Finally we use the diffeomorphism
R S
I‘(:r:l,...,:cn)z(7"+Zﬁx;’1:i:xl,mg,...,xn). a

=2
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Now we prove that there are no more locally 9M-stable nondegenerate (n—1)-forms.

Proposition 5. If a satisfies assumptions 1, 2, 4 of Theorem 1 and a germ of a
smooth vector field X at 0, which satisfies the following

X)(da) = a,
is (n — 1)-tangent to OM = {x € R™: 2, = 0} at 0 then « is not M -stable at 0.
Proof. We reduce a to the form (1 + z,)dx; Adzo A--- Adz,_; and OM to the form

n—1
(8) {mER” :x2+Zqi(zl,...,xn_1)zi'l =0} .

=1

By Lemma 4 a diffeomorphism ® which preserves (1 + z,)dz; Adza A -+ - Adz,_; and
the form of M (8) has the form

®(z) = (¥(z1,.. -y Tn-1),Zn),

where ¥ : R*~! — R™! is a diffeomorphism which preserves (n — 1)-form dz; A dzy A
-+« Adz,_y. It is easy to see that we cannot change the determinant of the Jacobian
J(q1,---,qn-1) by the action of these diffeomorphisms. O

Proposition 6. If a satisfies assumptions 1, 2, 8 of Theorem 1 for k > 2 and a does
not satisfy assumption / then a is not OM-stable at 0.

Proof. We may assume that X is 2-tangent to dM at 0. Then we reduce « to the
form (1 + z,)dz; Adzg A--- Adz,-y and OM to the form

(9) {x ER: 23 +q(z1,. .., Tno1)Tn + 1) = 0}’

where g’;ﬂo =0 for i = 2,...,n— 1, because a does not satisfy assumption 4. By

Lemma 4 a diffeomorphism ® which preserves (1 + z,)dz; Adzy A+ -+ Adz,_; and the
form of M (9) has the form

®(z) = (21, ¥(22,-- -, ZTn-1), ZTn) ,

where ¥ : R*~! — R™"! is a diffeomorphism which preserves (n — 2)-form dzo A - -- A

dz,_,. It is easy to see that we cannot change Hess(g2(0,z2,...,Zn_1))-the deter-
minant of the Hessian of g»(0,z,,...,2,-1) by the action of these diffeomorphisms.
O

Now let us consider degenerate (n — 1)-forms.

Proposition 7. If o satisfies the following conditions:
1. o ‘_Ié 0;
2. dOlo = 0,
3.8 = {z € R":da, =0} is a germ of a regular hypersurface at O, which meets
OM transversally at 0,
4. a germ of a smooth vector field X at 0, which satisfies the following

X]a=0, X(0)#0,

meets OM and S transversally at 0,
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then a is G pr-equivalent to one and only one of the following two germs at 0
1
(ii(ml —25)* + 1)dzy A--- Adzy, .
Proof. From condition 4 we can reduce X and S to the following forms X = :!:a%,
S={z€R":z1=g(x9,...,%n)},
where g is a smooth function on 8M. Then « can be reduced to such form that tsa =
dry A - -+ A dz,, where 15 : S < R" by diffeomorphism ®(z,y) = (z1, ¢(z2, ..., 2n)),
which preserved the form of X. Hence by Lemma 2 we deduce that a = h(dza A<+ A
dz,), where h is a smooth function on R, h|s = 1. On the other hand
(da) = £(xy — fldz A -+ Adzy,
which follows from Lemma 3. Therefore h = (£3(z; — f)? +1).
Then a is G s-equivalent to
1
(10) (:i:-2-(.’131—f(IQ,...,.TIn))2+1)d2§2/\"’/\d$n.
From condition 3 one can easily reduce « to the following form
(:1: %(x, —z)2 + l)dxg A« ANdzy,
(see [3] for details).
By the standard argument([10]), it is easy to prove that germs of the following
(n — 1)-forms at 0

1
(5(11 —19)* + 1)da:2 A Adzy,,

('— -12-(1,‘1 —$2)2+1)d$2/\"‘/\d1‘n

are not G s-equivalent. 0
If S does not meet M transversally at 0, then « is not dM-stable at 0, because da
is not 9Af-stable at O (see Proposition 3).
Now we prove

Lemma 5. ¢ : (R",0) — (R",0) is a diffeomorphism-germ which preserves the germ
of (n—1)-form (1£z2)dz;A- - ‘AdT,_1 at 0 if and only if ®(z) = (¥(zy,...,Tn 1), £24),
where ¥ : (R*1,0) = (R"1,0) is a volume-preserving diffeomorphism-germ.

Proof. Firstly we notice that
Kera = {X : X is a smooth vector field and X |a = 0}

is { f a—‘z: : f is a smooth function } Kera must be preserved by this diffeomorphism.
Therefore ®(z) = (¥(z1,...,Tn_1),¥(z)), where ¥ : (R*1,0) = (R"1,0) is a diffeo-
morphism and ¢ : (R",0) — (R, 0) is a function such that a—";’”:lo # 0. The hypersurface
S={z€R":da, =0} ={z € R*: z, = 0} and the pullback of @ to S must be pre-
served by ® too. From this we get that ¥ preserves dz, A - - - A dz,_; and finally that
Y(z) = £z,. O
We need the above lemma to prove the following result of local dM-stability of
degenerate (n — 1)-forms such that their kernels are tangent to the boundary.
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Theorem 2. If o satisfies the following conditions:

1. Qo # 0,

2. dO:g = 0,

3. S={z € R*: da, =0} is a germ of a regular hypersurface at 0,

4. a germ of a smooth vector field X at 0, which satisfies the following

X]a=0, X(0)#0,
is k — 1-tangent to OM at 0 (l <k<n-1),
5. dzy Ad(Lxzy) Ad(Lyx1) A~ Ad(L5221) Ad(LE 2|0 # 0
then « is G p-equivalent to

1 k )
(:t§(:cn)2 +1)(xdzi A - Adanoy + (257 + Y 22 ) dz, Adzo A - Adzy)
=2

Proof. By standard Martinet method we can find a diffeomorphism ¢ : (R",0) —
(R",0) such that ®*a = (1 + 22/2)dz; A dzy A -+ A dzpy and @~ 1(OM) =
{z € R*: H(z) = 0}. It is easy to see that X = f(z )af , where f is a function-
germ at 0 such that f(0) # 0. From condition 3 we get |o =0fori=1,...,k-1

and W'O # 0. By the Malgrange Preparation Theorem we have

k
{.’II eR*: H(I) :0} = {IE e R": xﬁ-}-Zp,-(ml,...,xn_l)z;‘l :0} y

i=1

where p; is a function-germ on R™ which does not depend on z, fori =1,... k.
Now we reduce the above hypersurface to the normal form by diffeomorphisms which
preserve

(1£22/2)dzy Adog A~ Adag_y .

From condition 5 we get that the mapping P = (p1,...,px) : (R*"1,0) — (RK,0) is
a submersion. If k¥ < n — 1 then there exists a volume preserving diffeomorphism
U : (R™,0) — (R™1,0) such that
kx kri_y kz
PO\I/(],'],...,In_l) = (kxl,kl'Q,—z—a,...,—k‘f—zl-,k—_kl).

Now by a diffeomorphism of the form A(z,,...,z,) = (¥(z1,...,2Zn-1), %) which
preserves (14 22/2)dz, Adzy A -+ Adz,_, we reduce the hypersurface to

kK
{zeR”:x—k’l+Z itl ;'+x‘—0}
Finally we use the diffeomorphism
£ @ i-1
[(zy,.. In)—-(—— 22;_—33" +1,Z0,...,T0). -
=

Now we show that assumptions 4 and 5 of Theorem 2 are necessary for local M-
stability of degenerate (n — 1)-form.
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Proposition 8. If a satisfies assumptions 1, 2, 8, 5 of Theorem 2 and a germ of a
smooth vector field X at 0, which satisfies the following

X|(da) = a,
is (n — 2)-tangent to 9M = {z € R" : ; = 0} at 0 then « is not dM-stable.
Proof. We reduce a to the form (1 + 22/2)dz; A dzy A -+ A dz,-, and OM to the
form {x ERM: x4 T gi(n, ey T )T = 0}. By Lemma 5 a diffeomorphism
® which preserves (1 + z2)dz; Adza A+ -+ Adz,_ has the form
®(z) = (¥(21,. .., Tn-1), £Zn),

where ¥ : R*~! — R""! is a diffeomorphism which preserves (n — 1)-form dz; A dzy A
- Adz,_1. It is easy to see that we cannot change the determinant of the Jacobian
J(q1,...,qa-1) by the action of these diffeomorphisms. ]

Proposition 9. If a satisfies assumptions 1, 2, 8, / of Theorem 2 for k > 1 and o
does not satisfy assumption 5 then a is not OM -stable at 0.

Proof. We may assume that X is 1-tangent to OM at 0. Then we reduce a to the
form (1 £ 22/2)dzy Adzg A--- Adx,_y and OM to the form

(11) {meR" 222 4+ oz, T )T + 1 =0} .
%?Ho =0fori=2,...,n— 1, because o does not satisfy assumption 5. By Lemma §

a diffeomorphism @ which preserves (1 + z,)dz; Adza A --- A dz,_; and the form of
OM (11) has the form

®(z) = (21, Y(29, .-, Tn-1), £20),

where ¥ : R"~! — R"! is a diffeomorphism which preserves (n — 2)-form dzy A --+ A

dzn_;. It is easy to see that we cannot change Hess(g2(0,2s,...,Zn-1))- the deter-
minant of the Hessian of ¢2(0,25,...,2,-1) by the action of these diffeomorphisms.
]

Now we present classification of locally 0M-stable degenerated (n — 1)-forms such
that their kernels are transversal to the boundary oM.

Theorem 3. If o satisfies the following conditions:
1. [00)) ?é 0,
2. dao = 0,
3. S={z € R":da, =0} is a germ of a reqular hypersurface at 0,
4. a germ of a smooth vector field X at 0, which satisfies the following
X]a=0, X(0)#0,

meets OM transversally at 0 and is tangent to S at 0,
5. j**la meets the following submanifold of the manifold of (k + 1)-jets of (n — 1)-
forms

U {j’““ﬁ : B satisfies at z the assumptions 1 — 4,
€M

(LiB)e=0fori=1,2,.... k=1, (k<n), (L5B)s #0}

transversally at 0,



114 W. DOMITRZ
then a is Gpr-equivalent to

(12) (I+Zz, T aNdeo A Adz,.

=2
Proof. We use method described in [7], [8]. From condition 4, X and a can be
reduced to the forms ﬂ:% and f(z)dz,A-- - Adzy,, where f is a smooth function, such
that f(0) # 0 and

of . o f
1 —(0) = =12, ,k—1,— .
(13) G0 =0,i=12, G0 #0
Hence f is a universal deformation of the function f(z,,0,...,0) on the manifold with

boundary and it can be reduced to the following form ([2])

k
(14) f@) =143 zizi £af,

i=2
Consequently, it is easy to see that « is Gp-eqivalent to the form (12) (see [3] for
details). O

A germ, which satisfies assumptions 1-3 and 5 (for £ = n) of Theorem 3 is stable

at 0 (on a manifold without boundary) in the sense of Martinet’s standard definition
([7],[9]) It is not true in the case of dM-stability.

Proposition 10. If a satisfies the following conditions:

1. (67 # 0,

2. dao = 0,

3. S={z € R": da, =0} is a germ of a regular hypersurface at 0,

4. a germ of a smooth vector field X at 0, which satisfies the following

(15) " XJa=0, X(0)#0,

meets OM transversally at 0 and is tangent to S at 0,
5 (Lya)y=0fori=12,...,n—1 and (L%a) #0,
then a is not stable at 0.

Proof. By the same method as in the proof of Theorem 3 a can be reduced to the
following form

g(za, ... ,zn)(l + Zx,-x‘i"l :ta:’l‘)dxg A---ANdzx,,
i=2

where g is a smooth function, g(0) # 0. Let § = ba, where b € R,b # 0. One can
show that « and § are G j-equivalent if and only if b =1 (see [3] for details). a
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