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It was shown by N. V. Zhivkov and the author that every lower semicontinuous function on an
Asplund space is e-subdifferentiable at the points of a dense set of its domain, where for ¢ it can
be taken an arbitrarily small positive number. Here we show that the same holds also with ¢ = 0.
Previous results of the author on trustworthiness can be improved in a similar way. In proofs a new
variational principle of Borwein and Preiss is used.

Let (X, |-]) be a Banach space with dual X*, f: X — (— oo, + o] a function,
x € X, with f(x) < + o0, and ¢ 2 0. We define [7]

o7 f(x) = {{eX*: lim inf [f(x + u) = f(x) = <G BYJ[h] 2 —¢},

8, f(x) = {Le X*: Ih:l_.ihnf[f(x + h) = f(x)]]t = <¢, b — ¢|h]
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forall heX},

where <{, h) means the value of { at h. If &, f(x) (6, f(x)) is nonempty we say that f
is Fréchet (Dini) e-subdifferentiable at x. If ¢ = 0 we simple speak about Fréchet
(Dini) subdifferentiability.

The papers [6], [4], [5] deal with e-subdifferentiability for ¢ > 0. The proofs are
based, among other things, on the Ekeland’s variational principle [3, Theorem 1],
which roughly and incompletely sounds as: Every lower semicontinuous function
bounded from below is supported by a shift of the function h — —s“h“.

In the meantime there has appeared a very interesting smooth variational principle
due to Borwein and Preiss [1], [8, Theorem 4.3]:

Theorem 0. (Borwein, Preiss). Let g: X — (— oo, +00] be a lower semicontinuous
Junction bounded from below, let ¢ > 0, A > 0 be given, and take x, € X such that

g(xo) < infg + ¢.
*) Sibeliova 49, 162 00 Praha 6, Czechoslovakia
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Then there exist sequences {,}, with g, = 0, py + p + ... = 1, and {v,} < X,
with v, - ve X. such that

g(x) + 2 taf|x = 0> = g(v) + Zy,,"v —v,|* forall xeX

and
[xo — o] <4, g(v) <infg +e.

Moreover, if X admits an equivalent Fréchet (Gateaux) differentiable norm, then
@5 g(v) (05 g(v)) is nonepty and contains a { with |[{]| < 2¢/A.

In [1] there are mentioned some easy consequences of this result. Let us recall one,
perhaps the most important, of them:

Corollary 0. If X has a Fréchet (Gateaux) differentiable norm, then it is an S, —
space (a WS — space), that is, for every lower semicontinuous function f:X —
— (=0, + 0] the set of points (v, f(v)) where &5 (v) (35(f(v)) is nonempty is
dense in the graph {(v, f(v)): ve X, f(v) < + o0} of f.

Having such a nice variational principle, theorems from [6] [4] and [5] call up
immediately to an improvement. In fact, e-subdifferentiability can be replaced by
subdifferentiability. In this note we will formulate strenghtened versions of these
results and provide sketchs of proofs.

Theorem 1. A Banach space is Asplund (if and) only if it is an Sy — space.

If X is separable Asplund, then it admits an equivalent Frechet differentiable
norm [2, p. 118] and so Corollary 0 applies. For the proof in the case of a non-
separable Asplund space we need a separable reduction formulated in the next

Lemma 1. Let Y, be a separable subspace of X, let f: X — (— o0, + ] be a func-
tion locally bounded from below and let ¢ = 0.
Then there exists a separable subspace Yo = Y < X such that ®; f(x) + 0
whenever x €Y and ®;(f|y) (x) + 0, where f|y denotes the restriction of f to the
. subspace Y.
The proof proceeds similarly like in [6] (where ¢ > 0) when replacing [6, Lemma]
by a more general:

Lemma 2. Let f: X — (— o0, + o] be a function, x € dom f, and & = 0.
Then ®; f(x) + 0 if and only if there are ¢ 2 0 and a sequence {5;} of positive
numbers such that

£0,% ,[f(x+h,,)+(e+ )l ﬂn]>f<x)—cuxﬂ,,z il

whenever hj; €6;By, 0; 20, I =1,...,k,, Ujy e ooy, =1, k;=1,2,...,
B;iz0,j=1...mB, +...+B, =1, m=1,2,.
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Here By means the unit ball in X. The proof is omitted because Lemma 2 is in
fact a consequence of Lemma 6. It should be noted that the most important case is
when ¢ = 0. And since [6, Lemma] does not cover this case we needed the new lemma.

Next we approach a trustworthiness. This concept means that a very rough (fuzzy)
analogy of a Moreau-Rockafellar theorem [8, Theorem 3.23] holds. It proves that
the trustworthiness depends on the properties of the space in question; more precisely:

Theorem 2. A Banach space X is an S, — space (a WS, — space) [if and] only
if it is trustworthy (weak trustworthy) in the sense that for any two lower semi-
continuous functions fy, f: X - (—oo, + ], for any zeX, any e 20, 6 > 0,
and any weak* neighbourhood V of the origin in X* the following inclusion holds

&, (fy + f2) (2) € U{®s fi(z1) + D5 f2(z2): zie X, ”Zi - Z” <9é,
[fiz:) = filz)| <6, i=1,2} +eBx+V
(the same inclusion with ®_, &5 replaced by 0, , d; respectively).

The proof proceedes like that of [5, Theorem 1]; the only difference is that [5,
Lemma 2] should now be replaced by

Lemma 3. Let X be an S, — space (a WS, — space), let f,,f,: X - (— o0, ]
be two functions such that their sum f; + f, attains sharp local minimum at some
zeX and let § > 0 be given. Suppose moreover that the function f, is compact
near z in the sense that the sets {x € z + 6By: f,(x) < t} are norm compact for
all real t.

Then there exist z,, z, € z + 0By, with |f(z;) — f(z)] < &, j = 1,2, such that

0e By fi(z1) + 5 f2(z2) (0€dg filz1) + 95 f2(22)) -

The proof is almost identical with that of [5, Lemma 2]. The only substantial
change is that the convolution f of f; and f, is now defined by

f(x) = <1nf{f1(x +y) + f2(z + y): yedBy} if xezeéBx
+o00 otherwise .

An analogy of [4, Theorem 4], see also [5, Theorem 2], exists too:

Theorem 3. X is an Asplund space (if and) only if it is trustworthy in the fol-
lowing sense: for any ¢ =20, 6 >0, y> 0, for any functions fi,...,fp: X =
— (=0, + 0], n = 2, and for any z € X such that f, is lower semicontinuous and
f25 .-.s f, are Lipschitz in a neighbourhood of z the following inclusion holds

O (fy + ... +£,)(2) U {P5 filz) + ... + digf,,(z,,):lzjez + 6By,
[fiz)) = fz)| <6, j=1,...n} + (¢ + 7) Bx.

Corollary 1. If X is Asplund, f: X — (— o, +00] lower semicontinuous, z € X,
ande=>0,6> 0,y >0, then

&7 f(z) = U {Pg f(x): xez + 6By, |f(x) — f(2)] <} + (e +vy) By .
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Theorem 3 can be easily obtained, see the proof of [5, Theorem 2], from the next

Lemma 4. Let X be an Asplund space, let 6,y > 0 and let fi,....,fi: X —
—>(—oo, +oo], n = 2, be functions such that f, is lower semicontinuous and
fas --s [a are Lipschitz in a neighbourhood of some z € X. Finally assume that the
sumfy + ... + f, attains local minimum at z.

Then there are z; + z + 6By, with |f{(z;) — fi(z)| < 6, j =1,...,n, such that

0e Py fi(zy) + ... + B fi(z,) + By .

However we have not succeeded in proving this lemma by imitating the way used
in the proof of [5, Lemma 3]. So we proceed like in [7] and [4]. First we consider X
with Fréchet differentiable norm. Then a method from [7, Lemma 2] can be adapted
when replacing the Ekeland’s principle by the principle of Borwein-Preiss. Second,
remarking that a separable Asplund space admits an equivalent Fréchet differentiable
norm, we can obtain the statement of Lemma 4 with help of a separable reduction
formulated in the following.

Lemma 5. Let Y, be a separable subspace of X, let fy, ..., fn: X = (— o0, + 0]
be functions locally bounded from below and let ¢,, ..., &, = 0 be given.
Then there exists a separable subspace Yy = Y < X such that

0e b, fi(xy) + ... + D, fo(x,)

whenever x4, ..., X, € Y and

0e & (fiy) (x1) + ... + O (fury) (xa) -

The proof is an elaboration of that of [4, Theorem 2] (where ¢; > 0) in the sense
that [4, Lemma 4] should now be replaced by

Lemma 6. Let f;: X — (— o0, + 0] be functions, x;edom f;, and ¢, 20, i =
=1,...,n. Then

) 0e @, f1(xy) + ... + D f,(xn)

if and only if there are ¢ = 0 and sequences {3,}}, ..., {6,;} of positive numbers such
that

2 3B Y e [0+ ) + (s +3) Thu] 2

(2) n n—-1 my kij mp kny
z ,Zlf () = e 3 | 3By Y, aiphugs = 3 Bas Y, hag]
= i=1 j=1 "1=1 j=1 1=1

whenever hiji € 0:Bx, 0;;y 2 0,1 =1, ..., kyjy o554 + ... + Gje, = L kyy =1,2,...,
Bij20,j=L.m, B+ . 4B =1,m=12..i=1..,n
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Proof. Necessity. Let (1) hold. Let {;€ ®, fi(x;) be such that {; + ... + {, = 0
For i = 1,..., n find sequences {;;} of positive numbers such that

filxi + B) = fi(x)) 2 < B — (ai +}1‘) ﬂhu

whenever h € §;;Bx. Then for any h;;, o, B;j, kij, m; as in Lemma the left hand
side in (2) is

my k

= 21 j;lﬁijl;‘jl“iﬂ[f i(xi) + < hut)] =

m; ki mp kny

n n-1 7]
= _Zfi(xi) - Z <&, Z ﬁij Z “uzhuz - Z ﬁuj “nﬂhnn> 2
i=1 i=1  j=1 1=1 ji=1 1=1

the right side in (2) where ¢ = max {[{4[, ..., [la-1]]}-
Sufficiency. For i = 1,...,n and j = 1.2, ... we define the functions ¢,;: X —
- (—o0, +0] by

b4(h) = inf{é1 % [fi(x,- + )+ (8‘ + Jl) [[h,[]]: hye 5,8y ,

a, g 0, I= 1,..., k, 0(1 + ... + ak = 1, alhl + ... +a,‘hk = h, k = 1,2,...}

if hed,By,

;I)ij(h) = 400 otherwise.
Clearly ¢,; are proper convex functions. It follows from (2) that

$:4(0) < fi(x) < ¢,,0)
and

n—1 m;

ii jgﬁu ¢i;(hij) Z;::lf.-(xg) - ci;ﬂj;1ﬂijhu _é::ﬂ"jh"[l

forall h;eX,j=1,...,m, m;=12,...,i=1,..,n Furtherfori=1,..,m
define ¢;: X — (— o0, 0] by

$i(h) = inf {élﬂ, bu(h): hyeX, B, 20,j=1,...m,

Bit oot Pn=1, Bihy+ oot Pubn=h, m=1,2.}, heX.
Then the last inequality yields ¢,(0) = fi(x;) and

n n n-1
L #h) 2 3 6(0) = e X, [|h: h
for all hy, ..., h, € X. It follows by [4, Lemma 2] that
0€0¢,(0) + ... + 3¢,(0) .
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Here 0¢; means the usual subdifferential of ¢; known from convex analysis. Now
in order to show (1) it suffices to remark that

9¢,(0) = &, fi(x,) -
So let {; € 0¢,(0). Then for h € §,;By by the definition of ¢;; and ¢; we have

Filxi + B) + ( ; Jl) IEYYOEOE

2 ¢,(0) + <o B> = fi(x) + < B

and hence

lim inf [fixi + ) = fi(x) = <o D]|4] 2 - (8‘ +% )

llk]| =0
forallj = 1,2,.... Therefore {; lies in ®,, fi(x;).

Remark. We confess that new ideas in this note can be found only in Lemma 2,
eventually in Lemma 6.
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