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A HYPERCOMPLBX METHOD OF CALCULATING STRESSES IN THREE-DIMENSIONAL 
BODIES 

W. SPRÖSSIG /IL. GÜRLEEEOK 

1 . INTRODUCTION 
la the plaae liaear theory of elasticity the applicatioa of com­
plex fuactioatheory got aa imporcaat meaa* la the last 50 years 
was developed the aaalytical theory of quateraioas* 
Esseatial iaflueace ia this developemeat was giveu ia papers by 
R. FUETER [7], A. W. BIZADS1 [2], R. DELANGHi [5] [6], F* BRACKX/ 
R. DELANGHE/F. SOMMEN [3], P. LOUNESTO [14] aad other authors from 
various countries* la [18] is made by W» SPROSSIG aa experimeat 
for usiag the aaalytical theory of quateraioas to estimate thermal 
stresses ia real bodies* The aim of this paper coasist ia fiadiag 
out a coaaectioa betweea aew results of aumerical collocatioa ia 
[9] by K. GURLEBECK aad quateraioaic represeatatioas of solutioas 
of bouadary-value-problems ia three-dimeasioaal liaear elasticity* 

2. PROBLEM 
We coasider aa isotropic elastic body ia the space R3

f 6G s T 
is a piecewise smooth Ljapuaoff-surface. 
Ia equilibrium state the displacemeats u fulfil the followiag 
system of equatioas 

Au + m S fe B*ad
 div u * - f iQ G (2»1) 

where u B (u1tuafUs)f f s (f1ffaifj) is the vector of outer 
forces, m is a real aumber with m > 2 or m « 0* For m > 2 
this coastaat has a physical iat&rpretatioa, m is called 
POISSON-aumber* Oa the bouadary T we have the ooaditioa (l) or 

(ii) 
(i) U m g (2*2) 

(U) jg + B |il-| + \ a x rot u . %. (2.i) 

For thermal stresses the functioae f aad g oaa be choosea ia 

This paper is in final form and no version of it will be submitted for publication elsewhere. 
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the form 

where s is. temperature aad p thermal expaasioa aumber. 

3. SOME LINEAR OPERATORS 
Ooasider four-compoaeatica^ real vectors u s (u ,u)f v s (v fv) 
u s (ui*ut9u*)f v s (v1fvtfv3) aad iatroduce the quateraioaic pro­
duct 

u v a (u0vQ - (ufv)f u x v + uQv + vQu) 

where (ufv) s u-iV-j + utvt + utvt» 
la settiag 

D(V) s(0f -£-f -ft-f -J-) 
dx* 6x* axs 

we receive 

D(v)u S (- div uf rot u + grad u )• 
The Baaach-spaces of quateraioaic-valued or Q-valued fuactioas are 
desigaed by 0^$ L!*f Hf a.s.o.. 

For the iaaer product of two fuactioas f aad g of the space 
L?(G) we are vritiag 

(ffg) s JT g dG • 
G a 

We will recall the real vector u s (uQf-u)f u s (u1futfus) coaju-
gated quateraioQ. 

The class of all vectorfuactioas u € OA(G) with 
D(v)u s 0 .(3.1) 

we will call Q-aaalytical fuactioas* 
.First iavestigatioas of this system were made by G. MOISIL/ 
N» THEODORESOU in 1941• It is accessary to iatroduce the weak 
siagular iategraloperator 

(Tu)(x) s j- / &-—3- dG f x € Gf (3.2) 
w G |x-y|a y 

where 6 m (Of ••* " 7 )« The operator T fulfils the equatioa 
|x— y| 

D(v)Tu S U 
for every point ia the domain G. 
Furthermore if we are setting Q « (0,a1fQ,fQ3)f where (a1fatfat) 
described the uait-veotor of the outer hormal OQ r ia the point yf 
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the twodimeasioaal operator of CAUCHT-typ 

(Stt)(x) . J- / f a ; dP, x i r (3.3) 
w r |x - y | a * 

is coaaected with the operators T aad D(v) by the formulas 

tt(x) = (Stt)(x) + (TD(v)tt)(x)f x € G (3#4) 
0 & (Stt)(x) + (TD(V)tt)(x)f x 6 R* "3. 

This formula i s the so-ca l led geaeralized POMPEIU-decompositioa. 
If we calculate the l i m i t s 

lim ( s u ) ( x ) - 4 (u + Su) (x . ) - (Pu)(X« ) ( 3 . 5 ) 
x->x' er 

X€G 

lim (Stt)(x) = J (u - Su)(x" ) = (Qtt)(xl ) 

XXER3 G 

we have to defiae the operator S. I t i s given by 
1 f e Q u 

T | x - y | « 
The iategral is existiag ia sease of CAUCHI. 

(ßu)(x) - J- J f_ p *m är y, x € r. (3.6) 

4. AN INTEGRAL REPRESENTATION 
Let 

D = ker D(V) 0 L§(G) + TL§(G). 
D describes the class of geaeralized (ia sease of SOBOLJEW) dif-
fereatiable fuactioas, whose derivatives beloag to L?(G), see 
also W. SPRQSSIG [19], 
We coasider'the completed system 

A u * - - f o (4.1) 
Att + ~g grad div u = - f. 

By s e t t i a g f = ( f Q , f ) , u = (uQ fuj aad Mu = ( f % ^ V u ) a Q d 

ttsiag the formula 
D(v)D(v)tt a - An 

we obtaia 
D(V)MD(V)tt u f. (4.2) 

We remark, that for m = 0 follows M = I. 
Ia geaeralizatioa of the theory of I. N. VEKUA (1962, [20]) 
V. IFTIMEB got ia 1965 a moLtidimeasioaal analogue, see [11 ]• 
We fiad the followiag represeatatioa. 
THEOREM 4.1. Let f € L§(G), thea oommoa soltitioa ia the class D 



274 w. spaRssiG / K. GOELBHEOK 

is represeatiag ia the form 

u a &0 + TM""
1
1̂ + TM~

1Tf, (4.3) 

where 3^$., € ker D(v) 0 L$(G). 

REMARK 4.1. Formula (3*9) caa be traasformed iato 

u s x + — T div X + TM"1Tf (4.4) 
2(m-l) 

with x € ker A(G)f x * R3 -* R*» 

5 • DIRICHLET^BOUNDARY-VALUE-TPRQBLEM 

Now, we will solve the partial differeatial equatioa (4.2) with 
the bouadaiy coaditioa (2.2). It is true the followiag assertioat 

THEOREM 5*1. Let f € L^(G)f r > 3, g € H^r). The bouadary 
value problem (4.2) - (2.2) has the uaique solutioa 

u = Sg - TM~1Tf + TM~1S(tr TM"1S)""1(Qg+TM"1Tf). (5.1) 

The operator tr TM~ S is aa isomorphism from im P 0 Hs(r) to 
im Q n .^(r). 

REMARK 5.1. If (Vu)(x) = 4r / 7 dr thea it's true-the 
T | x - y | y 

special represeatatioa for solut ioa of the problem ( 4 . 2 ) - ( 2 . 2 ) , 
i f the parameter m i s choosea zero 

u = Sg - T ff + TSV"1(Qg + T a f ) . 

REMARK 5.2. If we use for describiag these represeatatioa formu­
las, thea we have to calculate the multidimensional integral ope-

—1 
rators Sf Tf Q aad the differeatial operator V • 
Calculations of these operators cause annoyance. Therefore we 
developed ia addition an other numerical approach. 

6. COMPLETE SYSTEMS OF ANALYTIC FUNCTIONS 

The proof of all numerical methods for approximate solutioa of 

bouadary value problem (2.1) - (2.2) requires the coastructioa of 
complete fuactioa systems ia ker D(V) MD(v)(G) fl H?(G). Siace we 
will use formula (4.3) it will be sufficieat, to fiad complete 

systems ia ker D(vX<0 A H^G) respectively 
R(ker D(v)(G)) . * The basic fuactioas used ia this paper re-
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suit from fuadameatal solutioas of geaeralized CAUOHX-RIEMANN-
operator D(V), which siagularities will be choosea ia suitable 
maaaer ia R3 "S. Similar coastructioas were showed by P.B. BROWDER 
[4], V. D. KUPRADZE/M. A. ALEKSIDZE [1], 0. MILLER aad other 
authors ([10], [12], [16]) for special equatioas of mathematical 
physics. 

DEFINITION 6.1. Let X be a aormed right-vector-space. The sy­
stem {^}i=^ c X is called complete ia X, if it is possible to 
approximate every elemeat f € X arbitrary closely by fiaite 
right-liaear-combiaatioas of the elemeats {^i.-.*!* ^fi}is1 ia 

called closed ia X, if for every bouaded right-liaear- fuactioaal 
L over X with values ia Q L(fi) -^O i € N implies L = U. 

LEMMA 6.1• Let X a aormed right-vector-space over Q. The 

system, {f^}^^ c X is closed, if it is complete ia X. 

LEMMA 6.2. Every bouaded right-liaear Q-valued fuactioaal L 
over Lj(G) fl ker D(v)(G) has a represeatatioa 

L(f) B / T f dG f € L$(G) fl ker D(v)(G) 
G 

with 1 6 L$(G) fl ker D(V)(G). 

Proofs See p j . 

THEOREM 6.1. Let G aad G* bouaded star-shaped domaias of R3 

with smooth bouadaries r resp. rA, such that G c G^. Further 

let {s^}^! c rA a dease subset of J?A aad cpi(x) » |f£xf|
tf 

""* ^ ^ \ •»••« 

where ei(x) s (0, y)#Thea the system {<P-i}i-.>| is complete 

Ix-xJ 
i a L$(G) fl ker D(V)(G). 

Proofi I t i s s u f f i c i e a t , to show the closure of {<Pj)^|» ^et 
L T ( L ? ( G ) n ker D(V)(G))' aad L(<pjL) = 0 i € N. Let G1 bouaded 
star-shaped domain with smooth bouadaiy, such that G c G1 aad 
TJ' c GA, furthermore l e t TJ € (^(G1 ) with r\(x) = 6-, x € G. 
The fuaotioa L w i l l be expaaded from G to R3 by zero-fuac-
t i o a . Ooaditioas L(q>i) « 0 i € N iavolve 

M7)r^7r**js0 i € N 
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i n t a i l ( T l ) ( x . ) = 0 i € ft a l s o 

( T l ) ( x ) = 0 x € co G" = R* 3 . ( 6 . 1 ) 

Lbc 9 € L$(G' ) fl ker D(v)(G) C L§(G) n ker D(v)(G) then 

L(<p) = L(<PT)) = (L * 6)((ptl) = + fe&*(0,-----)]D(V)(q>Ti) «= 
l y | 

= / [ /T(y) fe r - ~ 7 d(M °(v)(^)(^)dGx + 
G G | y - x | 2 ^ x 

• I C A ( y ) fe T-^-TT <*-] D(V)(9T,)(z)clGx = 0 , 
coG G | y - x | a ' x 

s ince <p € ker D(V)(G) and ( 6 . 1 ) . Let { G i } ? 1 a sequence of 
domains with following p r o p e r t i e s 

G c G „ . G T cG i TT" c G. n 6 N 
n+1' n+1 n ' n A 

mes (GQ G) a -> w > 0, mes(aGQ) ^ w > mes 3G. 

Repetition of upper consideration shows 

L(q>) = 0 <p € _U (L?(G±) fl ker D(V)(Gi)). 

If we close U (L$(G .) 0 ker D(V)(G,)) in L$(G) we get the so-
i=1 x x 

lution [9]. L(<p) = 0 <p e L$(G) fl ker D(V)(G) involve L = 0. 

REMARK 6.1. It is possible to prove Theorem 6.1 in 
L^(G) 0 ker D(v)(G) 1 < p < oo [9]. 

Let H- = {f € C ° » a ( r ) , 0 < a < 1 , Sf = f} 

RA = {f € C ° » a ( r ) , 0 < a < 1, Sf • - f } 

= l ^ ( r ) . = * * r ) . 

V The extens ion of S from Ogf(X(r) t o L § ( r ) a U o w i l l be deno­
ted by S# 

Q.TOOEEM 6 . 2 , L e t { a c ^ } ^ , foi^fGt <>A, T, TA defined in 
analogy to Theorem 6«1 and Y 0 "the t r a c e opera tor [13]« Then the 
system {Y0V±YjJS<y i s complete in j« 

Proofs We def ine for f € L § ( r ) the funct ion fk a n T and 
show a t f i r s t 



HYPiSRCOMPLEX METHOD OF CALCULATING STRESSES 

<** ». Ч?(D = ° І « « 

277 

itf f € I ( 6 * 2 ) . 

(^k'Yo^i) = ° i ^ N i f f / o I Y0<Pi<ir = 0 i € N i f f 

(Sf ) ( x ± ) = 0 i € N i f f (Sf ) (x) = 0 x € co G i f f [see [17] ) 
Sf = f i f f f € r 

Further it will be showQ, that for f € j 
(Tk, <p) = 0 q> € r (6.3) 

Let ^Gi)i./i the compact exhaustioQ of co "5 coQsidered io proof 

of Theorem 6.1. ^rom Theorem 6.1 follows the completeQess of 
W , i = 1 ID L§(G) 0 ker D(v)(G±) i € N. 
GoQsider at first cp € L ^ G ^ PI ker D(V)(Gi) for some i € N. 
The fuQctioQ cp caQ be represeQted b^ 

cp = l i m £ <p. c 
0 -• oo i=1 x 1 D 

iQ L^(Gi) 0 ker D(V)(Gi). It follows by usiQg Theorem of HARNACK 

Yncp = lim £ yQcPi c.. iQ L$(r) also 

(Tk»Ynq>) = lim L (5k.YQ9i)oi1 = 0, siQce (6.2). K ° i -> oo i=1 K ° x 13 

Let cp 6 j, theQ exists a sequeQce ( ^ Q ^ I C % witl1 ^Q teQds 

to 9 if Q teQds to iQfiQity in L^(r). ^ ^ j Q € N 

XQ 

0(G). 

It follows Y 0T)^
Q) 3 ^ - > Y0XQ = *Q in I#(r)f such that 

(TJ!f <p) = lim (3C,\|rn) = lim lim 0CtY oT]^) = 0, siQce (6.3). 
K Q -> co K a Q - > o o a ^ o o * C O d 

Now the closure of {Yo^i}?-..^ in i c a a b e showQ# 

Let f € I f ( f tY0<Pi) = 0 i € N aQd g = Q f theQ we obtaiQ 
( I k t Y0cpi) * 0 i € N. 

'^hese equatioQs imply g € j aQd also (g k t -0 - ( f t f ) = ° 
therefore f = 0. 

THEOREM 6»3» Let G,Gj bouQded star-shaped domaiQS with smooth 
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bouadaries T aad Tjf {y^}™-^ a dease subset of Tj aad 
0 • 

\|/.(x) = • Thea the system ( Y ^ - . ) ? I
 is complete ia A. 

i | x - y ± | 2 o i i - i A 

Proof; See Theorem 6 . 2 . 

THEOREM 6 .4 . Le t Gf Gj, GA, T j , r A , \|/ i f cp± such as i a Theorem 

6.1 - 6.3 defiaed.^Thea the system {Y09i}jL=i U ^Yo^i-1 i s 

complete i a Lj?(r) . 

Proof: Every fuac t ioa f € L^ ( r ) caa be w r i t t e a i a the form 
f = ^ ( 1 + S)f + ^ ( i - S)f, where ( i + S)f € z ( I - S)f € A 

aad use of the Theorem 6.2 aad 6.3« 

REMARK 6.3« The coad i t ioa a t p o s i t i o a of s i a g u l a r i t i e s oi the 
fuac t ioas <p. r e s p . \|/. caa be formulated aot so s t roag ly by use 
of idea t i ty - theorem fo r geae ra l i zed a a a l y t i c a l fuac t ioas [17] • 

REMARK 6 .4 . I t i s poss ib le to ge t the appropr ia te r e s u l t s of 
Theorems 6.1 - 6.4 i a - a 

Hj(G) n ker D(V)(G)f T^T
 f ^ * aad H^(r). 

7» DECOMPOSITION OF HOMOGENEOUS BOUNDARY VALUE PROBLMS 
Method of decompositioa is described ia geaeral case as follows. 
Let A aa elliptic differeatial operator of secoad order with 
coastaat coefficieats. Coasider the bouadary value problem 

AU s 0 ia G (7.1) 
Ru = g oa T. 

Assume the correctaess of (7«1) ia suitable spaces. The problem 
(7*1) will traasformed iato two bouadary value problems (of first 
order) of the equatioa D(V)u = 0 ia G. 

D(v)v = 0 ia G /r-#2) D(v)w = 0 ia G (j^ 
R1v = Pg oa T R2w = Qg oa T 

where P2 = Pf Q2 = Qf P + Q = I aad a relatioa u = $(vfw) 
will be givea betweea the solutioas of (7»1) aad (7.2), (7«3)» 
We remark, that ia applicatioas to various bouadary value problems 
the operators P aad Q are geaeralizatioas of the projectors P 
aad Q iavestigated by A. W. BIZADSE [2] aad W. SPROSSIG [17] ia 
ddtail. Io this paper we will demoastrate the method'for bouadary 
value problems ia three-dimeasioaal liaear elasticity. 
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THEOREM 7*1 • Let G c R3 bouaded domaia with smooth bouadary Tf 

Y0 trace operator [13] aad g € H^(r) s > 3/2* Thea the bouadary 
value problem 

D(V)MD(V)u = 0 ia G ^ ^ 
Y u s g oa T 

caa be decomposed iato two uaique solvable bouadary value problems 
of first order. 

D(V)v s 0 ia G 

YQv s ̂ (1 + s)g oa r 

D(v)w s 0 ia G 
— 1 1 / N 

YQTM w s -±(J + S)g oa T 

aad the relatioa betweea u, v. w is givea by 

(7.5) 

(7.6) 

U = V + 1 1 

s+1/2/ Proof! -?rom (3.4) follows for every v € H? ' (G) 

v s SY QV + TD(v)v, (7.7) 

from D(v)v s 0 get v s SY QV aad Y 0
V ~ — g r ^ Y 0

V - PYQVI 
that meaas Y 0

V € Im P. Let h € Im P 0 ^ ( r ) * Thea the problem 
Av s 0 ia G 
YQv s h oa T 

has a uaique solutioa v with Y 0
V = h € Im P aad with (7»7) 

follows 

Y ?
v * pY 0

v + Y0TD(V)v 
aad Y0^D(v)v S Of which implies TD(v)v s 0, siace 

TD(V)v € tor A(G) 0 H^+1/2(G) 

follows D(v)v S 0 aad v is also a solutioa of the bouadary 
value problem 

D(V)v s 0 ia G (7#8) 

YQv s h oa I\ 
With that the coaditioa h € Im P fl H^(r) is aecessary aad suffi-
cieat for solvability of (7.8). With z s u - v we get from 
(7#4) - (7»5) the followiag bouadary value problem 

D(V)MD(V)z s 0 ia G 
YQz « Qg oa r» 

The substitutioa w s MD(v)z shows the solvability of (7*6)# 
Uaiqueaess of solutioas of (7*5) aad (7»6) follows from 

ker D(V)(G) (1 H*+1/2(G) C ker A(G) 0 H^ 1' 2(G) f 
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ker T » {o} aad uaiqueaess of (7#4). 

REMARK 7*1• H is possible to get the result of Theorem 7#1 by 
use of weaker smoothaess coaditioas. The iavariaace relatioas 

Sf s f f € y0(ker D(V)(G) fl H^
+1/2(G)) aad 

Sf = -f f € Y0(ker D(V)(co S) fl H^
+1/2(co G) 

eaable s simple aumerical treatmeat of the siagular iategral opera­

tor S. These relatioas will be used aow to coastruct aa operator 

N with similar properties ia spaces of bouadaiy values which 

correspoad to bouadary coaditioas of secoad kind. Let F defiaed 

Fa = Im[§£ + a | ^ + \ a x rot u]. 

Prom representation ( 4 . 3 ) get direct decomposition 

F(ker D(V)MD(V)(G) fl H^(G)) - F(ker D(V)(G) fl H J ( G ) ) + 

+ 3?(ker D(v)(co S) fl H^(co S ) ) . 

I t i s poss ib le to prove the existence of complete orthonormal 
systems in 

5rV '» F(ker D(V)(G) n H £ ( G ) ) resp. j ? . = F(ker D(V)(co S ) D 

With that the operator N caa be defiaed correct ly by the r e l a ­

t i o a s 
Nf = f, f eflf Nf = - f , f € ^ A . 

As a corrolary we get the property 
N»frff f€Bj" 2 ( r ) / s p a n { f . ; £ d r a 0 j x x f ( x ) d r s o}* 

r * r x 

If we defiae P s ̂ (i + N), Q = ̂ (i - N) aad substitute yo 

by F ia Theorem 7#1 we get aa aaalogous result ia the case of 
bouadary coaditioas of secoad kiad. 

REMARK 7*2. Ia the case m a u we get ia Theorem 7«1 correspoa-
diag results for the DIRICHLBT-problem of LAPLACE equatioa. 

8. TRANSFORMATION FORMULA 

To use decompositoa results for aumerical methods it is necessary 

to describe the range of the weak siagular iategral operator T 
simple computation checks following 
THEOREM 8.1 • Let G c R* bouaded domaia aad x± $ 7$. Thea 
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* ( - . Í
 | a ) = - 7 : L - 7 «1 + » G , * G € ker D(V)(G) ( 8 . 1 ) 

| x—x^ I IX—x̂  | 
k k 

T ( r—n e k) a rr—re< - i , i ,. (*±-^)*k + *G k. (8.2) 
where \|>G fc € ker D(v)(G) aud e< = (l,0,OfO),*..,ev s (0,0,0,1). 

REMARK 8«1« The essential (non-analytical) pares of (6«1) asd 
(8#2) are independent of the domain if x. 4 G and so are the 
following systems constructed in section 8» 

9# OUMHiETE SYSTEMS OF SOLUTIONS OF DIFFERBNTIAL EQUATION 

THEOREM 9»1» Let G c R* bounded star-shaped domaia with smooth 
boundary r, GA c R3 with (5 c GA, rA = dGA and í^}? 1 c rA 
a dense subset of r.# Then every element u€ ker D(V)MD(V)(G) 
fl H5(G) can be approximated in H^G) arbitrarily ciosely by ex-
pressions 

n1 6. nt A un. n.W s 2 -—*-r- fib + Z [-——-e^j. + a*'a« i-1 Ixj-xl* ^ i=1 |x±-x| ( 9 # 1 ) 

k=2 4m-4 I *± x| * 4m-4 ̂  | x ^ x ) 3 *x 

with suitable ohoosen coefficients a^ € Q, bfci € R1
# 

Proofi Use (4«3), Theorem 6#1, Remark 6v4, Theorem 8#1 and con-
tinuity of T : H5(G) -• H?(G). 

REMARK 9»1« we get complete systems of harmonie functions in the 
čase m = 0# 

REMARK 9»2« It is possible to oonstruct complete systems in ap-
propriate subspaces of H^r) by using theorems about traces 
([13], [9]). 

Presented principle of construction of complete systems in kernel 
of various elliptical differential operators by means of genera-
lized analytical functions summarizes other approaches (see [1], 
[10, [12], [16])« Existing ráLations between other concepts and 
our construction will be demonstrated at example of PAPKOVIO-
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NEUBBR-statemeats ia liaear elasticity. 
From (4.3) follows by simple computatioa there preseatatioa 

u = X ~ 35=5 TRe D(v)x with x € ker A(G)f (9-2) 

X i Rs -• R*. 

The PAPKOVICMIEUEER-statemeats 

u « • - Tjjjpzj: srad(x • \|/) - 7—3 grad q>, ( 9 . 3 ) 

where \|/ 1 R3 --> R3
f <p : R3 -• R1, cpf\|/ € ker A(G), caa be traasfor-

med by \|/ =s (<pf\|/) aad u = (u f u) ia to 

Im u = Im \|/ - 7 ^ im D(V)(x • Im \|/) - 7 ^ im D(v)q>; 

Thea i s va l id 

D(v)[lm \|/ - ^ TRe D(V)lm*J = D(v)[lm \|/ - ^ D(v)(x*Im \ | /)-

- ZJ5=Z£ D(V) Re • ] • 

H iavolves the exis teace of a fuactioa $ € ker D(V)(G) with 

Im \|/ - ^jj^j TRe D(v)lm \|/ + $ s 

= Im \|/ - ^ D ( V ) ( X • Im \|/) - 7 ^ D(v)Re \|/ 

aad at l a s t 

11 *+* - S=2 T R e D ( v ) ( I m *+*) = Im * - 7jS=5D(V)(x*Im \|/)-(9.^) 

- 5E=5 D ( y ) R e •• 

-?rom (9«z*-) fol lows the re la t ioa 
X a Iffl • + «i $ € ker(v)(G) 

betweea x from (9*2) aad \|/ from (9»3)» 

REMARK 9#3> Aa o s s e a t i a l advaatage of ( 4 . 3 ) for aumerical t r e a t -
meat coataias i a uaiqueaess of analyt ical parts $1 aad $ a . 

REMARK 9»4. For aumerical so lut ioa of e l l i p t i c bouadary value 
problems by means of co l locat ion methods based on presented decom­
po s i t ion theorems aad constructed fuactioa systems w i l l be refered 
to [ 9 ] . 
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