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Orthogonal Partitions 

B. MAJCHER*) 

Poland 

Received 11 March 1990\ 

In this paper we introduce and study a notion of orthogonal partitions of co which is in a certain 
sense dual to the notion of almost disjoint subsets of co. We consider maximal families of pairwise 
orthogonal partitions and dual matrices. 

0. Notation 

We shall use notation from [1]. Let us recall it. Let (coy be the set of all infinite 
partitions of co. For X, Y e (co)10 X _ Y means that X is coarser than Y (or equi­
valent^ yis finer than X), i.e. each block of yis a subset of some block of X. Let (X)03 

be the set of all infinite partitions coarser than X. For X e (a))60 and necowe write 
X[n] = [x n n: x e X} \ {0}. Here n = { 0 , 1 , . . . , n — 1} and so X[ri] is a partition 
of n. It is called a segment. We write s < *X to mean that s is a segment of X, i.e. 
s = X\n\ for some n e co. Then we also write lh(s) = n and \s\ = the number of 
blocks in s. 

Let s, t be segments. We write s < *t to mean that lh(s) < lh(t) and s = t[lh(sj]. 
For any sequence (s„) of segments such, that for every neco sn < *s n + 1 let lim sn = 

new 

= the unique Ye (co)™ such, that for every neco sn < *Y. We write s ^ *t to mean 
that s < *f or s = t. We write s ^ t to mean that Zh(s) = lh(t) and s is coarser 
than t. Finally we write s = X to mean that s = K[/h(s)]. For X e (co)" and s ^ X 
let (s, K) = {Ye (co)03: s < *Y ^ X}. We call the set a dual Ellentuck neighborhood. 
The dual Ellentuck topology on (co)03 is the topology whose basic open sets are the 
dual Ellentuck neighborhoods. 

1. Orthogonal partitions 

Definition l.We say that infinite partitions X, yare orthogonal if there is no infinite 
partition which is coarser than both X and Y, i.e. (X)03 n (Y)03 = 0. 
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Examples. Partitions X and Y below are orthogonal 
1 ° X = {{1,2},{3,4},{5,6},...}; Y = {{1, 2, 3}, {4, 5}, {6, 7},...} 
2° X = {2N}u{{n}: ne2N + 1}; Y= {{n}: ne2N} u {2N + 1} 

Proposition 1. There is a family of 2™ pairwise orthogonal partitions. 

Proof. Let X be an arbitrary partition of co into co infinite blocks, say X = 
= {xs. ie co}; Xi = {nik: fc e co} for i e co. 

For every function f e ^2 different from the function % everywhere equal 1 we 
define a partition 

Xf = {nik:f(k) = 1, fce co9 i e co] u {x(\{nik:f(k) = 1, fce co}: i e co} . 

It is obvious that for different f, g e *°2 \ {/} Xf and Xg are orthogonal. • 
Consider maximal families of pairwise orthogonal partitions, i.e. such a family 0t 

of pairwise orthogonal partitions that | ^ | ^ 2 and for every infinite partition X 
there is some partition Z e 01 such, that (X)w n (Z)w #= 0. 

Theorem 1. If 31 is a maximal family of pairwise orthogonal partitions, then 

\®\ = o>i. 
The proof will be given in a few lemmas. 

Lemma 1. For every finite family of pairwise orthogonal partitions there is 
a partition orthogonal to each member of the family. 

Proof. Let 0t = {Xt: i = 1, 2 , . . . , n} be a family of n pairwise orthogonal parti­
tions. For every i = 1, 2 , . . . , n the set U{* : x GX& |x| ^ 2 } is infinite and one of 
the following cases holds: 

case 1° Xt has an infinite block; 
case 2° Every block of Xt is finite, but there are infinitely many blocks having 

at least two elements. 
We may safely assume that the case 1° holds for first fc partitions, fc ^ n, namely 

Xl9X2,..., Xk and the case 2° holds for next n — k partitions, namely Xk+l9Xk+2,... 

...,-Yn. 
For i = 1, 2 , . . . , fc let At = {a^j e co} be an arbitrary infinite block of Xt. For 

i = fc + 1, fc + 2, . . . , n let Bi = {bifj e co} be a family of all at least two-element 
blocks of Xt and btJ = by u b]j be an arbitrary partition of b{j into two non-empty 
sets, for j e co. Now construct a partition X = {x/. j e co} u {y} as follows. 

Assume inductively, that we have already constructed blocks x0, xl9..., xm. 
For i = 1,2, ...,fclet 

i(m + 1) = min{ j :a 0 .£U{*i : * = 1,2,..., m} u {an(m+1): / = 1,2,..., i - 1}} . 

For i = k + 1, fc + 2, . . . ,n let i(m + 1) = min {;: b0-n (U{x,: / = 1, 2 , . . . 
...,™}v{allim+1):l = l92,...9k}u\J{bll(m+l): 1 = 1,2, . . . , i - 1} = 0 } . Let 

XW+1 = K-.(m+l): * = 1,2, ...,fc}uU{^(m)&u(m+l)« I = fc+ 1, fc + 2, . . . ,«} . 
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Having defined all xm9 for meco, define y = co\ \J{xm: m e co}. It is easy to see, 
that the partition X is orthogonal to each Xi9 for i = 1, 2 , . . . , n. B 

For any segments s, t and the block a of s such that 0 e a e s let sAt = s\ {a} u 
u { x e ( : x n lh(s) = 0} u {a u U{* \ ^ ( s ) : xet&xn lh(s) =t= 0}}. 

It is obvious, that for any s9t s ^ *sAt and lh(sAt) = max (/h(s), /h(i>)\ 

Lemma 2. For any orthogonal partitions X9 Y the following holds Vs = X 3t ^ y 
(|sAr| = |s| + l&Vu(u = sAt &u = X=>|u| ^ |s|)). 

Proof, Let v < *Y be such a segment, that |sAt;| = |s| + 1 and let y09 yi9..., ym 

be segments of Y defined by v. Since |s Af| = |s| + 1 we can assume, that yt n lh(s) =j= 
+ 0- for i = 0 , 1 , . . . , m — 1, and j m n Zh(s) = 0. SinceX, Y are orthogonal 
there are infinitely many triples (z0, zi9 z)eY x Y x X such that z0 4= zx and 
Z o n z + 0 - t - z n z ! . Take such a triple with additional property lh(v) n z0 = (fr = 
= lh(v) n zx. 

First define a partition Y' = Y 

r = { y 0 u z 0 , yi,...,ym-i,ymuz} u Y\{y09yi9...9ym9z09zi} . 

Let n = max (min z0 n z, min zx n z). Taking f = Y'[n] we are done. • 
Similarly we prove the following generalization of the Lemma 2. 

Lemma 3. For any orthogonal partitions Xi9 X2, ...,Xn9 Y9 and for every si = Xi9 

Si = Xl9..., sn ^ Xn9 

if(Vi = n - l)(Vu)(u = 5^82" ... Asn&u _ X f = > | u | _ |siAs2
A ... Asf|) 

then there exists t = Y with I s ^ s ^ ... As„At| = |s1
As2

A . . . Asn\ + 1 and such 
that 

(Vi _ n)(W)(u = Si
As2

A ... Asn
At&u _ Xt => |u| _ |s1

As2
A ... Asf|) . 

Lemma 4. For any countable family of pairwise orthogonal partitions there is 
a partition orthogonal ot each member of the family. 

Proof. Let {Xt: i e co} be a family of pairwise orthogonal partitions. Let s0 < *X0 

be arbitrary. Define segments st = Xi9 for i e co, inductively as in Lemma 3. 
The partition X = lim'(s0

As1
A . . . Asn) will work. • 

neco 

Finally we will see that under MA every maximal family of pairwise orthogonal 
partitions has power continuum. 

For any family 01 of pairwise orthogonal partitions such that | ^ | < 2W let P# = 
= {(s, F): s-segment, F g 01 & |F| < co}. We say, that a condition (s, F) is stronger 
than a condition (t, H) if 

(i) s* = t & F _ H; 
(ii) V-YeH Vr-segment ( r ^ s & r ^ X = > | r | ^ |f|). 
It is easy to see, that s #= t for any incompatible (s, F) and (t, H). Hence 
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Proposition 2. P& satisfies c.c.c. 

Definition 2. For any filter G in P& let XG = lim s. 
(s,F)eG 

The following is an easy consequence of the definitions. 

Proposition 3. Let G be a filter in P#. Then for any (s, F)e G and any X e F 
we have (yr-segment) (r _ XG & r _ X => \r\ <j |s|). 

Proposition 4. F0r any neco and Xe0t the sets An = {(s, F): I s ^ n} and 
Bx = {(s, F): XeF) are dense in P&. 

Proof. Density of Bx is obvious. To prove density of An one can use operation , A \ 
• 

Theorem 2. MA implies, that every maximal family of pairwise orthogonal 
partitions has power 2C0. . 

2. Dual matrices 

Definition 3. A family of maximal families of pairwise orthogonal partitions is 
called a dual matrix. A dual matrix 01 is called shattering if for any infinite partition 
X there are a family 0le0l and partitions XuX2e0t such, that Xt #= X2 and 
(X±)m n (X)w =#0 4= (X2y n (X)<°. (Then we say that a and ^ shatter X). 

Definition A. X = min {|^|: ^ is a dual shattering matrix} 

Theorem 3. CDX _ A _ 2°\ 

Proof. The inequality X _ 2W is obvious. Let us prove a^ _ A. 
For segments s, f let 

5*f = {x n j : x e s, y e f ) u { x \ Zh(f): x e s} u {y \ lh(s): y e t} \ {0} . 

Obviously Jh(s*f) = max*(Zh(s), lh(t)) and |s*t| _ max(|s|, \t\). 
Let ^ = {0ti. i e co} be an arbitrary countable matrix. Using the operation '*' we 

will construct a partition X which is not shattered by a. 
Let s0 < *K0 e 0to be arbitrary. Assume inductively that we have already con­

structed sequences st < *Xt = Yie0ti, for i = 0 , 1 , . . . , n. Since @n+i is maximal 
there is some Yn+1 e 0tn+l such that (X^ n (Yn+l)

<° =f= 0. Let Xn+l be an arbitrary 
element of that intersection and sn+1 < *Xn+i such, that |srt+1 | = \sn\ + 1. Let 
X = limnG0) s0 * st * ... * s„. From construction follows, that for any n e w and 
I _ n Sj _ X„. Thus for any n e co (sw, K) Q (K«)co> so K cannot be shattered by 
any St% e M. • 

Lemma 5. Let a be a dual matrix of power less than X. Then there is a maximal 
family 0t of pairwise orthogonal partitions such, that 

(i) VXe#V*'e#3X'e« '3 s ( s _ X &s _ X' &(s,X) s(s9X')); 
(ii) VK e (coy (X is shattered by 0! => X is shattered by 0t). 
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Proof. The set of all infinite partitions which are not shattered by & is open and 
dense in the dual Ellentuck topology. Thus we can construct a maximal family of 
pairwise orthogonal partitions from elements of the set. Such a family obviously 
satisfies (i), (ii). • 

As an easy consequence of the above lemma we obtain 

Theorem 4. A is a regular cardinal. 

Proposition 5. Con (ZFC + A < T°). 

Proof. Let M0 g Mt g ... g Ma g ... g M be models of ZFC such, that 
M0r-CH, M1 I-MA + 20> = © l f . . . , Ma h MA + T° = coa, ...,(<x < a^) and M h 
h T» = co^. Then M h A < 2°\ B 

Proposition 6. Th^re is a family of A nowhere dense sets in the dual Ellentuck 
topology which covers the set of all infinite partitions of (o. 

Proof. It is simple reformulation of the analogous proposition from [2]. 

Remark. All results of this paragraph were inspired by analogous results from 
[2] and [3]. 
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