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Some characterizations of extremally disconnected frames by utilizing preopen and semi-
preopen nuclei are given.

§ 0. Introduction

This paper presents the results of an investigation done on the notion of extremal
disconnectedness in the context of pointless topologies — frames. The paper is
divided into four sections. In Section 1, we shall recall some basic facts concerning
frames. In Section 2, we shall show some basic equivalents of extremal discon-
nectedness. In Section 3, we shall develop the machinery for computing with semi-
open and preopen nuclei. In Section 4, we shall close the paper with several charac-
terizations of extremally disconnected frames by utilizing preopen and semi-preopen
nuclei. The results obtained here are closely related to the work of Jankovic [1],
Noiri [3] and Sivaraj [4]. For basics concerning frames see Johnstone [2].

§ 1. Basic facts

A frame is defined to be a complete lattice L(with the top element 1 and the bottom
element 0) which satisfies the infinite distributive law
xAVx;=V(x A x)
iel iel
for every x € Land every subset {x;},; of L. Frames can be viewed as generalized
topological spaces. Frames which are isomorphic to the frame O(X) of all open
subsets of a suitable topological space X are called topologies or spatial frames.
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However, there are many frames which are not topologies. For example, if we put
L = RO(R) to be the lattice of all regular open subsets of real line then Lis a non-
atomic complete Boolean algebra which is not isomorphic to any topology. Recall
that a complete lattice Lis a frame iff it is a Heyting algebra — a lattice Lis said to
be a Heyting algebra if, for each pair of elements a, b € L, there exists an element
a = b such that

cZa=b iff cAnaZ<lb.
We put x* = x = 0.
We shall call a map from one frame to another a frame homomorphism if it
preserves arbitrary joins and finite meets. The category of frames will be denoted

by Frm. We define a nucleus on a frame Lto be a map j: L — Lsatisfying

(i) a < j(a)
(ii) j(a) = j(j(a))
(iii) j(a A b) = j(a) A j(b)
for all a,be L.
If j is a nucleus on L, we define

L;={aeL:jla)=a}.

Since j o j = j, the image of j is precisely L;. Clearly, L; is a frame and j: L— L;
is a frame homomorphism.
Let S £ L. Then S = L; for some nucleus j iff S is

(i) closed under A
(ii) aeL, be S implies a=be S

It is well known (see [2]) that nuclei for topologies are precisely the subspace inclu-
sions. One can easily check that j: L— Lis a nucleus iff x = j(y) = j(x) = j(y).

We shall denote by N(L) the lattice of all nuclei on a frame L.

N(L) is partially ordered by j < k iff j(a) < k(a) for all a € L. One can easily
prove that N(L) is a frame as well.

Let a be an element of a frame L. The maps ¢,, u,: L— L, ¢(x) = a v x, u,(x) =
= g = x are nuclei, which, for topologies, correspond to a closed, open subspace
respectively. Nuclei of this form are therefore said to be closed, open respectively.
A nucleus which is both open and closed is sdid to be clopen.

We shall denote by O(L) the lattice of open nuclei, by C(L) the lattice of closed
nuclei and by CO(L) the lattice of clopen nuclei. We shall define by A, V the bottom
and the top element of N(L). It is well known that

Auag = Uyg,
Ug V.ub = Ugap
Vea, = ¢ya

Ca N Cp = Canp
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for all a, b,a;e L.
For j e N(L) we put
Int(j) = A{k: ke O(L), j =< k} = Uje0)

Then obviously

Ini(j) € O(L)

Ci(j) e C(L)

Int(j)* = CI(j*)
Int(j) = Int (j**)
CI(j**)* = Int(j*).

We say, that j is dense iff CI(j) = A. It is easy to check that j is dense iff j(a) = 0
implies a = 0 for all a € L. '
Another important feature of open and closed nuclei is that
Ca Vj=Jocg

Uy V J=Ugo]
for allae L, je N(L).
Generally, if g preserves = theng v j = goj.

§ 2. Extremally disconnected frames

2.1. Definition. A frame L is said to be extremally disconnected if the closure
of every open nuclei on Lis open. Recall that, for topologies, the definition coincides
with the usual one.

2.2. Lemma. Let L be a frame. Then the following conditions are equivalent:

(i) L is extremally disconnected.
(ii) If u,ve O(L), u v v = V then Cl(u) v Cl(v) = V.
(iii) Ifa,beL,a A b =0 then thereexistc,de L suchthatc vd =1,c A a =
=0,dAb=0.
Proof. “(ii) <> (iii)” It is immediate.
“(i) = (ii)” Let u,ve O(L), u v v = V. Then Cl(u) v v = V and because Cl(u)
is open then Cl(u) v Cl(v) = V.
“(ii) = (i) Let u € O(L). Then
u v Cllu)* =V ie.

Cl(u) v CI(Cl(w)*) =V ie.
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Cl(u) v Int(Cl(u))* = V ie.
Int(Cl(u))* = Cl(u)* i.e.
Int(Cl(u)) < Cl(u) ie.

Cl(u) € O(L).

2.3. Definition. A frame L is said to be regular (respectively 0-dimensional)
if a = V{x e L: x < a} (respectively a = V{xe L: x < x, x < a}) for each a e L,
here x <t a means that x* v a = 1ie. Cl(u,) < u,.

2.4. Theorem. Let L be a regular extremally disconnected frame. Then L is
0-dimensional.

Proof. Clearly, x <t y implies x A x* = 0. Using 2.2. (iii) we have that there
exist c,de L such that cvd=1, cAx=0,d Ax*=0. Then ¢ £ x*, d £
< x** < y. Now, we have that x** <« x**. The rest is evident,

§3. Semi-open and preopen nuclei

3.1. Definition. Let Lbe a frame, j € N(L). Then j is said to be

(i) semi-open if there exists an open nucleus u such that Cl(u) < j < u,
(ii) o-open if Int(CI(Int(j))) < j,
(iii) preopen if Intf(CI(j)) < j,
(iv) semi-preopen if Cl(Int(CI(j))) < j.
The set of all semi-open, a-open, preopen, semi-preopen nuclei will be denoted by
SO(L), o(L), PO(L), SPO(L) respectively. Clearly, O(L) < «(L) < PO(L) = SO(L) n
A PO(L), SO(L) u PO(L) < SPO(L).
3.2. Lemma. Let L be a frame. Then
(i) j e SO(L) iff CUInx(j)) < j iff CU(Int(j)) = CI(j) j*(0)* < j(0).
(ii) SO(L), «(L), PO(L), SPO(L) are closed under arbitrary meets.
(iii) j € SO(L) = j** € SO(L).
(iv) j € SPO(L) iff there is a preopen nucleus k € L such that Cl(k) < j < k iff
Cl(Int(CI(j))) = CI(j).
Proof. “(i)” j is semi-open iff there exists u € O(L) such that Cl(u) < j < u iff
Cl(Int(j)) £ Cl(u) < j < Int(j) £ u for some ue O(L) iff Cl(Int(j)) <j iff
“(ii)” Let 4 < SO(L). Then Cl(Int(AA)) £ Cl(Int(a)) < a for each ae A ie.
Cl(Int(A4)) < AA.
“(iii)" Let j € CL). Then

Cl(Int(j**)) = Cl(u-jtn(o)) = CI(“jt(o)) = Cl(Int(j)) é ] é j** .
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“(iv)” Let j be semi-preopen. Then CI(Int(CI(j))) < j iff ¢;opee < j iff j(O)** <
< j(0) iff j(0)** = j(0). We put k = u;() Vv j. The k is preopen and Cl(k) < j < k.

The reverse direction is obvious. '
3.3. Lemma. Let Lbe a frame. Then ofL) 2 O(L) and it is closed under arbitrary

meets and finite joins.

Proof. 1t remains to prove that a(L) is closed under finite joins. The rest is evident.
Let j, k€ a(L). Then

Int(Cl(Int(j v k))) < Int(Cl(Int(j) v Int(k))) = Int(Cltsjso) V tieoy)) =

= Int(Cl(t;2(0) nkm0)) = INt(Cijo0)arvion?) = tiioyarsconee =
= Ujeoysr V Upro)ss = Int(Cl(Int(]))) \'% Int(Cl(Int(k))) _S_j vk.
3.4. Proposition. Let L be a frame. Then the following conditions are equivalent:
(i) Lis extremally disconnected.
(ii) SO(L) is closed under finite joins.

(iii) SO(L) = o(L).
Proof. ‘(i) = (iii)”” Let j € SO(L). Then C/(Int(j)) < j. Clearly,

V =j v Cl(Int(j))* = Int(j) v Intf(Cl(Int(j))*) =
= Cl(Int(j)) v CI(Int(Cl(Int(j))*)) = j v Int(Cl(Int(j)))*.

Now, we have Int(Cl(Int(j))) < j.

“(iif) = (ii)” It is evident.

“(ii) = (i)” Letu,ve O(L),u v v = V. Then

Cilu) vvo=V ie.
Int(Cl(u)) v v =V ie.
Int(Cl(u) v Int(Cl(v)) = V.
Clearly Cl(u) v Cl(v) e SO(L). Then
V = Cl(Intf(Cl(u) v Cl(v))) £ Cl(u) v Cl(v).

3.5. Definition. We say, that a nucleus j of a frame L is semi-closed (semi-preclosed)
iff j* € SO(L) (j* € SPO(L)).
The set of all semi-closed nuclei we will denote by SC(L) (SPC(L)).

Clearly, j € SC(L) (SPC(L)) iff j** € SC(L) (SPC(L)).
3.6. Lemma. Let L be a frame, A < SC(L) (A € SPC(L)). Then

VAeSC(L) (VAeSPC(L).
Proof. We have from 3.2 (ii) that CI(In{((VA)*)) < (VA)*.



3.7. Definition. The semi-(pre)closure of a nucleus j on a frame Lis the greatest
semi-(pre)closed nucleus lying below j. We denote it by s CI(j) (sp CI(j)).

The semi-interior of a nucleus j on a frame L is the smallest semi-open nucleus
containing j and is denoted by s Int(j).

3.8. Lemma. Let Lbe a frame, j € L. Then

(i) sInt(j) = j v CI(Int(j))
(ii) s CI(j) = j A Int(CI(j**))

Proof. “(i)” Clearly, Cl(Int(j v CI(Ini(j)))) = CI(Int(j)). The rest is evident.
“(ii)” Let k be semi-closed, k < s CI(j). Then k < j i.e.
k** < Int(CI(k**)) < Int(CI(j**)).

Now we have to check that
[i A Int(Cl(j))]* e SO(L)
Clearly,
CUIn((j A Int(CI(**))¥)) = CI(CI*) A CUIni(CI*)))¥) =
= Int((CI(j**) A Cl(Int(CI(j**)))))* = Int(CI(j**))* < (j A Int(CI(j**)))*.
3.9. Lemma. Let Lbe a frame, ue O(L), S < N(L). Then
uvs=V foreach se€S implies uv AS=V.
Proof. It is transparent.

3.10. Definition. Let j be a nucleus on a frame L. We shall say that
(i) kis ©-adherent with respect to j if
Clluyvj=V=>uvk=V
for each ue L.
(ii) k is 8-adherent with respect to j if
Inf(Clu)) vj=V=>uvk=V
for each u € L.

The least ©-adherent (d-adherent) nucleus with respect to j is called ®-closure
(6-closure). We shall write Cle(j) (CI4(j)).

3.11. Lemma. Let L be a frame, je L. Let k be ®-adherent (6-adherent) with
respect to j. Then CI(k) is ©-adherent (5-adherent) with respect to j.

Proof. Let ue O(L), Cl(u) v j =V. Then u v k =V ie. u v Cl(k) = V. For
the d-adherent case one can proceed similarly.

3.12. Corollary. Any © (8)-closure is closed.
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3.13. Lemma. Let Lbe a frame, j€ L. Then
Cla(i) < Cli(j) < CLlj).

Proof. The first inequality follows from the fact that any d-adherent nucleus with
respect to j is @-adherent.
Let us check the second one. We have Int(Cl(u)) v j = V. Then

In(Cl(w)) v CI(j) = Vie uvCl(j)="V.

3.14. Lemma. Let L be a frame, j e SO(L), CI(Int(j)) € O(L). Then

Cle(j) = Cl(j) = CI(j) .
Proof. Clearly,

Cl(Int(j)) v Int(Int(j)*) = V
Cl(Int(j)) v Cl(In((Int(j)*)) = V
j v Cl(Int(Int(j)*)) = V

Cle(j) v Int(Int(j)*) = V

Cle(j) v Cl(Int(j))* = V.
Then

CI(j) < Cl(Int(j)) = Cle(j) -

3.15. Lemma. Let Lbe a frame, j € PO(L). Then
Clg(j) = Cli(j) = CI(j) .
Proof. Clearly, Int(CI(j))* v Int(CI(j)) = V. Then
CI(CI()*) v j = Vie. CI(j)* v Clg(j) = V.
Now, we have CI(j) < Clg()).

3.16. Lemma. Let L be a frame, j € SPO(L). Then

Cli(j) = CI(j) .
Proof. Clearly,

Cl(Int(CI(j)))* v Cl(In(CI(j))) = V.
Then

In(Int(CI())*) v j = V ie. Inf(CICIG)*)) vj=V.

Using d-adherence, we have CI(j)* v CI,(j) = Vi.e. CI(j) < Cly)).
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§4. Characterization of extremally disconnected frames

4.1. Theorem. The following conditions are equivalent for a frame L:

(i) Lis extremally disconnected.

(ii) The closure of every semi-preopen nucleus on Lis open.
(iii) The d-closure of every semi-preopen nucleus on Lis open.
(iv) The 8-closure of every preopen nucleus on Lis open.

(v) The closure of every preopen nucleus on Lis open.

Proof. ““(i) = (ii)” Let j be semi-preopen. Then
CI(j) = Cl(Int(CI(j))) € O(L) .

“(if) = (iii)” Using 3.16.

“(iii) = (iv)” Evident, since PO(L) £ SPO(L).

“(iv) = (v)” Using 3.15.

“(v) = (i)” Evident.

Noiri showed that a space is extremally disconnected if and only if s Cl(4) =
= Clg(A) for each A € PO(X) U SO(X). We shall show a little bit more.

4.2. Theorem. The following conditions are equivalent for a frame L:

(i) Lis extremally disconnected.
(ii) s CI(j) = Clg(j) for each j e SPO(L).

Proof.
“(i) = (ii)” Let j be semi-preopen. Then using 4.1 and 3.14

Int(CI(j))* v Intf(CI(j)) = V
CI(CI(j)*) v Int(CI(j)) = V
CI(CI(j)*) v Ci(In(CI(j))) = V
ccjy)vji=v

CIj)* v Clej) = V.

Now we have CI(j) < Clg(j).
“(ii) = (i) Let j be an open nucleus on L. Then

Int(CI(j**)) = j A Int(CI(j**)) = s CI(j) = Cle(j) = CI(j).
Therefore, CI(j) is open.

4.3. Theorem. The following conditions are equivalent for a frame L:

(i) Lis extremally disconnected.
(ii) If j SPO(L), ke SO(L), j v k =V, then CI(j) v CI(k) = V.
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(iii) If je SPO(L), ke SO(L), j v k =V, then Cly(j) v Clfk) = V.
(iv) If je PO(L), ke SO(L), j v k =V, then Clg(j) v Cle(k) =
(v) If je PO(L), ke SO(L), j v k =V, then CI(j) v Cl(k) =

Proof. (i) = (ii)” Let je SPO(L), ke SO(L), j v k = V. Then Cl(]) v Int(k)
= V. Using 4.1, CI(j) is open i.e.

V = CI(j) v Cl(Int(k)) < CI(j) v k = CI(j) v C(k). "

““(ii) = (iii)”, “(iti) = (v)”, “(iv) = (v)”* This follows from 3.13, 3.15 and 3.16.
“(i) = (iv)” It follows form and 3.14.

“(v) = (i)” Itis evident since O(L) £ PO(L) n SO(L).

4.4. Theorem. The following conditions are equivalent for a frame L:

(i) Lis extremally disconnected.
(i) Int(j) = sInt(j) for each je SC(L).
(iii) The semi-interior of any semi-closed nucleus on Lis open.

Proof. “(i) = (ii)” Let j € SC(L). Then sInt(j) =j v Cl(Int(j)). We have that
j £ In((CI(j)) i.e. Int(j) £ Int(CI(Int(j))). Since any closure of an’ open nucleus is
open as well Int(j) < CI(Int(j)) i.e. Int(j) = ClInt(j)) = s Int(j).

“(ii) = (iii)” It is transparent.
“(iii) = (1) Let u be open. Then

s Int(Cl(u)) = Cl(u) v Cl(Int(Cl(u))) = Cl(u)
i.e. Cl(u) is open.
4.5. Lemma. Let Lbe a frame, u € O(L), j € N(L). Then
Cl(u v j) =u v CI(j).
Proof. Is is evident.

4.6. Theorem. The following conditions are equivalent for a frame L:
(i) Lis extremally disconnected.
(i) If j € SO(L) and ke SPO(L) then CI(j) v Cl(k) = CI(j v k).
(iii) If je SO(L) and ke SPO(L) then j v ke SPO(L).
(iv) If j, ke SO(L) then j v ke SO(L).
Proof. “(i) = (ii)” Let j € SO(L) and k € SPO(L). Then
Cl(j) v Cl(k) = CI(Int(j)) v Cl(k) =
= Cl(Int(j) v k) = Cl(j v k) = CI(j) v Cl(k).
Then sInt(j) = j v Cl(Int(j)).
“(ii) = (iii)” Let jeS O(L) and ke SPO(L). Then
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Cl(Int(CI(j v k))) = Cl(Int(CI(j)) v Int(CI(k))) =
= CI(Int(CI(j))) v CInt(CI(k))) < CI() v k< v k.
Now, we have ,fhat Jj v ke SPO(L).
“(iii) = (i) Let u, v be open. Then
Cl(u v v) = Cl(u v Cl(v)) £ Cl(u v Int(Cl(v))) < Cl(Int(Cl(u)) v Int(Cl(v))) =
= Cl(Int(Cl(u) v CI(v))) £ Cl(u) v Cl(v) < Cl(u v v).
“(il) = (iv)” asin “(ii) = (iii)".
“(iv) = (i)" asin “(iii) = (i)".
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