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1990 ACTA UNIVERSITATIS CAROLINAE—MATHEMATICA ET PHYSICA VOL. 31. NO. 2 

A Note on Extremally Disconnected Frames 

J. PASEKA*), P. SEKANINA**) 

Czechoslovakia 

Received 11 March 1990 

Some characterizations of extremally disconnected frames by utilizing preopen and semi-
preopen nuclei are given. 

§0. Introduction 

This paper presents the results of an investigation done on the notion of extremal 
disconnectedness in the context of pointless topologies — frames. The paper is 
divided into four sections. In Section 1, we shall recall some basic facts concerning 
frames. In Section 2, we shall show some basic equivalents of extremal discon­
nectedness. In Section 3, we shall develop the machinery for computing with semi-
open and preopen nuclei. In Section 4, we shall close the paper with several charac­
terizations of extremally disconnected frames by utilizing preopen and semi-preopen 
nuclei. The results obtained here are closely related to the work of Jankovic [ l ] , 
Noiri [3] and Sivaraj [4]. For basics concerning frames see Johnstone [2], 

§ 1. Basic facts 

A frame is defined to be a complete lattice L(with the top element 1 and the bottom 
element 0) which satisfies the infinite distributive law 

x A V xi = V (x A xi) 
iel iel 

for every x eLand every subset {xt}ieI of L. Frames can be viewed as generalized 
topological spaces. Frames which are isomorphic to the frame 0(X) of all open 
subsets of a suitable topological space X are called topologies or spatial frames. 
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However, there are many frames which are not topologies. For example, if we put 
L = RO(R) to be the lattice of all regular open subsets of real line then Lis a non-
atomic complete Boolean algebra which is not isomorphic to any topology. Recall 
that a complete lattice Lis a frame iff it is a Heyting algebra — a lattice Lis said to 
be a Heyting algebra if, for each pair of elements a, be L, there exists an element 
a => fc such that 

c ^ a => b iff c A a ^ b . 

We put x* = x => 0. 
We shall call a map from one frame to another a frame homomorphism if it 

preserves arbitrary joins and finite meets. The category of frames will be denoted 
by Frm. We define a nucleus on a frame Lto be a map j : L-> Lsatisfying 

0) a = j(a) 
(0) j(a) = j(j(a)) 

(iii) j(a A b) = j(a) A j(b) 

for all a, be L. 
If j is a nucleus on L, we define 

Lj = {aeL: j(a) = a} . 

Since j oj = j , the image of I is precisely Lj. Clearly, Lj is a frame and j : L-+ Lj 
is a frame homomorphism. 

Let S Q L. Then S = Lj for some nucleus j iff S is 

(i) closed under A 
(ii) aeL, be S implies a =>beS 

It is well known (see [2]) that nuclei for topologies are precisely the subspace inclu­
sions. One can easily check that I: L-> Lis a nucleus iff x => j(y) = j(x) =>j(y). 

We shall denote by N(L) the lattice of all nuclei on a frame L. 
N(L) is partially ordered by j ^ k iff j(a) — k(a) for all aeL. One can easily 

prove that N(L) is a frame as well. 
Let a be an element of a frame L. The maps ca, ua: L-* L, ca(x) = a v x, ua(x) = 

= a => x are nuclei, which, for topologies, correspond to a closed, open subspace 
respectively. Nuclei of this form are therefore said to be closed, open respectively. 
A nucleus which is both open and closed is sziid to be clopen. 

We shall denote by 0(L) the lattice of open nuclei, by C(L) the lattice of closed 
nuclei and by CO(L) the lattice of clopen nuclei. We shall define by A, V the bottom 
and the top element of N(L). It is well known that 

AW„, = "vat 

uav ub = UaAb 

vCai = Cvai 

ca A Cb = CaAb 
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for all a, b9 ate L. 
For j e N(L) we put 

Int(j) = A{fc: k e 0(L)9 j = fc} = um0) 

Cl(j) = V{fc: k e C(L)9 k = j} = cji0). 

Then obviously 

Int(j) e 0(L) 

Cl(j) e C(L) 

Int(j)* = Cl(j*) 

Int(j) = Int(j**) 

Cl(j**)* = Int(j*) . 
We say, that j is dense iff C/( j) = A. It is easy to check that j is dense iff j(a) = 0 

implies a = 0 for all a e L. 
Another important feature of open and closed nuclei is that 

ca v j = j o ca 

w« V I = Uaoj 

for all a eL9jeN(L). 
Generally, if g preserves => then g v j = g o j . 

§ 2. Extremally disconnected frames 

2.1. Definition. A frame Lis said to be extremally disconnected if the closure 
of every open nuclei on Lis open. Recall that, for topologies, the definition coincides 
with the usual one. 

2.2. Lemma. Let Lbe a frame. Then the following conditions are equivalent: 

(i) L is extremally disconnected. 
(ii) Ifu9ve 0(L)9 u v v = V then Cl(u) v Cl(v) = V. 

(iii) If a9 b e L, a A b = 0 then there exist c9de L such that cvd = l9cAa = 
= 0, d A b = 0. 

Proof, "(ii)o(ii i)" It is immediate. 

"(i) => (ii)" Let u9ve 0(L)9 u v v = V. Then C/(w) v v = V and because Cl(u) 
is open then Cl(u) v Cl(v) = V. 

"(ii) => (i)" Let u e 0(L). Then 

u v Cl(u)* = V i.e. 

Cl(u) v Cl(Cl(u)*) = V i.e. 
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Cl(u) v Int(Cl(u))* = V i.e. 

Int(Cl(u))* = Cl(u)* i.e. 

Int(Cl(u)) = Cl(u) i.e. 

CZ(M) e 0(L) . 

2.3. Definition. A frame L is said to be regular (respectively O-dimensional) 
if a = V{* e L: x o a} (respectively a = V{* e L: x <3 x, x ^ a}) for each a e L, 
here x < a means that x* v a = 1 i.e. Cl(ux) ^ ua. 

2.4. Theorem. Let L be a regular extremally disconnected frame. Then L is 
O-dimensional. 

Proof. Clearly, x < y implies x A x* = 0. Using 2.2. (iii) we have that there 
exist c9de L such that c v d = 1, c A X = 0, d A x* = 0. Then c _̂  x*, d ^ 
_; x** ^ j . Now, we have that x** <a x**. The rest is evident, 

§3. Semi-open and preopen nuclei 

3.1. Definition. Let Lbe a frame, j e N(L). Then j is said to be 

(i) semi-open if there exists an open nucleus u such that Cl(u) :g j <L u, 
(ii) a-open if 1nt(Cl(lnt(j))) = I, 

(iii) preopen if int(Cl(j)) = I, 
(iv) semi-preopen if Cl(lnt(Cl(j))) ^ j . 

The set of all semi-open, a-open, preopen, semi-preopen nuclei will be denoted by 
SO(L)9 a(L), PO(L), SPO(L) respectively. Clearly, 0(L) g a(L) g PO(L) g 50(L) n 
n PO(L), SO(L) u PO(L) g SPO(L). 

3.2. Lemma. Let L be a frame. Then 

(i) jeSO(L) iffCl(lnt(j)) = j iffCl(lnt(j)) = C/(j) j*(0)* = j(0). 
(ii) So(L), a(L), PO(L), SPO(L) are closed under arbitrary meets. 

(iii) j e SO(L) => 7** e So(L). 
(iv) je SPO(L) iff there is a preopen nucleus ke Lsuch that Cl(k) g j g k iff 

Cl(lnt(Cl(j))) = Cl(j). 

Proof, "(i)" y is semi-open iff there exists u e 0(L) such that C/(w) _ j ^ u iff 
Cl(Int(j)) = C/(«) = 7 = /nf(7-) g w for some u e 0(L) iff Cl(Int(j)) = 7 iff 
C/(u;.(0)) g 7 iff c7.(0). = ; iff ;*(0)* = j(0). 

"(ii)" Let A s So(L). Then Cl(lnt(AA)) = C/(/nf(a)) = a for each aeA i.e. 
C/(/n<AA)) = A^4. 

"(iii)" Let 7 e Cl(L). Then 

Cl(Int(j**)) = CZltt,....^) = C/(u,..(0)) = C/(/nf(7)) = 7 = J** • 
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"(iv)" Let j be semi-preopen. Then Cl(lnt(Cl(j))) = j iff cj(0)** ^ ; iff j(0)** g 
^ I(0) iffj(O)** = I(°)« We put k = wi(0)* v j . The k is preopen and Cl(k) = j = k. 
The reverse direction is obvious. 

3.3. Lemma. Let L be a frame Then a(L) 2 0(L) and it is closed under arbitrary 
meets and finite joins. 

Proof. It remains to prove that a(L) is closed under finite joins. The rest is evident. 
Let j , k e a(L). Then 

Int(Cl(Int(j v k))) g Int(Cl(lnt(j) v Int(k))) = Int(Cl(u^0) v w**(0))) = 

= Int(Cl(Uj*i0)Ak*K0))) = Inl(c(j*(0)Ak*(0))*) = w.(T*(o)Afc*(o))** = 

= Mj*(0)** v wk*(0)** = Int(Cl(lnt(j))) v Int(Cl(lnt(k))) ^ j v k . 

3.4. Proposition. Let Lbe a frame. Then the following conditions are equivalent: 

(i) Lis extremally disconnected. 
(ii) SO(L) is closed under finite joins. 

(iii) SO(L) = a(L). 

Proof, "(i) => (iii)" Let ; e SO(L). Then Cl(lnt(j)) = j . Clearly, 

V = j v Cl(Int(j))* = Int(j) v Int(Cl(lnt(j))*) = 

= Cl(lnt(j)) v Cl(lnt(Cl(Int(j))*)) =jv Int(Cl(lnt(j)))* . 

Now, we have Int(Cl(lnt(j))) = j . 

"(iii) => (ii)" It is evident. 

"(ii) => (i)" Let u, v e 0(L)9 u v v = V. Then 

Cl(u) v v = V i.e. 

Int(Cl(u)) v v = V i.e. 

Int(Cl(u) v Int(Cl(v)) = V . 

Clearly C/(w) v C/(t;) e SO(L). Then 

V = Cl(lnt(Cl(u) v C/(v))) = C/(w) v CZ(i?) . 

3.5. Definition. We say, that a nucleus j of a frame L is semi-closed (semi-preclosed) 
iff j * e SO(L) (j* e SPO(L)). 

The set of all semi-closed nuclei we will denote by SC(L) (SPC(L)). 
Clearly, j e SC(L) (SPC(L)) iff j * * e 5C(L) (SPC(L)). 

3.6. Lemma. Let Lbe a frame, A = SC(L) (A = SPC(L)). Then 

\/AeSC(L) (VAeSPC(L)). 

Proof. We have from 3.2 (ii) that Cl(lnt((yA)*)) = (V-4)*. 
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3.7. Definition. The semi-(pre)closure of a nucleus j on a frame Lis the greatest 
semi-(pre)closed nucleus lying below j . We denote it by s Cl(j) (sp Cl(j)). 

The semi-interior of a nucleus j on a frame L is the smallest semi-open nucleus 
containing j and is denoted by s Znf(j). 

3.8. Lemma. Let Lbe a frame, j e L. Then 

(i) slnt(j)=jv Cl(lnt(j)) 
(ii) s Cl(j) = j A Int(Cl(j**)) 

Proof, "(i)" Clearly, Cl(Int(j v Cl(Int(j)))) = Cl(Int(j)). The rest is evident. 

"(ii)" Let fc be semi-closed, fc _̂  s C/(J). Then fc ^ I i.e. 

fc** =: Int(Cl(k**)) ^ Int(Cl(j**)) . 

Now we have to check that 

[J A Int(Cl(j))~\* e SO(L) 

Clearly, 

Cl(lnt((j A Int(Cl(j**))*)) = Cl((Cl(j**) A Cl(lnt(Cl(j**))))*) = 

= Int((Cl(j**) A Cl(Int(Cl(j**)))))* = Int(Cl(j**))* = (j A Int(Cl(j**)))* . 

3.9. Lemma. Let Lbe a frame, u e 0(L), S g N(L). Then 

u v s = V for each s e S implies u v /\S = V . 

Proof. It is transparent. 

3.10. Definition. Let j be a nucleus on a frame L. We shall say that 

(i) fc is G-adherent with respect to j if 

Cl(u) v j = V = > u v f c = V 
for each ue L. 

(ii) fc is S-adherent with respect to j if 

Int(Cl(u)) v j = V = > u v f c = V 

for each u e L. 
The least 0-adherent (<5-adherent) nucleus with respect to j is called G-closure 
(5-closure). We shall write ClQ(j) (Cld(j)). 

3.11. Lemma. Let L be a frame, j e L. Let k be G-adherent (d-adherent) with 
respect to j . Then Cl(k) is (d-adherent (8-adherent) with respect to j . 

Proof. Let u e 0(L), Cl(u) v j = V. Then u v fc = V i.e. u v C/(fc) = V. For 
the <5-adherent case one can proceed similarly. 

3.12. Corollary. Any 0 (S)-closure is closed. 
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3.13. Lemma. Let Lbe a frame, j e L. Then 

ClB(j) = Clt(j) = Cl(j) . 

Proof. The first inequality follows from the fact that any ^-adherent nucleus with 
respect to j is ©-adherent. 

Let us check the second one. We have Int(Cl(u)) v j = V. Then 

Int(Cl(u)) v Cl(j) = V i.e. u v C/(j) = V. 

3.14. Lemma. Let Lbe a frame, je SO(L), Cl(lnt(j))e 0(L). Then 

e/e(j) = Clt(j) = Cl(j). 

Proof. Clearly, 

Cl(Int(j)) v Int(lnt(j)*) = V 

Cl(lnt(j)) v Cl(lnt(lnt(j)*j) = V 

j v Cl(lnt(lnt(j)*)) = V 

C/e(j) v Int(lnt(j)*) = V 

ClB(j) v Cl(lnt(j))* = V . 

Then 

Cl(j) = Cl(lnt(j)) = C/e(j) . 

3.15. Lemma. Let Lbe a frame, j € Po(L). Then 

ClB(j) = Cls(j) = Cl(j). 

Proof. Clearly, Int(Cl(j))* v Int(Cl(j)) = V. Then 

C/(C/(j)*) v j = V i.e. C/(/)* v ClB(j) = V . 

Now, we have C/(j) = C/©(j). 

3.16. Lemma. Let Lbe a frame, j e SPO(L). Then 

Ch(j) = Cl(j). 

Proof. Clearly, 

Cl(lnt(Cl(j)))* v Cl(lnt(Cl(j))) = V . 

Then 

Int(lnt(Cl(j))*) v j = W i.e. Int(Cl(Cl(j)*)) v j = V . 

Using 5-adherence, we have Cl(j)* v C/4(/) = V i.e. Cl(j) = C/.(j). 
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§4. Characterization of extremally disconnected frames 

4.1. Theorem. The following conditions are equivalent for a frame L: 

(i) Lis extremally disconnected. 
(ii) The closure of every semi-preopen nucleus on Lis open. 

(iii) The 5-closure of every semi-preopen nucleus on Lis open. 
(iv) The 5-closure of every preopen nucleus on L is open. 
(v) The closure of every predpen nucleus on Lis open. 

Proof, "(i) => (ii)" Letj be semi-preopen. Then 

Cl(j) = Cl(Int(Cl(j)))eO(L). 

"(ii) => (iii)" Using 3A6. 
"(iii) => (iv)" Evident, since PO(L) g SPO(L). 
"(iv) => (v)" Using 3.15. 
"(v) => (i)" Evident. 

Noiri showed that a space is extremally disconnected if and only if s Cl(A) 
= C/0(A) for each A e PO(X) u SO(X). We shall show a little bit more. 

4.2. Theorem. The following conditions are equivalent for a frame L: 

(i) Lis extremally disconnected. 
(ii) s Cl(j) = Cl@(j)for each j e SPO(L). 

Proof. 

"(i) => (ii)" Letj be semi-preopen. Then using 4.1 and 3A4 

Int(Cl(j))* v Int(Cl(j)) = V 

Cl(Cl(j)*) v Int(Cl(j)) = V 

Cl(Cl(j)*) v Cl(lnt(Cl(j))) = V 

Cl(Cl(j)*) v j = V 

Cl(j)* v Cl@(j) = V. 

Now we have Cl(j) = ClQ(j). 
"(ii) => (i)" Let j be an open nucleus on L. Then 

Int(Cl(j**)) = j A Int(Cl(j**)) = s Cl(j) = ClQ(j) = Cl(j) . 

Therefore, Cl(j) is open. 

4.3. Theorem. The following conditions are equivalent for a frame L: 

(i) Lis extremally disconnected. 
(ii) IfjeSPO(L), keSO(L)9 j v k = V, then Cl(j) v Cl(k) = V. 
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(iii) If j e SPO(L), k e SO(L), j v fc = V, then Clj(j) v C/,(fe) = V. 
(iv) / / j e PO(L), k e SO(L), j v k = V, fnen C/e(j) v C/Q(fe) = V. 
(v) / j j e Po(L), fc e SO(L), j v fc = V, fhen C/(j) v C/(fc) = V. 

Proof, "(i) => (ii)" Let j e SPO(L), k e SO(L), j v fe = V. Then C/(j) v Int(k) = 
= V. Using 4.1, Cl(j) is open i.e. 

V = Cl(j) v Cl(lnt(k)) = C/(j) v fc = C/(j) v C/(fc). ; ' 

"(ii) => (iii)", "(iii) => (v)", "(iv) => (v)" This follows from 3.13, 3.15 and 3.16. 
"(i) => (iv)" It follows form and 3.14. 
"(v) => (i)" It is evident since 0(L) e PO(L) n SO(L). 

4.4. Theorem. The following conditions are equivalent for a frame L: 

(i) Lis extremally disconnected. 
(ii) Int(j) = s Int(j) for each j e SC(L). 

(iii) The semi-interior of any semi-closed nucleus on Lis open. v ' 

Proof, "(i) =>(ii)" Let j eSC(L). Then slnt(j)=j v Cl(lnt(j)). We have that 
j g Int(Cl(j)) i.e. Int(j) ^ Int(Cl(lnt(j))). Since any closure of an opefl nucleus is 
open as well 7nr(j) g Cl(lnt(j)) i.e. Int(j) = Cl(lnt(j)) = s Lnf(j). 

"(ii) =>(iii)" It is transparent. '"'•'' 

"(iii) => (i)" Let u be open. Then 

sInt(Cl(u)) = Cl(u) v C/(/nt(C/(u))) = C/(u) 

i.e. Cl(u) is open. 

4.5. Lemma. Let Lbe a frame, u e 0(L), j e N(L). Then 

Cl(u v j) = u v Cl(j). 

Proof. Is is evident. 

4.6. Theorem. The following conditions are equivalent for a frame L: 

(i) Lis extremally disconnected. 
(ii) J / j e SO(L) and k e SPO(L) then C/(j) v C/(fc) = Cl(j v fc). 

(iii) If j e SO(L) and k e SPO(L) then j v fe 6 SPO(L). 
(iv) / / j , k e SO(L) then j v fc e So(L). 

Proof, "(i) => (ii)" Let j e So(L) and fc e SPO(L). Then 

C/(j) v C/(fc) = Cl(Int(j)) v C/(fc) = 

= C/(/nf(y) v fc) = C/(j v fe) = C/(j) v C/(fe). 

Then s Jnf(;) = ;' v Cl(Int(j)). 

"(ii) => (iii)" Let j e SO(L) and fc e SPO(L). Then 
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Cl(Int(Cl(j v k))) = Cl(lnt(Cl(j)) v Int(Cl(k))) = 

= Cl(Int(Cl(j))) v Cl(Int(Cl(k))) = Cl(j) v k = j v k. 

Now, we have that j v ke SPO(L). 

"(iii) => (i)" Let u9 v be open. Then 

Cl(u v v) = Cl(u v Cl(v)) = Cl(u v Int(Cl(v))) = Cl(lnt(Cl(u)) v Int(Cl(v))) = 

= Cl(Int(Cl(u) v Cl(v))) = Cl(u) v Cl(v) = Cl(u v v) . 

"(ii) => (iv)" as in "(ii) => (iii)". 

"(iv) => (i)" as in "(iii) => (i)". 
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