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On Bijective Isometries 

IGOR A. VESTFRID 

Jerusalem 

Received 11. March 2003 

We give a local version of a theorem of Wobst on affinity of surjective isometries 
between real linear metric spaces. We also give an extension to real linear metric spaces 
of a result due to Vogt that every surjective continuous equality of distance preserving 
map between real normed spaces is affine. A basic tool here is the study of bijective 
isometries in dissimilarity spaces. 

1. Introduction 

We shall deal with bijective isometries in metric spaces and, more general, in 
dissimilarity spaces. In particular, we shall deal with the following known 
conjecture. 

Conjecture (H). A surjective isometry between real F*-spaces X and Y is affine. 

Recall some definitions. 
By a dissimilarity space (X, d) one means a nonempty set X endowed with 

a nonnegative function lJ:IxI->R satisfying the following conditions: 
(i) d(x, x) = 0, 

(ii) d(x, y) = d(y, x). 
Such a function d(x, y) is called a dissimilarity; it is called a definite 
dissimilarity if in addition 
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(iii) d(x, y) = 0 => x = y. 
A definite dissimilarity satisfying the triangle inequality 

(iv) d(x, y) < d(x, z) + d(z, y) 
is called a metric, and then X = (X, d) is called a metric space. 

Let X = (X, d) and Y = (Y, p) be dissimilarity spaces. Following Vogt [Vo], 
we shall say that a map / : X -> Y preserves equality of distance if there exists 
a function p: [0, oo) -> [0, oo) such that 

p(f(4f(y)) = p(d(x,y)) 
for every x and y in X. The function p is called the gauge function for / . If p = id 
(the identity), then / is called an isometry. 

By an F*-space (X, d) one means a linear space X endowed with a translation 
invariant metric d (i.e., d(x + y, y) = d(x, 0) for all x, y e X) such that the 
operations of addition and multiplication are continuous, (i.e., tnxn -> tx provided 
tn -> t in R and xn -> x in (X, d)). The functional ||x|| = d(x, 0) is called F-norm. 

The example of the function 11—> (t, |t|) from R to /^ shows that in general 
surjectivity is essential in (H). (But it can be dropped if Y is a strictly convex 
normed space, that is, a sphere does not contain a line segment.) Note also that 
(H) is not valid for complex spaces (just consider complex conjugation on C). 

Although it is unknown whether (H) holds in general, it has been proved under 
some additional assumptions; I mention here only some of them: 

(i) The classical Mazur-Ulam theorem [MU] asserts that it holds for linear 
normed spaces. Moreover, John [J] showed that any open local isometry 
which maps an open connected subset of a real normed space X onto an open 
subset of another real normed space Y is the restriction of an affine isometry 
of X onto Y. 

(ii) Charzynski [C] proved (H) for F*-spaces of the same finite dimension. (Note 
that in this case, any isometry between X and Y is surjective by the invariance 
of domains.) 

(iii) Wobst [W] proved (H) under the assumption that there are A > 0 and 
a non-decreasing function y such that y(t) > 1 for every t > 0 and ||2x|| > 
y(||x||) ||x|| for every xeX with ||x|| < A. 

Recently Vaisala [Va] proposed a new elegant proof for the Mazur-Ulam 
theorem. His proof is based on ideas of Vogt [Vo] and makes use of reflections in 
points. 

In the present paper we use the same method to give some generalizations of 
the Mazur-Ulam theorem, including a local version of a generalized Wobst 
theorem (see Theorem 6) and an extension to F*-spaces of a result of Vogt [Vo] 
on affinity of a surjective continuous equality of distance preserving map between 
real normed spaces (see Theorem 8). 

We use standard notation. As usual (x, y) and [x, y] denote the open and closed 
straight line segments joining the points x and y in an F*-space. The ball and the 



sphere with center z and radius r in a dissimilarity space X are denoted by B(z, r) 
and S(z, r), that is, B(z, r) = {x: d(x, z) < r} and S(z, r) = {x: d(x, z) = r}. When 
X has a linear structure, we abbreviate B(0, r) = B(r) (or Bx(r) when we need to 
specify the space). 

Let X be an F*-space. For z e X, the reflection of X in z is the map {//(x) = 
2z — x: X -> X. Clearly, \j/ is an isometric involution (i.e., \//2 = id) with 
a unique fixed point z, and 

(1) \j/(x) — z = z — x, \j/(x) — x = 2(z — x) 

for every xe X. 

2. Dissimilarity spaces 

We start our investigation with some statements about bijective isometries in 
dissimilarity spaces (we want to emphasize that if the dissimilarity of a space is 
definite then any isometry is injective, so any surjective isometry is bijective). 
Throughout this section X = (X, d) and Y = (Y, p) denote dissimilarity spaces 
which are not singleton. 

A point z e X will be called a dissimilarity center (d.c.) of X if X c B(z, R) for 
some R > 0 and there is a family of bijective isometries {\J/X : X -» X \ x e X} such 
that for every 0 + S = X with 5 #- {z} 

(2) sup d(i//x(x), x) > sup d(x, z) 
xeS xeS 

The following basic lemma generalizes [Vo, Theorem 1.2] of Vogt. 

Lemma 1. Let z be a d.c. of X. Then f(x) = z for each bijective isometry f 
ofX. 

Proof. We use here a method due to Vaisala [Va]. 
Set S = {g(z): g is a bijective isometry of X}. Suppose that S =# {z}.Let {il/x}xeX 

be bijective isometries associated with z as a d.c. of X. By the definitions, there 
is yeS such that d(\l/y(y),y) > supXGSd(x, z). Then there is a bijective isometry 
g with g(z) = y. Note also that g~\^g(z)g(z)) e S. Thus 

d(ij/y(y),y) = d(i//g(z)g(z),g(z)) = d(g-1(xl/g(z)g(z)), z) < supd(x,z), 
xeS 

a contradiction. Thus S = {z}, which was to be proved. • 

Note that z is a unique common fixed point of all {ifc}. Indeed, if z' is another 
one, take S = {z'}.Then by (2), d(z, z') < d{$iz(z!), z') = 0, a contradiction. 

Lemma 2. Any dissimilarity space has at most one d.c. 
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Proof. Indeed, assume that Z and Z' are d.c. Let {lAxj be bijective isometries 
corresponding to Z'. By Lemma 1, Z is fixed by all ^x. But Z' is the only such 
a point, hence Z' = Z. • 

Lemma 3. Let f: X -> Y be a bijective map preserving equality of distance 
with a gauge function p which strictly increases. If X has a d.c. z, then f(z) is 
a d.c. of Y. 

Proof. Choose R > 0 such that X c B(z, R). Then Y ^ B(f(z), p(R)). 
Let {ik}xex be bijective isometries associated with Z, and set \j/'y = ftyf-^f'1 

for ye Y. Then for every y,u,veY 

/ # » , VJ(v)) = p(d(f~\u), /-•(„))) = p(u, v), 

i.e., each \f/'y is a bijective isometry on Y. 
Let 0 * S' <= 7 with S H= {/(z)}. Set S = f~\S') and c = supxeS d(x, z). Since 

p strictly increases, we have 

sup p(^'y(y), y) = supp(d(il/f-1(y}f~\y),f-i(y))) = sup p(d(ij/x(x), x)) 
yeS' yeS' xeS 

> p(c) > sup p(d(x, z)) = sup p(y, f(z)), 
xeS yeS' 

which completes the proof. • 

For the convenience, we also introduce a notion of a metric center of a pair of 
points in a metric space (not necessarily bounded). 

Let X be a metric space, and let a,beX.A point zeX will be called a metric 
center of a, b if there is a surjective isometry i/t: X -> X such that i/t(a) = fe, 
i/t(b) = a and for every S .= X with 0 < supxeS d(x, Z) < oo 

(3) sup d(\j/(x), x) > sup d(x, Z). 
xeS xeS 

Note that if X is bounded, then Z is a dissimilarity center of X (with \j/x = if/). 

Lemma 4. Let X be a metric space, and let z be a m.c. of a,b e X. Then 
(i) z is a unique metric center of a, b. 

(ii) z is a unique fixed point of \j/. 
(Hi) Let Y be another metric space. If f : X -> Y is a surjective map preserving 

equality of distance with a gauge function p which strictly increases, then f(z) 
is am.c. of f(a), f(b). 

Proof, (i) Let ^ be a surjective isometry associated with Z as a m.c. of a, b, and 
assume that Z' is another m.c. of a, b with an associated map ij/'. Set d = 
max {d(a,z), d(a, z')} and Z = B(a, d) u B(b, d). Then z, z' e Z, and i// and i/>' 
are bijective isometries on Z. Thus, z and z' are d.c. of Z, and hence z' = z 
by Lemma 2. 
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(ii) Since z is a d.c. of Z, it follows from Lemma 1 that z is fixed by i//. Again, 
if z' is another fixed point, set S = {z'\ Then by (3), d(z, z') < d(\l/(z'), z') = 0, 
a contradiction. 

(iii) The proof follows the same path as the proof of Lemma 3 with ij/' = / ^ / _ 1 

and with the observation that ij/'(f(a)) = f(b) and ^'(f(b)) = f(a). • 

3. F*-spaces 

Throughout this section X and Y denote real F*-spaces. 
Let S be a convex subset of X. Then a continuous map / : S -> Y is affine iff 

it preserves midpoints, i.e., 
(a + b\ _ f(a) + f(b) 

*\ 2 ) 2 
for all a,beS. 

Since in a normed space z = (a + b)/2 is a m.c. of the points a, b (with the 
reflection in z as an associated isometry), the Mazur-Ulam theorem follows from 
Lemma 4. 

To simplify formulations we introduce some additional notation. 
Given an F*-space X, set for every r > 0 

a(r) = sup{| |(x+y)/2| | :x5yeB(r)}. 

Clearly, the function a does not decrease and a(r) > r. Also, limr_k0a(r) = 0. 
Indeed, otherwise there are c > 0 and sequences {x^}, {yn} cz X such that 
II xn II> II yJ < I/*2 a nd || (xn + y„)/2|| > c. But this contradicts the continuity of 
addition, since ||x„ + yn\\ < 2/n. 

We say that X has property (RS) if there is R > 0 such that for every nonempty 
setS _ £(2?)\{0} 

sup ||2x|| > sup ||x||. 
xeS xeS 

Lemma 5. Let X have property (RS) and r > 0. Let f: Bx(u, 2a(r)) -> 
BY(f(u), p(2a(r))) be a continuous surjective map preserving equality of distance 
with an injective gauge function p. Then f is affine on a segment [a, b\ provided 
[a, b] _ Bx(u, r). 

Proof. Set c = \\(a - b)/2\\, z = (a + b)/2 and Z = S(a, c) u S(b, c) u {a}u {b}. 
Since ||a — w||, \\b — u\\ < r, then c < a(r). Consequently, z e Z _ 
B(z, 2c) n B(u, 2a(r)). 

First, we claim that if 2c < R, then 

(4) f(^=m±m 
101 



By translation, we can assume that b = —a (that is z = 0). Set i/t = — id on X. 
Then Z ^ B(R), and \j/ is an isometric involution on Z. Let 0 =f= S <= Z \ {0}.Then 
by the assumptions, 

sup ||^(x) — x|| = sup ||2x|| > sup ||x||. 
X E S XЄS XЄS 

Thus, the origin is a d.c of Z. 
Set \\i' = —id + f(a) + f( — a) (on Y). Clearly, \j/' is an isometric involution 

on f(Z) = S(f(a),p(c)) u S(f(-a), p(c)) u {f(a)} u {f(-a)\ Since p is injective, 
then so is f. Set h = f_1i/>'f on Z. Then for all x,yeZ, \\h(x) - h(y)\\ = 
p_1(||f(x) — f(y)||) = ||x — y\\, i.e., h is a bijective isometry on Z. By Lemma 1, 
h(0) = 0, i.e., f(a) + f(-a) - f(0) = f(0), and (4) follows. 

Since the operations of addition and multiplication by scalar are continuous, 
there is a 5 > 0 such that \\X(a — b)\\ < R/2 whenever \k\ < 5. Consider the 
function g(t) = f(ta + (1 — t) b) on [0,1]. By the claim above 

s + t\ _ g(s) + g(t) 

whenever |8 — t| < 2d. Thus, g is affine on every sub-interval with the length less 
than 25. Covering (0, 1) by such small intervals completes the proof. • 

Theorem 6. Let X have property (RS). Let f be a map from an open connected 
subset Q of X onto an open subset of Y, which satisfies the following condition: 
— every point x e Q has an open neighborhood V such that f(V) is open and 

f preserves equality of distance in V with a strictly increasing gauge function. 
Then f is the restriction of an affine uniform homeomorphism of X onto Y. 

Proof. For the matter of the proof we introduce one more function which can 
be roughly considered as an inverse of the function a. Namely, we set for every 
r > 0 

P(r) = sup Is > 0: \J (tB(s) + (1 - t) B(s)) <= B(r) 
t 0<t<l 

It is easy that for any ball B(r) there is a balanced neighborhood of zero V such 
that V + V cz B(r). (Recall that a set V is called balanced if tV cz V whenever 
\t\ < 1.) Therefore, the function /J is positive for every positive r. 

Let f maps Bx(u, 2oc(r)) with a strictly increasing gauge function p. Then f is 
uniformly homeomorphic in Bx(u, 2oc(r)) and, by Lemma 5, f is affine on [a, b\ 
provided a, be Bx(u, /?(r)). Since Q can be covered by small balls so that f is affine 
on each line segment joining two points of the same ball, and since two affine maps 
that agree on a ball are the restriction of the same affine map, it follows from the 
connectedness of Q that f is the restriction of an affine map h on X. The 
map L(x) = h(x + u) — h(u) is linear on X and homeomorphically maps Bx(2cc(r)) 
onto BY(p(2(x(r))). Thus, it is a desired homeomorphism. • 
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Now the Wobst theorem follows from Theorem 6 and the next simple assertion. 

Lemma 7. Let X be F* -space. Suppose that there are A > 0 and non-decreasing 
Junction y such that y(t) > I for every t > 0 and \\2x\\ > y(\\x\\) \\x\\ for every xeX 
with \x\\ < A. Then X has property (RS). 

Proof. Let 0 4= S .= B(A)\ {0}and put s = sup x e S ||x||. For every 0 < e < 1/2, 

Il2x.ll > y(||xj) Hx.ll > y(s/2) ||x.||. 
Hence 

sup ||2x|| > 7(5/2) s > s. D 
xeS 

Unfortunately, I do not know is there a space with (RS) which is not covered 
by the Wobst theorem. 

The next statement generalized [Vo, Theorem 1.3(i)] of Vogt. 

Theorem 8. Suppose that for every nonempty bounded set S a Y\ {0} 

sup \\2y|| > sup | |y | | . 
yeS yeS 

If f : X -> Y is a continuous surjective map preserving equality of distance, then 
f is affine. 

Note that no injectivity of the gauge function is required here. 
The proof is the same as the proof of [Vo, Theorem 1.3(i)] with use of Lemma 1 

instead of [Vo, Theorem 1.2]. We refer the interested reader to this paper. 
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