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We present some connections between a topological dimension of a compact Hausdorff
topological space X and algebraical and topological properties of the algeba C(X) of
real-valued continuous functions on X. In particular a new characterization of dimension
of X in terms of properties of C(X) is given.

Let X be a compact topological space (i.e. a compact Hausdorff topological
space). We consider the algebra C(X) of real-valued continuous functions defined
on X. It is endowed with the norm |f| = supwex|f(x)| and the operations of
pointwise addition and multiplication: (f + g)(x) = f(x) + g(x) and (f- g)(x) =
= /(%) ()

The multiplication is a continous function from C(X) x C(X) to C(X) but, in
general, it is not open. We recall the definition of openness and introduce
(following [1]) the definition of weak openness of the function mapping one
topological space to another one.

Definition 1. Let X and Y be topological spaces and let f: X — Y be
a function. We say that f is open if it preserves the openness of sets, i.e.
fIU] < Y is open for every open set U = X. We say that f is weakly open if it
preserves non-emptiness of the interior of sets, i.e. for every set A < X we have

Int(A) # 0 = Int(f[A4]) # 0.

Department of Probability Theory and Statistics, Faculty of Mathematics, University of LodZ, ul.
Banacha 22, 90-238 Lodz, Poland

2000 Mathematics Sub ect Classification. Primary 54C35; Secondary 54C35; Secondary 54F45,
46E25.

Inst1 ute of Mathematics, Silesian University, ul. Bankowa 14, 40 007 Katowice, Poland

41



M. Balcerzak, W. Wilczyniski and A. Wachowicz proved ([1], [6], [7]), that the
multiplication in C ([0, 1]) is weakly open. This result can be extended as follows

(cf. [5D:

Theorem 2. Let X be a compact topological space. The following equivalences
hold:

(1) the multiplication - : C(X) x

(2) the multiplication - : C(X) x
iff dim X = 1,

(3) the multiplication -: C(X) x C(X)— C(X) is not weakly open iff
dim X > 1,
where dim X denotes topological (covering) dimension of X.

C(X) > C(X) is open iff dim X < 1,
C(X) —» C(X) is weakly open and is not open

The first of these equivalences was suggested by D. H. Fremlin in January, 2004,
during the 32nd Winter School in Abstract Analysis (oral communication).
One of the consequences of Theorem 2 is the following corollary:

Corollary 3. Let X be a compact topological space. The following conditions
are equivalent:

® dimX < 1.

® For any subset A = C(X) of the first category its preimage under the
multiplication (') '[A] is a set of the first category in C(X) x C(X).

Corollary 3 extends the results obtained by A. Wachowicz, who showed that
a preimage of a residual subset of C([0, 1]) under multiplication is a residual
subset of C([0, 1]) x C([0, 1]).

We do not intend to prove Theorem 2 or Corollary 3 here. The detailed proofs
can be found in [5]. We just wish to sketch the proof of the equivalence the
multiplication - : C(X) x C(X) — C(X) is weakly open iff dim X < 1 and to use
presented ideas to characterize a dimension of a compact topological space X in
terms of properties of the algebra of real-valued continuous functions on X.
Similar characterizations were given by M. Katétov in 1950s (e.g.[4]).

Let us fix a notation. For A, B = C(X) the image [A x B] = {f-g: fe 4,
g € B} will be denoted by 4+ B. If fe C(X)and r > 0 then B(f,r) = {ge C(X):
lg — fI < r}is the open ball with centre f and radius r.

Proof of the implication “The multiplication - : C(X) x C(X) —» C(X) is weakly
open = dim X < 1”.

Assume that dim X > 2. By Hemmingsen Lemma (cf. [2]) there exist closed sets
Ai, By, A2, B, = X such that A1 n By = 0, A>n B, = () and if L; is a partition
between A; and B; and Lz is a partition between A2 and Bz then Ly N L2 # (. (We
recall that a closed set L < X is a partition between disjoint closed sets 4, B ¢ X
if there exist two disjoint open sets U, V < X satisfying A < U, B < V and
L= X\(UuV).
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We define functions f, g € C(X) such that f(x) = 1 for x € A, f(x) = —1 for
x€ By, g(x) = 1 for xe A> and g(x) = —1 for x € B>. For example, if we want
to define function f we first define f|4,08, and then we use Tietze Theorem to
extend f to whole X. The set B(f, 1) x B(g, 1) = C(X) x C(X) is non-empty
and open. We will show that B(f, 1) B(g, 1) is nowhere dense (hence its interior
is empty).

Tending to the contradiction assume that i eInt (B(f,1)- B(g,1)). Then he
eB(f, D B(g, 1)) and h + e (B(f,1) - B(g, 1)) for some ¢ > 0. Let fe B(f,1)
and g € B(g, 1) be such that |h — f- §ll < &2.If xe A1 then f(x) > 1 — 1 = 0.
If xeBi then f(x) < —1+ 1=0. It follows that A, = {xe X :f(x) > 0},
By < {xe X :f(x) < 0}and the set L; = {xe X :f(x) = 0} is a partition between
Ay and By.Similarly, let f€ B(f,1) and § € B(g, 1) satisfy ||(h + &) — f- §|| < ¢/2.
We have A< {xeX:§(x)>0} and B: < {xeX:§(x) <0}. The set
L, = {xe X : §(x) = 0} is a partition between A and B.. It follows that there is
Xo€ L1 N La. By the definition of Ly one has
h(xo) +¢&>f gxo) “g(x0) — &/2 + & = ¢/2. On the other hand, by the definition
of L» we have h(xo) + & < f(xo0) §(x0) + &2 = &/2. The contradiction we obtai-
ned shows that B(f;1)- B(g, 1) is nowhere dense. O

The key point of this proof is that the functions f and g satisfy f~'(0) N
ng (0) # 0. Moreover, if we consider any function f, which is close to f, and
any function g, which is close to g, then we still have f~'(0) N §='(0) # 0.

The implication “The multiplication - : C(X) x C(X) — C(X) is weakly open
<= dim X < 1” is an easy consequence of the following two lemmas:

Lemma 4. Let X be a compact topological space, dim X < 1 and let U,
V< C(X) be non-empty and open. There exist feU and geV such that

£ 1(0)ng'(0) = 0.

Lemma 5. Assume that X is a compact topological space, U, V c C(X ) are
non-empty and open and fe U, geV satisfy f~'(0)ng~'(0) = 0. Then there
exists & > 0 such that B(f- g, ) < U- V.

We will not prove these lemmas here (see [5]). Instead, we will prove the
following Lemma 6, which is more general than Lemma 4.

Lemma 6. Let X be a compact topological space and let n > 0 The following
conditions are equivalent
e dimX < n,
® Forevery gi, g2, ..., gn€ C(X) and ¢ > O there exist fi, f3, ..., fue C(X) such
that | fi — gill <efori=1,2,.., nand (=1 f7'(0) = 0.

Proof. Let X be a topological space, let (Y, d) be a metric space and let
¢ : X — Y be continuous. We say, following Hurewicz and Wallman ([3], Ch. VI),
that a point ye Y is an unstable value of ¢ if for every ¢ > O there exists

43



a continuous mapping Y : X — Y satisfying Vxex d (¢ (x), ¥ (x)) < ¢ and y ¢ ¢ [X].
Theorem VI 1 of [3] states that if Y = R" and dim X < n for some ne N then
every point of Y is an unstable value of ¢. We will use this theorem in our context.

Let X be a compact space with dim X < n and let ¢ > 0 and g1, g>, ...,
gn€ C[X] be given. The function ¢ = (g1, g2, ..., g») maps X into R". Dimension
of X is smaller than n, hence the point (0, 0, ..., 0) is an unstable value of (g1, g,
..., gn). It follows that there exists ¥ = (fi, f3, ..., fo) such that || i — gi| < & and
(0,0, ..., 0) ¢ ¥ [X], which is equivalent to (}i=1 fi'(0) = 0.

Now, assume that dim X > n. By Hemmingsen Lemma there exist closed sets
A, By, Az, B, ..., An, B, = X such that Ain B; = Q@ fori = 1, 2, ..., n and if the
sets L; are partitions between the sets A and B; then (/=i L: # 0. We define
functions g1, g2, ..., gn € C(X) such that gi(x) = ¢ for x € 4 and gi(x) = —e for
x € Bi. Let fi, f3, ..., fn be arbitrary elements of C(X) satisfying | fi — gil| < ¢ for
i =1,2, .., n Since the sets Li:= fi"'(0) are the partitions between A; and B,
we have (i1 fi'(0) # 0. O

Lemma 6 allows us to write several conditions which are equivalent to dim
X < nfor a fixed n > 0:

(1) For every g1, g2, ..., gn€ C(X) and & > O there exist fi, f3, ..., fu€ C(X)
such that || fi — gl < efori=1,2,..., nand (=1 fi'(0) = 0.

(2) For every g1, g2, ..., gn€ C(X) and & > O there exist fi, f3, ..., fue C(X)
such that | fi — gll <& for i=1, 2, ..., n and )71 f* is an invertible
element of the algebra C (X),

(3) The set {(fi, f5, ..., fu) : 2 4=1 f* is an invertible element of the algebra C(X)}
is dense in (C (X)),

(4) The set {(fi, fo, ..., fi): fi- C(X) + fo- C(X) + ... + fu- C(X) = C(X)}
is dense in (C (X)),

Conditions (2), (3) and (4) use only the algebraical and topological properties of
the algabra C(X). During the the 33rd Winter School in Abstract Analysis K. P.
Hart and R. Schipperus observed that condition (2) can be reformulated, so that it
uses only the algebraical properties of C(X):

(5) For every g1, g2, ..., gn€ C(X) and & > O there exist fi, f3, ..., fu€ C(X)
such that
® if § € R satisfies 0 < |0| < ¢ then for every i = 1, 2, ..., n the element
fi — gi — 9 is invertible in the algebra C(X).
® Y, f? is an invertible element of the algebra C(X).
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