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DIFFERENTIAL SUBSPACES ASSOCIATED WITH PAIRS
OF ORDINARY DIFFERENTTAL OPERATORS
E. A. Coddington, Los Angeles

1. Introduction. This is an account of some joint work in progress with
H.S.V. de Snoo. It represents an attempt to place a study of boundary value and
eigenvalue problems, assoclated with a_ pair of ordinary differential expressions
L, M, in the general framework of two earlier papers by E.A. Coddington and
A. Dijksma [7], [8]. 1In the first of these we showed how to describe very general
eigenvalue problems, for the case when M 1s the identity and L is formally
symmetric, and to obtain elgenfunction expansion results for these problems. In
the second we described abstractly the adjoints of subspaces (multi-valued opera-
tors) in Banach spaces in terms of generalized boundary conditions, and applied
these results to a study of boundary value problems with not necessarily formally
symmetric differential expressions L.

There is a large literature devoted to problems for two expressions L, M. We
mention the recent work by F. Brauer [2], [3], [4], F. Browder [5], [6], K. Pleijel
[9], C. Bennewitz [1]. We deal with systems, not necessarily formally symmetric
L, and we do not assume that the order of M 1is less than the order of L. From
the point of view of subspaces, if a subspace S 1s associated with a right defi-
nite M, then S'l is a problem associated with a left definite case. The set
of Hilbert spaces which we allow differ from those considered by Bennewitz in [1].

We settle some notation matters. ILet 1R, C denote the real and complex
numbers. We consider an open real interval ( = (a,b), and the set Fm(") of all
vector valued functions f : (| - cm. By C(L) we denote the set of all continuous
f e Fm((.), and

) =tz er(u) | £ e oy,
CIS(L) = {f e Ck((,) | support of f is compact} ,
L) = 0 NOR

2
By Lloc(") we mean the set of all f ¢ Fm(") such that
2
f ]f] < o , each compact subinterval Jc ( ,
J
2 *
where |f|” = £ f, and we let

) = {5 e 12 (1) ]fL 1£12 <}

1

2
LO(L) {f e L2(|,) | support of f is compact} .

If f,g € Fm(")’ we use the notations

* *
(f,g)z,J =L/; gf, (f,g)2 =\/; gf,
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*

if the components of g f are integrable on the compact subinterval J c (, or
on (, respectively. Note that we do not assume f, g are in I.ioc(;,) or

2

L(c).

2. Hilbert spaces associated with positive differential expressions. Let M
be the formal ordinary differential expression of order V

v X
M= £ D , D=dfax,
k=0kD

where the Q‘k are m X m complex matrix-valued functions whose columns are in
Ck(L), and Q,(x) 1is invertible for x € . We want to associate an inner pro-
duct with this M by first defining

(2.1) (@,¥) = (M, ¥), , ¥ € (L) -
If this is to be an imner product on C:(L) we must have
k ¥
)

- (1)
(2.2) e kEO(l) %

(NKP,CD)Q >0, P € co(;(b) s

and we assume this. From this it follows that Vv 1is even, VvV = 24, and
(-1)“Qv(x) >0, x €, in the sense that

*
D xE > e, Eect,

for some c¢(x) > 0. We can write such an M in the form

M hEa
M= % z (-1)3D3Q ka ,
=0 k=j-1 J

* +1
where ij = ij; and ij € Cj(l.): Q:j+l:j ecd (t)s
this form for M the formula (2.1) can be written as

j+
Qj .j+l€ cd l(1,). Using

o JH ¥ k ©
(9,¥) = (Mp,¥), =f T (0W)R,(D9) ,  @¥ e ClL)
Lt 3=0 k=j-1

and the right side is denoted by (o, W)D, the Dirichlet inner product.

_The definition (2.1) gives an inner product ( , ) on C:(L) under the
assumption (2.2), and | || = ( , )1/2 is a norm on C:(L). Let &, denote the
completion of C:(L); it is a Hilbert space. In many cases SJM can be imbedded
into L]2.oc(L)’ and this is assured if we assume:

(A for each compact subinterval J c L there is a ¢(J) > 0 such that

l)

Then the identity map on Cg(t) has an extension which is an injection of M
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into Lioc(t.), and we can identify By as a subset of Lioc(l,). We have
(£,9) = (£,M9), , feg, ©eCL),
el 2 e@el, 5 o £ g

2
and the injection @M - Lloc((_) implies the exlstence of an injection GM :
2
LO(L) - §y Wwith the properties: -
2
(£,Gp) = (£,h), , feg, hely(l),
00
Gp =9, @ eCyle),
2
Myh=h, helLi(i),

(R(G))E = 8

(2.3)

where A® denotes the closure of a set A, and ER(GM) denotes the range of GM'

An important special case 1is obtained if instead of (Al) we assume
(a)) ol > cllofl, » for some c >0 .

Then 9y 1°(1) and G
Gy * L(L) - £y such that (2.3) is valid with I, (L) replaced by L (L) every-
where. In fact, assuming (A‘) we can identify G more precisely Let M) be
the operator in L (L) with domain !D(M )y=2¢C (L) given by Mp = Mp. It is a

symmetric operator which is bounded below by ¢>0 if (A') holds, and thus has
a Friedrichs extension which is a selfadjoint opera,tor MF having the same lower

bou.nd c. Its inverse MF exists on all of L (L) and one can show that GM

has an extension, call it G also, to a.n injection

MF , and that g%/[ is the domain :s(M1 ) of the positive square root M% of Mp.
There exist other Hilbert spaces & having the essential properties of bM
Let ® be any Hilbert space with inner product ( , ) and norm | || satisfying:

C 2
Colt) e v Ly (L),

00
(Ag) (f,CP) = (f,M(P)2 > fed, P € CO(L) >
£l > el 5 » £e®, c(@)>0,
2,3
for each compact subinterval J c L. We have (C:(L))c = §p and in fact

=9,0%,,

an orthogonal sum, where
n,={fec’L)ng] m=0}.

Clearly dim UlMS vm. As before there exists an injection G : L (L) -+ & such
that :
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(£,6h) = (£,b), , fe®, he L(e)(t) ’

00
Mo = ¢ , weCO(L),

(2.1) Mh=h, held(L),
®(e))° =2,
Gy = By

where PM is the orthogonal projection of & onto bM If instead of (A2) we
have

'C:(L) CEJCL2(L) ,
(82) (£,9) = (M), , e, oecht),
el >clgll, , fe%, e>o0,

then G has an extension to all of L2(L) satisfying (2.14) with L§(L) replaced
2
by L°(¢).

2
3. Examples. Let H be a positive selfadjoint extension of M0 in L (L)
such that

(3.1) (u£,£), = (M£,£), > (c(J))z(f,f)a,J , fe®DH), c@)>0,

for each compact subinterval J c (i, and let bH be the completion of D(H) with
(£,8) = (Mf,g), , f,8 € B(H) .

This is a Hilbert space, and it will be in L:?_oc(l') if the following is assumed:

(A3) f, € D(H), ”fn - fm” -0, ”fn”2,J - 0 for each compact subinterval
Jci, implies ”fn” - 0.

Then % = &; satisfles (A2). As an example consider M = -D2, m=1, = (0,°).

The maximal operator Mma.x for M in L2(4_) has a domain Sm consisting of
all f € L2(|,) such that f' is absolutely continuous on each compact subinterval
Jc [0,0), and Mf € L2(L). The selfadjoint extensions of M, are obtained from
Mmax by imposing a homogeneous boundary condition at 0. Let Hh be the self-
adjoint extension of M0 given by

()

{£ emma_x | £'(0) = B£(0)} , heR,

{femm]f(o)=o}, h=o,

We have for f,g € D(Hy)
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n

hf(0)g(0) + (f',g')g s heR,

(thl g)2

n

2
(f';g')g} h=w,

Only for 0 <h<e will Hy satisfy (th,f)2 >0 for f e S)(Hh). In case
0 <h<o we can show that for each compact subinterval J c [0,0) there is a
¢(J) > 0 such that /o

(0,805 = el 2 eDliell, ;£ D),

a.nd (A) is valid. Then the Hilbert space completion flh of S(H.h) is in
(l-) and the form of the inner product persists, that 1is,

(f,8)

(fJg)

hr(0)g(0) + (£',8"), , f,6€® , O0<h<w,

(f')g')2: f,g eSJh, h=o,

L}

Moreover it can be shown that %, = span{1} if 0<h<w and %, = {o} 1ir

h = o, None of these Qh are contained in L (L), for there exists a sequence
?, € Cg(L) c®(H) such that ll®, ” = (9,9)) -0 but o ”2 - +w, In case

h = 0 we get an inner product (f,g) = (f',g )o on B(H;), but the completion %
of SD(H ) is not contained in L ((,) There exists a sequence 9 € iSJ(HO) such

that |1q>n||..o but ]|CPn|]2 g=® on ea.ch proper compact subinterval J c [0,).
2
There may exist positive selfadjoint extensions H of Mo in L2(L) satis-
fying a global inequality:

(HE,£), = (Me,£), > X(£,8), , £ eD(H), c>0.

If 52H is the completion of D(H) with (f,g) = (Mf,g) f,i e ®(H), then

By CL(L) and ® =& satisfies (A}). In fact § = ®(H ) and ¢-H?
in this case.

Another method of constructing an SJ satisfying (Ag) is as follows. Iet
Ty Dbe any linear subset of Ny = {f € C (L) | Mf = 0} with any inner product
(, )0 such that

Ieolly 2 co(Mfolly,z > %o € By

for some cO(J)>0 and each compact subinterval Jct. Let ( , );, for the
moment, denote the inner product on QM Define § = SJM @ SLM with the inner
product

(f,8) = (fl’gl)l + (fO’gO)O s

f=f+f, =8 *+8 , f,8 €8, f,g N .
Then (A,) is valid. As an example we could use (f,g), = (f,8), or (£,g), =
(f:g)D'
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4. Maximal and minimal subspaces. Let M be as before, and let L be
another formal differential operator

n
L- I Pka
}=0

where the Pk are m X m complex matrix-valued functions on ( whose columns
are in Ck(L), and P (x) is invertible for x et if n> V. We consider any

Hilbert space & sa.tisfying (a 2) In S) = 0®H we define the maximal linear
manifolds

L}

{{f,e) e8| £eC(L), gec(r), Lf=Mg},

™ - {{f,e} €% | £ eCT(L), gec’(L), L'f=wg,

L}

where r = max(n,v), and the minimal linear manifolds
{{o,610} | @ e Ci (L)},

{{o,cL°9} | o e c(L)} -

]

S+

Now S, st are (the graphs of) operators, whereas T, T need not be operators.
In fact,

T(0) = {g € 2| (0,8} €T} = T°(0) =My,

and this implies S, S+ are densely defined if and only if = {0}. It is clear
that scrT, stcrt’, a.ndifweput 7, = 8% 1 =15 =(s)° T (T)c

we have Ty c Ty, TO c Tl and these are subspaces (closed. 1inear ma.n:.folds) in 93
On % X & we introduce the form ( , ) glven by

{u,v} = (g,h) - (£,k) , u={f,¢g}, v={h,k} € Qz .

If Ju= {g,-f} then (u,v) = (Ju,v) = -(u,Jdv). If A is any linear manifold
in S)2 its adjoint A% is the subspace defined by

={ve$2|(u,v)=0, all u e A} .
The following result describes the adjoints of S, T, S+ 9 T+ and their properties.

THEOREM. We have
(1) S = ({8} € | (eM0), = (£,10), all 0 € CH(L)]} =
(11) T{@T():T nor,
(111) (s)* = {{£,6) € & | (&:M9), = (£,L%0),, all o« CZ;’(L)} =
(tv) T, 0T, =T JT
(v) 7,(0) = 77(0) = 7(0) = T'(0) = My
(vi) w(T; - 2I) = (1t - 01) = {£f evnCT(L) | Lt = oM},
_v_:_l'ﬂ'_g £ € ¢, n>2u,
2 ec\{0}, n<on,

Tl’
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£ e e\ Uy, TQG0075,(x) , n=2n,
(vi1) (T, - 41) = W(T - 4I) = {f e R | T ¢ (1), Lf = s},
where £ e€C, n>2K,
T £ ec\ {0}, n<oau
£Lec\ Ue, cT(Qéil;(x)Peu(x)) , n=21 .

In the above theorem, I denotes the identity operator, V(A) represents the
null space of a linear manifold A,

v(a) = (£ e 2 | {£,0) €A},

and 0(B) 1s the spectrum of a matrix B, that is, the set of its eigenvalues.
This result shows that T, ™ can .be regarded as smooth versions of (S+)*, S*,
respectively, and that the only nonsmooth elements in the latter subspaces come
from Tg \S+ and TO \S, respectively. Although S, S+ are operators their
closures T, ‘I‘g need not be; they are operators if and only if ®(T+), D(T) are
dense in R, respectively.

5. Boundary value problems. We are now in a position to apply the results in
[8] to describe the subspaces A, A" satisfying

| + + +
TycAcT , T CA CT .

Let dim(Tl © TO) = dim(TI [S) Tg) =t < 2mr. Then a sample result is the following.

THEOREM. Let A be a subspace satisfying

(1) T,cAcT ,  aim(A/T) = a.
Then
* *
(i1) T; chA Ti ,  aim(A /Tg) =t-a,

+
and there exist subspaces Ml’ Ml such that

Wer eT, Mcler,
(i1) dmM =4, dimM{:t-d,'
M']':cl/&*,
and
— A=T0®M1,A*=Tg(+)Ml+,
(1v) A=t 00, A =10 .

Conversely, if M, MI satisfy (1iii) then A = T, ® M, satisfies (i), and (ii),
(iv) are valid.

* % * + %
The descriptions of A, A givenvia A =Ty N (Ml) , A = (Tl n Ml) show

*
how A, A° are obtained from Tl’ TI by the imposition of generalized boundary

conditions. For example, we have
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A=Tln(MI)*={weTll (w,m)) = 0}

where +mI = (mI,..-,m;t_d) is a 1X (t - d) mtrix whose elements form a basis
for Ml.

It is important to note that A, A* will contain nonsmooth elements in general,
for Ty, T; contain such elements. This even occurs in cases when § satisfies
t}:e more stringent assumption (Aé) However, there exist smooth versions of A,
A, for we can show that if

K:Tn(MI)*, K+=T+n}q,

~ ~. * ~ o~ v
then (B)® =4, (B")® -A". Now A, A" cc"(1) x ¢'(1) and are obtained by
restrictions defined by elements in Cr(L) x CT(y). In case (Aé) holds the bound-
ary conditions, in some cases, can be reduced to conditions of the usual type for
1 i 17(0) x 1(1).
More general problems can be treated. Let B, BV ve subspaces in 522 such

that

+ +

dimB=p<ow, dimB =p <=,

and consider
+

4 % +
A0=Ton(B), Ag=TyNB ,
where
* + 3 oot +y* H
= = +
AO Tl +B , (AO) Tl B
+ * + ¥
are algebraic direct sums. If Al = AO, Al = (AO) , then we have Ao cAl,
AE c AI, and we can characterize those A, A* satisfying
AjcACA AT ca*cal

0 1’ 0 1’
via generalized boundary conditions; see [8]. The major problem remaining is to
see what these conditions reduce to in significant special cases.

6. The symmetric case. The minimal linear manifold S is symmetric (S c S*)

if and only if L = L+, and we now assume this. Then S has selfadjoint exten-

sions H=H 4n & 1f and only if

dim (T - £I) = dim V(T - 2I) , some £ € C\R.

More generally, if Ay =T, NB, dmB=p<w, Bc %°, where Ay =T, +B is
a direct sum, then A, is symmetric and has selfadjoint extensions in & if and
only if S does. Now Ao always has selfadjoint extensions H in a larger space
82 =) 92, ® a Hilbert space. If P is the orthogonal projection of & onto &,
then R(4) defined by

R(z)f=1>(H-zI)'lf, fe®, £ec\R,

is called a generalized resolvent of AO associated with the extension H.
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We have

{(R(£)£, IR(£)E + £} €A§=T iB, fe9,

1

and we can show that R(£) is an integral operator on R(G):

R(£)en(x) - | Ky, Da(y) ay be1d) .
L

In the case Mf = f this fact has been used to obtain an eigenfunction expansion
result and Titchmarsh-Kodaira formula for the extension H. The carrying over of
this method to the present case seems to require a special choice of basis for the
solutions of (L - £M)f = 0. A second method for obtaining the eigenfunction
expansion result in the case Mf = f was presented in [7], and A. Dijksma and
H.S.V. de Snoo have carried out this program in the present case, but a regularity
result is required to complete the argument. We hope that both of these programs
will be completed soon.
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