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ATTRIACTCRS OF SYSTEKS UNDER BCUNDED PIRTURBATION

Lie i‘arkas
Budapest, Hungary

The aim of this talk is to give explicit estimates to
uniformly attracting sets of non-autonomous systems of differential
equations that don’t exhibit any special feature (esuch as, for
example, periodicity, almnet perindicity etc.) and to estimate at
the same time the basin (the region of attractivity).

It will be assumed that the system considered is close to an
autonomous or to a periodic one, the latter possessing an
aeymptotically stabls equilibrium or an asymptotically stable
periodic solution, respectively. "Close" meeans that the right hand
sides are close in the C° topology, that is, their difference is
less than a positive number 4 which may be small but ie "finite"
and is explicitly estimated too.

The results are based on a theorem of Yoshizawa [5] concerning
the existence of an attrantor of a perturbed system. The proofs of
the results can be found in papers [1,2].

Conegider first the case in which our system is ~lose to an
autonomous one.

Let L <R ve an open set containing the srigin, R* = [0,e0) ,

2
2€ COR*Q,1"], 2 €cPR*Q,R" 1, g€c®I8L,RY]

for any compact Q€Y let [£2] ve bounded over R*X Q where

X = (x,‘,...,xn)e R® , and consider the cystems

x = 2(t,3) 1)
and
x = g(x) (2)

where dot denotes differentiation with reepect to t€R* . Assume
further that there exists an M >0 such that

|£(t,x) - elx)l< , (+,x)€R'XSY,
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g2(0) = 0 and the real parts »f all the aigenvalues of the matrix
g2’(0) are nerative. (lie are not assuming that £(t,0)E 0).

As 1t ie well known there exists (and one cen determine) a
positive uciinite juadratic form w(x) and constants 91 >0,
92 >0 such that

L'g‘ = ixe R"‘ |x|<§),;<:g2 and
w(z)(x) < - ?1'::(::) . x€ U?, .

Let us denrn~te the least and the larzeet eirenvaluee of the
quadratic form w(x) by Ay and A, , reepectively (0 <)4$)\~ )e
Introuuce the ellipsoidal sets '

2
- n 2
A'L ixeR I w(x)< 4&%&;
n n
B -ixea l x(x)<)\,@f}.
Theorem 7. Under the condi tions imposed above if
c <1 <AEG, /i,
then A'lc BecQ, the eot R*X A’L is a uniform aeymptotically

gtatle inveriant eet of system (1) and its basin contains the
et R*X B .

Now, rerlarce system (2) by
x = g(t,x) 3
where g,2},8), € C°[R*XS21 (now S does not have to contain

the origin), let g be periodic in t with perisd ‘T>0 and assume
that there existe an “™>0 such that

lete,x) - att,0)|< , (e,x)ERXR .

Assume further that (3) has a periodic solution p with period T
and all the characteristic multipliers of the variational system

£ = gy (t,p(t))s (4)
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are in moaulus less than onee.
Let us denote by [' the path of p , 1.s. f‘-&xeR Ix,plﬁ)téﬁ}
and let q; > 0 be such that

Ur, Q) = xer? [ M=§Ic R

(here Q (x,1') i1s the Huclidean distance of x from the set I ).
Set

h(t,z) = g(t,p(t)+2)=g(t,p(t))-gi(t,p(t))z ,

more exactly let h be the Lagrangian remainder of nrder two of g.
From our assumptions followg that a 91>0 exiets (and can be
deterrined by estimating the second partial derivatives of g) such
that

l‘n(t,z)|<91l211 , teR =I<e .

3y Floquet’s theory the periodic linear syetem (4) is
reducible, that is, there exists a continuously differentiable,
regular, T -periodic matrix function S(t) such that the
traneformation z = S(t)y carries (4) into a linear system with
constant coefficiente

¥y =By ‘ (5)

which is zsymptotically stable. Let us aenote by (t)' he least
eigenvalue of the perisdic positive definite matrix S (‘t)s (f:)
Clearly, A = m!n As(t) > 0. One can determine a positive

definite quadratic form w(y) and a constant g>0 euch that

" < . 2 B,

"(5)(.‘1) s %l!' y ¥ER
Define v(t,z) = w(S'1(t)n) which ie a poreitive definite quadratic
form in z whose coefficients are perindic funstione of t. Let us

denote the least and largest eigsenvalues ~f v(t,z) by .)ut) and
A‘egt) respectively. Clearly,

0< X'gi:aif?* Aw(t) < K\’f"fﬁ*;\né-t) .
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Finally, let us intrnduce the n-tatione

%= N (w“”‘(g‘} )%M)\“S‘}_»z , ooy = A, (4)\“*’/6;)‘5'

and the sets

3, = ftrm €% R vt x-p(1))< 53
- i(t,x)e R*X R?| v(t,x-p(t))<o(‘}.

Theorem 2. If the conditione imposed upon systems (1),
(3) and (4) hold and

o< 1<(va ) wn (X )

then A,LC BCR*)\SZ » the set A is a uniform asymptotically etable
invariant eet of system (1) and its basin containe the set B.

The first Theorem can be applied to the perturbed van der Pol
equation

oo . .

u+m(1-u2)u+u = F(t,u,u) , m>O (6)
and the second to the perturbed Duffing’s equation

U = -k2u+m(-bu+ou) + asint+ F(t,u,u)

(see [3]).
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