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SOLUTION OF NONLINEAR DEGENERATE
ELLIPTIC-PARABOLIC SYSTEMS
IN ORLICZ - SOBOLEV SPACES

KACUR J., BRATISLAVA, Czechoslovakia

We consider the system
3, bi(u) - Vai(t,x, b(u) , Vu) = fitx, b)) , j=1,..,m;
xDe Qr=Qx07T),Qc RN is bounded with the initial and boundary
conditions

b(u) = b(ug) Qx {0}

u=uP on I x (0,T)
a(t,x, bu)) - v=0(tx,u) on I, x (0,T)

where u=(l,...,um),I,TcoQ, I N T=6

mesn.; I’y + mesyg 2 = mesy.; 9Q, mesy Iy >0.
We assume
b(u) =V®(u) where ®:R™—R! isconvex,C! and b(0)=0.
On subsets where b is constant (1.1) is elliptic. System (1.1) includes porous

medium type equations. This system has been studied by H.W. Alt and S. Luckhaus in
[1] under the assumptions

(a(b(m), &) - ab(n) , &), &1- &) 2 colr- &  (22),

¢=0 in (1.3) and under the corresponding polynomial growth conditions
conceming a,f .
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Our contribution is to prove the existence of the variational solution of (1.1) only

for monotone ease ¢, = 0 and under the very weak restrictions on the growth of a

in £ . Formally we can write it in the form

(1.6) a(b(n), &) is monotone in € (i.e. (1.5) holds with c,= 0)

and it is continuous in their variables;

.7 latb(m), &) < c(1 +h(m) + @)
(1.8) a(b(m), &) -& 2 c&-g®
(1.9 ge CR),gE) > o for £ e, E- g) isevenand convex for[§|2Ep > 0.

(In the fact we understand that to each component of & belongs a

corresponding component of the vector function g) .

The growth conditions in a more general and more precise form are
considered in [3] .

Denote by G, G(E):=E g (E) (for |E| 2 &9 >0) the N-function (see [5]) and by G
the conjugate (N-function) with respect to G(G(x) = ma]:(( (x - y - G(y)) . By the same
ye

way we construct

(1.10) W= 000-0(0) and  B(n):="F(bm)
Then h(n) in (1.7) has to satisfy

(.11 h(m) < G'BM))
Moreover, we assume

(1.12) Ifbm))I < c(1 +hm))

(1.13) wPe WQp) , up=uP(0).



Our variational solution is an element of the Orlicz-Sobolev space V defined as follows.

Let Lg(Qr) =Lg be the Orlicz space

Lo={ue Li(Qp):3k>0 suchthat [ G(ku) < e}
: Q
with the norm |lvljg =inf(r>0: | G(v/r) 1} .
Q

L is B-space and Lg= (Ea)' where Eg is the closure of bounded functions in the

norm of the space Lg. When g(§) = Iélp'zﬁ then Lg=L, and Lg=Lgq (with
p! +q1=1). Then our Orlicz-Sobolev space V is defined as follows

V=W’ @Qn=(u:vwelg for j=1,..,m,DiuielLg

fori=1,..,N and “/I‘lx(OT)=0]

N, .. i S
with the norm Jully = 3 3 |Diui lld where we take Gy := . Emé‘NGJl . Evidently
j:] i=0 <1

W}J‘O [ W}‘O(QT) . With respect to ¢ in (1.3) we assume
(1.14) @(t,x,n) is continuous in their variables and is monotone in M ;
(L15)  Jom)- &l < c1 +can-o(M) +& - 9(8))
(1.16)  lgim) < c(1+ El @ G Vi=1,..m.

The more general conditions are considered in [4] .

L17 Theorem If (1.6) - (1.16) are satisfied then there exists a variational solution u of (1.1) ,i.e.,
u-wPev, b(u) € Li(Qr) , a(b(u) , Vu) € Lg(Qr) , f(b(w)) € Lg(Qr) and

(1.18) | (b(ug) - b)) - 3v + J a(b(u) , Vu) -Vv + [ @(u) - v = [ f(b(w)) - v,
Qr Qr St Qr

Vve VAL (Qr) with dve L.(Qr),v(D=0.

12 Kurzweil, Equadiff 7 . 177



119 Remark In the fact there exists d;b(u)e V* and I (b(ug - b(u)) - O =
Qr

<, b(u) , v> (<> is the duality between V* and V) where v is from (1.18) . Then in the place
of (1.18) we have

(1.18") <9 bu), v>r+ [ ab), Vu) Vv +f ) -v= [ fbw)) -v Vve V.
Qr St Qr

To prove Theorem 1.17 we discretize (1.1) in time and space (modified time

discretized Galerkin method). We obtain energy type a priori estimates

I G(Vug) < c, sup [Bug®) <c and
te(0,T) Q

é (f) (b(ua(t + 7)) - b(ug (1)) - (Ualt +17) - ua()) Sc T

uniformly with respect to the discretization index o (o0 = (At, A’ ) At= I , A being the
dimension of V; = span{e;, ..., €,}) . In the parabolic part of the equation we follow

[1] (using compactness argument and integration by parts formula

i | 9; bug) - ug = Z B(ua(t)) § B(uo)) . In the elliptic part of the equation we follow
0gQ Q
the idea of Minty- Browder Some special properties of the Orlicz-Sobolev spaces are used

and some results from elliptic equations [2] concerning Orlicz-Sobolev spaces are
applied. The detail proofs are in [3] for ¢ = 0. The case ¢ # 0 and also nonmonotonicity

of ¢ will be discussed in [4] .

‘When the system (1.1) is diagonal we can prove L _-boundedness of the variational
solution. Moreover we can remove the restrictions of a, with respect to the growth in

b(n), , respectively. We consider

@1 9, bi(ui) - Vai(t,x, b(u) , Vui) = fit,x, b(u)) + Fi(t,x, b(u))
with (1.2) , (1.3) . We assume

2.2) b(s) is strictly monotone and |b(s)] = o for |s| > eo.

(2.3) la®m) . §I < udnb (1 +1g&M . abm) .0)=0:
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2.5)

(2.6)

2.7

(2.8)

(2.9)

a(b(m),8)-§ 2v(nD §- g®

where v,11 > 0 are continuous (V(s) 5 0 for s — o);
g 2 (bm) , &) =g, 2l (b(m) , &), Vi, Vik ;
Oy @imM20 and @iM)-W 20 VMI2K>0 Vj;

i) < ci(d+ml),de L.(Qr)

and

WFm=0,v); & fFm < P +es
-

Vp=2k+1,k2kp>0,Vim| S Dr+1 where

Dr i= (1Pl g + e gy + bi) efcrtmed + 2T

and b= max (max{bl (K) , -bi(-K)}) .

2.10 Theorem Let(2.2)-(29),(1.6),(1.9)and (i.13) are satisfied. Then there exists a bounded

variational solution of (2.1) , (1.2) , (1.3) . Moreover [b{u}ll.gr € Dr where Dy is from (2.9) .

The assertion of Theorem 2.10 can be extended to the case when a is of the form a(t,x,M(u),

Vu) with a rather general Volterra operator M : L..(Qr) = L..(Qr) . The proof can be found in [3] for
the case ¢ =0. The case ¢ # 0 will be discussed in [4] .
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