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EMBEDDINGS OF SOBOLEV SPACES

David E. Edmunds

1. Introduztion

As is very well known, Sobolev spaces provide a natural frame-
work for the modern theory of partial differential equations, and
this theory is greatly aided by the possibility of embedding one So-
bolev space in a varietyvof other such spaces, in 1P spaces, or even
in spaces of continuous functions, the corresponding embedding maps
being continuous and often compact. The compact embeddings are very
important; they make it possible to reduce elliptic boundary-value
problems to questions involving the Fredholm-Riesz~-Schauder theory of
compact linear operators, and they are at the heart of much of the
work on the asymptotic distribution of eigen?ﬁlues of elliptic
operators.

In this paper we discuss some of these embedding maps, focus-
sing initially on the question as to whethef they have any properties
better than mere continuity, such as compactness. A convenient crite-
rion for this is provided by the noticn of a k-set contréction,
which generalises the idea of a compact map; the compact maps are
precisely the O-set contractions. Some results concerning the k-set
contractive nature of certain embedding maps are given, both for
bounded and unbounded space domains; the applications include the
location of the essential spectrum of an elliptic operator in an un-
bounded domain. If the embedding map is compact it is desirable to
classify it in some way, and to do this we use the approximation num-
bers of the map, in the sense of PIETSCH [18]; these measure the
closeness with which the map can be approximated by maps with finite-
dimensional range. We obtain estimates for these numbers by means

somewhat different from those employed by BIRMAN and SOLOMJAK [3] and
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other writers on this topic. The results have applications to the
theory of the asymptotic distribution of eigenvalues of elliptic

operators, for example.

2. Embeddings and ball-k-set contractions

Denote by x = (xl, censy xn) points of n-dimensional real

Euclidean space RrR" (n z 2), and let Q be a non-empty domain in

Rn; that is, a connected open set. The closure and boundary of @

will be }epresented by ® and &89 respectively. The symbol «
will always be reserved for a multi-index (a¢,, ..., a_ ), where each
1 n

oy is a non-negative integer: we shall write

al| = a,,al! = a,! ... aA!, and x% = x eee X .
1 i 1 n 1

Partial derivatives will be expressed by means of the symbol

R !
axi °

o n
D" = 1

Given any positive integer m and any p , 1 s p < », the Sobolev
space W'P(Q) is defined to be {u:D%u e LP(Q) for all a, el S,
endowed with the norm
1/p
a »
u - 2 D

el pa = (| Be, 100%0150)

where

1/p

]IV|‘p’Q = ( IQ‘V(X)]D.dx) .

Here the functions involved may be real- or comnlex-valued, but for
definiteness we shall assume that they are complex-valued: the deri-
vatives are taken in the sense of distributions. The closure in
Wm’p(ﬂ) of the set CS(Q) of nli infinitely differentiable complex-
valued functions with compact support in Q 1is denoted by 3m’P<Q).
One of the most celebrated embedding theorems is that due to

Rellich; it asserts that if Q 1is bounded and has a smeoth enough
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boundary 39 , then WI’Z(Q) is compactly embedded in LZ(Q). In
other words, the identity map I : Wl’z(n) > LZ(Q) is compact. As
for the conditions to be imposed on 6Q , it is enough (cf. for exam-
ple, [16], p. 17) that 32 should be of class C , by which we mean

that given any pe€dQ , there exist an n-neighbourhood N(p) of p,

a Cartesian co-ordinate system y = (y', yn), y' = (yl, ceey yn~l)’
with y 1 O at x =p , and a function fp such that
se A N(p) = {Gy', £,9M) = y' e 61,
where Gp is a convex (n—l)-neighboqrhood of O and fp is a
real-valued continuous function on the (n-1)-closure Ep of Gp.
o
The corresponding natural map I, : Wl’z(n) > LZ(Q) is always com-

0

pact, no matter what kind of boundary the bounded set Q may have.

If 932 is not of class C the embedding map I may not be
compact, and to illustrate this we refer to an example constructed
by FRAENKEL [10] (see also [6], p.~521 for a somewhat similar exam-
ple in connection with the .Poincaré .inequality). The example consist$§
of a subset S of Rz referred to as 'rooms and passages' and made
up of an infinite sequence of square boxes of decreasing size joined
together by pipes: the origin is a point of accumulation of S , and
it is this point which is responsible for the failure of 23S to be
of class C . However, S is not remarkably pathological, for 23S is
a rectifiable Jordan curve and there are CO’X ﬁomeomorphisms of
neighbourhoods of S which map S onto the open unit ball in RZ.
bespite the relatively innocuous nature of 23S , however, the cor-
responding map I is not compact.‘Let us try to analyse what goes
wrong in cases such as this.

If ;Q is bounded and @ is any open set such that EOC Q

0o

then there is an open set%‘Ql, with 23Q analytic, such that

1
56 c 91 c 51 c Q@ , and hence the natural embedding of WI’Z(Q) in

LZ(QO) is compact, as it may be represented as the composition of
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the natural maps

Wl 2@y » uls

2 2 2

@ > L@p> 17@y)
in which the outer two maps are continuous and the middle one is com-
pact. This clarifies the role of the boundary in situations in which
I is not compact, and suggests that we should look at L2 integrals

over boundary strips. Thus given any € > 0 , put Q(e) =

={xe 2 : dist (x, 9Q) < €} and set
ro(e) = sup {fn(g) |u<x>|2dx/IluH§,2,Q= wew 2@ \ {o}} .

Evidently O < FQ(e) 2 1 ; and FQ(e) is monotonic.non-increasing
as € ¥ 0 , so that we may put

ra(0) = 1lim To(e) .
e > 0

My colleague Amick has pursued this line of enquiry and has shown {ﬂ
that I is compact if and only if FQ(O) = 0 . This result is a spe-
cial case of his work on I from the standpoint of ball-k-set con-
tractions, and to explain this we make a short digression.
Let X and Y be Banach spaces and let B be a bounded subset
of X . The ball-measure of non-compactness of B 1is defined to be
BX(B) = inf {e > 0 : B can be covered by finitely many open
balls of radius ¢} .
A map T € B(X, Y) is called a ball-k-set contraction if for all

bounded sets B cC X , BY(T(B)) <

k BX(B) 3 for such a map we put

Yy (T) = inf {k Z0:T is a ball-k-set contraction} .

Evidently T is compact if and only if vy (T) = O ; note also that

Y (T) * ||T|| for all T € B(X,Y), so that new information about T
is gained only if it turns out that vy (T) < ||T||. There is now a
well-developed theory associated with these ideas, with a number of
intérestiné theorems available; we mention in particular the results
that if 'x =Y , then 1lim (v(Tn))I/rl exists and equals the radius

o

of the essential spectrum of T [lﬂ , while idx—T (idX is the iden-
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tity mapping of X to X) 1is a Fredholm map of index 0 if y(T)<
< 1.

Returning to the embedding I of W1’2(9) in L2(Q), a connec-
tion between FQ(O) and vy(I) 4is provided by AMICK [1], who has
shown that
m ¥(D = (1 )2
for any bounded domain & . To sketch the proof of this interesting

result, suppose first that ndgflv(l)lz - FQ(O) > 0 , and choose

A

€ >0 so small that Pg(e) PQ(O) + %n . Let U be an open set

such that @ \5??7 cUcUc® , with 293U of class C . Then since
WI’Z(Q) is compactly embedded in LZ(U), the open unit ball B in
wl’z(ﬂ) is totally bounded as a subset of LZ(U), so that there
exist functions fl’ sees fk € LZ(U) such that given any u € B ,

|]u - f ]IZ < n/8 for some i , 1 < i <k . If we extend the f
itt2,u0 = . = = 3

to the whole of Q by setting them equal to O in Q‘\H, and denote

the extensions by f}, then since y(I) = 8 2 (I(B)), there exists
L (

v € B such that ||v - 53112,9 > ly(I)|2 - n/g for j =1, 2, ...,
k . Hence for a suitable j , .
o3 acey = Hovlls gng = Hlv = 5115 - 1IWE 15 g
> Iy - n/a
= T (0) + %n .

But this implies that

3
ro(e) 2 I‘Q(O) +3n

which contradicts the inequality Fg(s) < PQ(O) +% 0 .
Thus ly(I)]z < FQ(O) . To prove equality, suppose that FQ(O) >
> ly(I)IZ, in which case there exists § > 0 such that

defr o) - 268)% - y(I) - 8 > o0 .

4
There are functions 81 -0 8 € LZ(Q) such that given any u € B,
|lu - gillz’Q 2 v(I) + 6 for some i, 1 < i <. Take €; > 0 so

small that FQ(EL) < PQ(O) + &8; there exists uy € B such that
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FQ(O) - §8. Let €, € (0, e]) be such that

Iy

2
Il"ll 12,9(51)
§, so that

in

> FQ(O) - 2§ . Thus

2 2
ll“l"z,ﬂ(ez) Il“1‘]2,n(e1)\\n(az)

for some 2 1 < zl < 2,

A

(rg(0) - 286)* Y (D+ s,

I[u1|]2,n(el)\n(52) z l]gllllz,ﬁ(el)\ﬂ(ez)

which shows that ¢ Let u, € B be such

A

IlgkllIZ,Q(el)\~Q(52) : 2

that

134

2 . )
IIUZIIZ,Q(EZ) FQ(O) - & ; there exist ¢4 € (0,32) and 2,,
122, <%, such that ¢ g llglzllz,n(ez)\n(a3)'

way we obtain a strictly decreasing sequence (ei) of positive num-

Proceeding in this

bers and a sequence (li) of integers, with 1 < li < & for all i,
3,

such that for i = 2, «se o« Infinite-

¢ 2 ]]gliJIZ,Q(Ei)\Q(Ei-l)

ly many of the Ei must be equal, to 20 say; but this implies that

[1g, 1] = ® . This contradiction establishes (1).
Eo 2,0

Since y(I) |]1]] < 1 for all bounded domains @, it is natu-

A

ral to ask whether +y(I) can be equal to 1 , or whether «y(I) < 1
for all such sets , no matter what 3Q is like. It turms out that
the former is the case, for [1] contains an example of 'rooms and
' passages' type for which Fn(O) = 1 , and hence y(I) =1
One further comment on this circle of ideas should be made. This
concerns the Poincaré inequality, which asserts that for a bounded

domain Q with suitable restrictions on 99 ,

I[u(x)[2 dx < const. {] f u(x)dx[2 + J |grad u(x)]zdx}
Q . Q Q

for all u € Wl’z(n), the constant being independent of the particu-

lar u . It emerges from the work of [1] that the Poincaré inequality
holds if and only if PQ(O) <1, or, of course, if and only vy(I) <

< 1. The;ﬁbiquitous 'rooms and passages' can also be used to provide
an example of a bounded domain 9 for which the Poincaré inequality

holds but I 1is not compact.

So far we have mentioned bounded domains £ only. If @ is un-
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bounded the position is much worse as regards compact embeddings,
for even if 3Q is very smooth, neither I nor I0 is compact un-
less Q Dbecomes very thin for large values of ]xI; the compactness
of I is a particularly rare phenomenon. However, there is still
something that can be salvaged, for EVANS and I have shown [7] that

if 31’2(9) is normed by I]Duuilz q » then
Ia <1 ’

Y(IO) < lim sup { ]Qf}B(X, d)]/k(x, d)l}lln s

X |0, XEQ
where d 1is any number such that 0 < d £ 1, B(x, d) is the open
ball in R"™ with centre x and radius d , and l.f denotes Lebes-
gue n-measure. (Actually we used a measure of noncompactness slight-
ly different from that presented here, but the end result is unaffec-
ted.) This kind of result can be used (cf. [7]) to locate the essen-
tial spectrum of certain self-adjoint realisations of elliptic
operators on unbounded domains, such as cylinders or strips, which
do not open out at infinity. For the embedding maps IP of Wl’p(n)
in LP(q) (p » n) estimates of y(Ip) are given in [8]. 0f course,
weighted Sobolev spaces are, in various ways, more suitable for the
study of problems involving unbounded domains, but the embeddings
which then arise can often be handled by adaptations of the tech-~
niques needed ‘“or the results described above, and estimates for y

obtained.

3. Embeddings and approximation numbers

Here we return to the case in which @ is a bounded domain in

Rn, and suppose that the boundary 293Q 1is smooth enough for various

of the natural embeddings, such as that of the Rellich theorem, to

be compact. For example, it is known that if 1 p<e, 1 £qc<w

2

1
and r is a positive integer such that E > % 9 then W ’P(Q)
is compactly embedded in 19(Q) provided that 9@ is minimally

smooth in the sense of STEIN ([20], p. 189). The question then arises
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as to whether it is possible to clasify these compact embedding maps
in some useful way; this matter has been extensively discussed in
recent times by numerous authors, in particular by BIRMAN and SOLOM-
JAK [3] and by TRIEBEL [21], [22].

The basic idea is that of the approximation numbers of a map,

in the terminology of PIETSCH [18]. Let X, Y be Banach spaces and
let T € B(X, Y) . For each r e N define
a (1) = inf {|]T - F[|: F e B(X, Y), dim F(X) < 1} ;

th

ar(T) is called the r -approximation number of T , and it is clear

that [[T‘[ = aO(T) > a,(T) » ... >0 . By analogy with the familiar

1

sequence spaces, given any real s » 0 , T is said to be of type ls

if ) (a_ (1)) < ®; T is of type ¢, if lim a (T) = 0 . Every
r=0 r o

map of type o is compact, as it is the limit of maps with finite-
dimensional range, but the converse is not true, even in separable
spaces, as is shown by the result of Per Enflo on the existence of a
separable Banach space without the approximation property.

One of the most interesting properties of approximation numbers
is that if X and Y are Hilbert spaces, T 1is compact and (Ar)
is the sequence of eigenvalues of the positive square root (’I""‘T);2
arranged in descending order of magnitude, then ar(T) = ar(T*) = Ar
for all re€ N . In particular, if X =Y and T is positive, self-
adjoint and compact, ar(T) = Ar for all r e IN . It is this clas-
sical result which leads to one of the most natural applications of
these notions, namely to questions of the distribution of eigenvalues

of elliptic boundary-value problems. Consider, as a simple example,

the following eigenvalue problem in a bounded domain @ in Rr".

- Au+ Au =0 in Q , u =0 on 23Q .
Denote by V the closed subspace of WZ’Z(Q) consisting of all
those elements u which are zero on 3Q . Under mild smoothness con-

ditions on 3@ it is known that the map A : V = LZ(Q) defined by
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Au = - Au (u € V) 1is an isomorphism. Denote by VA the space V

A

be the canonical embedding of VA in LZ(Q). Since A 1is an isomor-

endowed with the inner product (u, v), = (Au, Av) , and let J
A L2 Q .

phism, (.,.)A induces a norm on VA equivalent to the original
norm on V , and A is an isometry between VA and LZ(Q). If 3@
is smooth enough, JA is compact and the compact self-adjoint map
JA A* = JA A—1 : LZ(Q) -+ LZ(Q) has a countable sequence (ur) of
eigenvalues, each of finite multiplicity and such that |ur] + 0 as
r + «, the corresponding eigenfunctions u. forming a complete

orthonormal set in LZ(Q) . If we put T = JA A*, then given any

u € LZ(Q) there is a unique v € V such that Av = u , so that
(Tu, u) = - v(x) Av(x) dx > O . It follows that T is posi-
L2 () Q N

tive and each w, > O . Thus T = (T*T)lﬁ (the positive square root)

* * * *
has eigenvalues W, and as T T = JA A"A JA = JA JA we have u, =
_ . . -1 _
= ar(JA) . The eigenvalues u satisfy JAA u. = Hou o, that is,
- Aur = ur-l ur; hence the ur_l are eigenvalues of the original

eigenvalue problem. Further, all the eigenvalues of the original
problem are included in the ur-l, and we conclude that the rth
eigenvalue of this problem, Ar say, is given by Ar = l/ar(JA) .

Knowledge of the approximation numbers thus gives the lr’ and this
can be exploited when the distribution of the lr for large r 1is

of importance, as in the celebrated problem of the behaviour of
N(t) = Z 1 S

for large t . For it turns out to be relatively easy to estimate

r2/n /2

~ o oD
ar(JA), and that ar(JA) ~ for large r , so that N(t) = t

as t » o ., These crude estimates can be appreciably refined so as
to give the leading term of the asymptotic development of N(t) and

good estimates for the remainder; BIRMAN and SOLOMJAK- [4] and

46



and METIVIER [15] have impressive results in this direction, valid
for the eigenvalues of arbitrary uniformly elliptic operators. A par-
ticular virtue of this kind of approach is that it eliminates the
need to have the very precise estimates related to Greeu's functions
upon which most other methods of estimation of N(t) rely.

Another natural use which can be made of estimates of approxim-
ation numbers is to determine the rapidity of convergence of approxim-
ative processes. This kind of question is taken up in AUBIN's book
[2] and by scrock [19].

We now give one of the fundamental results concerning the

approximation numbers of embedding maps.

THEOREM 1. Let Q be a bounded domain in Rn, let 1 2p < =,
1 <q <=, and let r be a positive integer such that % > % - % .
Then the sth approximation number as(Io) of the embedding map I,:
ar’P(n) + 19¢Q) is O(S—h) as s » «, where h = % -

- max (O, % - %) 5 thus I is of type ot Zf ht > 1. When p = q,

-r/n
as(Io) 2> const. s

for all large s. All these results hold also
for the embedding 1 : wr’P(Q) > L9(9) provided that 39 is mini-

mally smooth.

Results of this kind seem to have been obtained first by BIRMAN
and SOLOMJAK [3], who used a method involving piecewisé polynomial
approximation. Since their work there have been numerous developments
and embellishments of the theory, and various alternative methods of
procedure have emerged, including the Fourier approximation method of
[9]. Here we shall present a short proof of the theorem which uses
piecewise polynomial approximations but is different ffom that given
in [3]. The key step is given by the following lemma, the proof of

which is due to D. J. Harris:
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LEMMA 1. Let Q = {x € R":a, <

1 x; < bi for 1 =1, 2, ..., n},
and suppose that 1 < p < q < =, % > % - % , Where r 18 a positive
integer. For all u € w'P(Q) and all x e R put

Xo (%) _ a
() = —— ) f XQ () =9 pugy) ay ,

’ [Ql |u|;r-—1 mn )
where Xq 18 the characteristic function of Q. Let Q be subdivided
into an congruent boxes Qj, and set

ZnN
B (x) = T xq x)(B_ o w)(x) x e R,
v EET R AR ’

Then for all u € W *'P(Q) with Hu”r’p’Q =1,

llu - Byull, o = c2™aDh™,

where C depends only on n, r, p and q

Proof . In view of the density of Cr(a) in wr,p(Q) it
is enough to prove the lemma when u € c‘(6) . For such a u we have,

by Taylor's formula, when x € Rn,

ulx) - (B, qu)(x) =

1
X (%) -
- E'rj xQ(y)dy f (1-t)F 1(x-y)mDmu(v:><+y—ry)d-z
ol Jaf=£%" R" o
- o
= |“§=r o7 F (x) , say.
Then
Xq (¥) z ' a_-n-1 [
‘Fa(x)‘ < Sl XQ(X - ?)dz 12]% [D%u(x - z)]dr .
le] R® 0

Let QO be the box centred at O and obtained by translation of Q.

A simple calculation shows that
XQ(X) xQ(x - % < XQ(X - z)xzqo(z/T) s

T

and hence
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1
IF )< —l—‘/ {J[ l2]%0 ™y, (2/0)drfx, (x-2) |D%u(x-2) | dz
JCORPY 2q Q
lel r" 0 0

= |qI7t (g, * (leD“u[))(x), say.

Now put Q0 = kU , where k 1is a positive number so chosen

that |U| = 1 , and set ; = kpf , £ € 3U . Thus
g (2) = /~ lzalT_n—lszo(z/T)dT
p/2
s2idm - oy 12l e2] Xaq,*)
27 AT ao)” £%1x0q, @

from which we see that

2
n\m
(%_) krm+n J‘ [Ealm dg l. p(r—n)m+n—1 dp
U (4]

3

m
TERT

A

- prm¥n n—m!Q]1+mr/n((r—n)m+n}_1 j. ]Ea‘m a ,
U

provided that (r - n)m + n > O . We take m so that % =1+ % - %,
which ensures that this condition is satisfied since % - = > ==
Now use Young's theorem on convolutions and Holder's inequality for
sums; we have

e -

1A

r
Pr,q%llq,q la§=r atl ¥l q

r_ -1 oy
s L w Tl alTegtell
zcle® [lull, Lo -

where C 1is a constant depending only on n, r, p and q . This

inequality, with Qj in place of Q , gives

1/q
[lu - Byul] = {Z xg (v = 2 o w)]d }
N q,Q 5 Qj r,Qj q,Qj

1/q
< c(la]2™™HP (gll“‘lg,p,oj)

4 Pulik, Kufner 49



1/q

. -nN,h ullP
< cdlel2™ (§ 1 !]r,p,Qj)
- C(IQIZ—nN)h

which establishes the lemma.

COROLLARY. Under the same conditions as the lemma save that the

condition 1 < p < q < » 18 replaced by 1 < q < p < =
X
n

lu - pyully q < clal

=

+ L
q

for all uwe WP with ||ul]

—

r,p,Q

Proof . By H5lder's inequality and the lemma,

1

1
Ilu - PNU]]q,Q = Ilu PNullp,q {qu P

1

1_1
c N[/ ot P,

lla

as required.
The lemma and the corollary give the O-estimates of the theorem

almost immediately in the special case when @ = Q . For the map
nN

PN Tu > Z XQ Pr Q u 1is linear and of rank at most 2nN 1=
’ r 1 1 aj<r
-nNh a pq
=2 M , say. Thus as |[|I - PNHq Q <2 n IQ]n P 9 ¢, we see
’

that
r

a_(1) z cle[®

when s 1is of the form ZnN m . However, given any positive integer

s , there exists Ne IN such that 22N <s 2 on(N+1)

+ 1
q

o[-

Mh s-h

and
a D (N+1) (I) = as(I) fa N (I) , from which it easily follows that
2 Mo 2™y
aS(I) =0(s ) as s » o ,
In the more general case in which we merely assume that Q is

bounded and has a minimally smooth boundary we know'([ZO], p. 181)

that there is an extension map E : WP () » W’P®™) such that for
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all u € W'P(g),

[ull

< ||Eu]] < e ||u]]
Q r,p, n r,p,Q ’

r,ps
where ¢ 1is a constant independent of u and p ; it depends, how-
ever, on r . Let Q be a box such that 2 c Q . Since wr,p(Q)
coincides with the set of restrictions to Q of functions in

WP ®™), given any u € W °P(R) we define 7T = Eu‘Q € WP ;

clearly 7T(x) = u(x) for all x € @ , and

HET ., p,q = TIBull, o g 2 CIlullr,p,n
Hence
2nN an
e - jZI XannPr,Qj““q,n s - 321 X, Fr,q ullg,q
@ r,1_1
cceclo® ¢ PR )

r,p,f

from which we conclude that, as before, as(I) = O(S_h) as 8 &> o o
For Io the results follow as for I , but without any conditions on
92 since the extensions needed may be made without them.

R emar k . An examination of the arguments used above shows

that the constant C may be taken to be of the form
2 -2

C(r, n, p, q) = K(xr, n) 2™ ¢*n ,
1 1 1 1
where 2 =1 - max (O, ; - E) and h = ﬁ - max (O, " E) .

To complete the proof of the theorem it is enough to obtain the
lower bounds for the approximation numbers of the map I0 : W P(Q) »
> Lp(n) since as(I) > aS(Io) for all s € N . The argument given
to establish this owes much to my colleague V. B. Moscatelli, and

begins with two simple lemmas.

Lemma 2. Let X be an r-dimensional Banach space (r 2 1), and

let id : X > X be the identity map. Then ar_l(id) =1 .

Proof . Let F e B(X) be such that dim F(X) < r - 1 . By

51



Riesz's lemma, given any 6 € (0, 1), there exists Xqy € X such that

||xel|= 1 and [|xe - F(x)|| > 8 for all x € X . Hence
[14a = Fl] = sup {|]x - FG|] : x e X_,[|x|] = 1} >0 -
Thus a__,(id) 21 . But a__,(id) =2 aj(id) = 1 . The lemma follows.

Lemma 3. -Let X and Y be Banach spaces such that X c Y
algebraically and topologically, and let i : X - Y be the natural
embedding map. Let X be an r-dimensional subspace of X (r > 1) and
suppose there is a positive number c such that for all x € X

||x||X < cllxlly - Let P_ be a projection of Y onto 1(X_) . Then

-1 -1
ar_l(i) 2 c HPI.II .

Proof . Let idr H Xt > Xr be the identity map, let ir H
Xr + X be the natural map and let jr : i(Xr) -+ Xr be the identity

map. Then 1dr = jrro Pr oio ir , so that by lemma 2,

L= a_@a) < il el i l] s, @) < clle [la,_ @) .

Completion of the proof of Theorem 1.

Take Q to be the unit cube (O, 1)“, let s be a positive
integer, let . j be the integer such that (j - 1)n s < jn, let K
be the set of all multi-indices k = (kl’ cees kn) such that
0 = ki <£j-1 for i=1, ..., n, and for each k € K put Qk =

= {x : kilj < x, < (ki + 1)/j for i =1, ..., n} . Thus Q\ U Qk

keK
has zero measure. Let ¢ & C;(Q) be such that ||¢||2 Q = 1; then
s

the functions ¢k (k € K) defined by ¢k(x) = jn/2¢(jx - k) are in

i

Co(Qk) and satisfy

n
2 el G

Iy

1 .

(6,5 6,1 Sprs 1o !l =3
k k' L2 kk' k''q,Q

Q)
Let V be the linear span of the ¢k (k € K) and define Fj :

t2(Q) » v by
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Pou= J (u, ¢) 6y 3
i kekK k LZ(Q) k
then P is a projection and
3 .
el 12 = 3% T D1l 1 T 0, 1P
P =3 ¢ u, ¢ .
ju PsQ P>Q KEK k LZ(Q)
Since
PRI RN TNIRSRTAT
u, ¢ 23] u [
k LZ(Q) P,Qk P':Q
it follows easily that
HE L < 1Tell, o 1Telle o (@' = p/(-1)).

~ °r.p
Given any u € V, u = Pju € W’ (Q) and

I B A LT L Hn%kng,qk}
ﬂ(% - %)( la]p i na.gp )Uv( 1)“P
! ]uIZ;rj %otz k£K|(u’¢k)L2(Qk;

1/
<| ) j|“'*’un%ng,q> “lall, o Hell3h,

1/p

(3) =
|<r
-1
<37 oll,,,.q Hull, o 1Tell3h
1/n r -1
A VL P Y IAN [ PR RO E YT e
Let XS+1 be the linear span of any set of (s+1) functions ¢k;

this is possible because dim V = jn >s + 1 . Define a projection

Ps+1 of LZ(Q) onto Xs+1 (viewed as a subspace of LP(Q)) by
P, (u) = ) (u, ) by -
s+1 k’.2 k
LIN-D SN L7 (Q)
Then [P 11 < TIPS 1L 2 [Hell) o 118l s o» so that by (3) and
lemma 3,

-1
1/n -r
ag(Iy) 2 (H‘»Ilp,o H¢|IP,,Q) R DL

which is the required lower bound for as(Io), at least in the case
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where Q = (0,1)n and hence also for any cube in R® . To finish
the proof, let § be any bounded domain in m“, and let Q Dbe an

open cube contained in © . Then the natural embedding map I :

Q

Or,p P P
W P (Q) » L (Q) satisfies IQ =R o I0 o E , where R : LY (Q) »

P o, or,p
+ L¥(Q) 1is the restriction map and E : W ’7(Q) » W > (Q) 1is the
o
extension map which extends elements of Wr’p(Q) by zero in Q \ Q

Hence
ag (1) < HIRIT [[B]] aj(1p) = a (1) ,

Q -
which gives as(Io) > const. s—r/n .

4. Other developments

The techniques used in § 3 can be adapted to analyse, from the
same point of view, the embedding maps which turn up when we consider
unbounded domains & , spaces of fractional order, traces on lower
dimensional manifolds and non-isotropic spaces. For accounts of these
topics we refer to [4], [5], [11],[12], [13], [14], [21] ana [22].
Rather than go into such matters in any detail here, however, we pre-
fer to conclude with a brief discussion of Sobolev spaces and Orlicz
spaces. .

Let us recall that an Orlicz function is a non-negative convex
function ¢ on [O,w) with ¢(0) = 0 , 1lim ¢(t)/t = O  and

t->0
lim ¢(t)/t = o . The Orlicz space L¢(Q) is the Banach space of all

tro
(equivalence classes of) measurable functions u on  such that
for some X > 0 ,
f¢(IU(X)]/A)dx < @,
Q

with norm

]|u||¢n=inf {x» >0 : o (Ju(x)|/2)dx < 1} .

Q
Note that L1L7(Q) C L¢(9) C Ll(ﬂ), the inclusions being proper, in

general. The importance of these spaces in the theory of partial dif-

ferential equations with strong non-linearities is now well-known,
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and a good deal of their interest stems from a remarkable result of
TRUDINGER [23] which closes a gap in the Sobolev embedding theory by
means of Orlicz spaces. The gap referred to arises in connection with
the space Wr’p(Q) when rp = n , and as a consequence of Trudin-
ger's work it is now known that if 1 2 r <n and 1 < v < n/(n-r)
r,n/r . . ¢v
then W (2) 1is compactly embedded in L " (Q), where ¢v(t) =
= exp (tv) - 1 . Here we shall estimate the approximation numbers of
the embedding of Wr’p(ﬁ) in L¢“(Q) , when this embedding exists,
under the conditions 1 < n/r £ p < », v <1 and © bounded with
minimally smooth boundary. nN

2

Let u e W'’P(Q) and set U = u - 4 , with the

X P
N ne " r
j=1 9 *
notation used in (2) . Then if A > 0O we have from (2),

¢§|U(x)l/l)dx
Q Q

[}
I~ 8
{r—'

o (]U(x)]/x)k“ dx

iA
e~ 8
WIH
—_~
(=]
~
<
QD
>
!
~—
=
<

k=1
- r,1 1 kv
1 -nNh (kv) n kv p -1
= kZl k!{c(r,n,P,k\))CZ IQI lulr’P’Qx}
where hi(kv) = ﬁ - max (O, % - %;) . It follows that if p > n/r ,
f o, (Jue|/Max < 1
prov%ded that @ r 1
[ull (le]2™H™ P <aa,
r,p,Q

where . A 1is a certain positive constant. This implies that for the

: r,p ¢V
embedding - J : W *°(Q) - L (Q) we have

_£+i
aS(J) =0 ls ™ Plas s+ = R
a result first derived in [9].

If p = n/r we are in the interesting case treated by Trudin-

ger, and our estimates above become
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o (Jux) | /M )dx <
o NS n(1-3) -1,k 1
n —T(cKllull 2 P v{1+kv(1-;)}

1+kv(l-%)
lk r,p,9 ‘

< comst.|Q|2”

-
e~ 8

We thus have to deal with the series

Lo+ k)

14bk k
kT 2

S(z) =

I~>8

k=1

1
n(l-p)

- va - L - -1)°
where b = v(1 P) and z (;Kllullr’p’n 2 A ) . This

series converges for all z if b < 1 , and can be majorised suc-
-]

2 ebk zk

cessively by constant multiplés of 1/(1-b))

———— and exp (z
k=0 (xDHIP

It follows easily that
r 1
1-2-3
as(J) =0 \(log s) as s > o ,

so that J is of type <c¢,. This also was obtained in [9], by dif-

0
ferent methods. Whether this result can be improved I do not know.

Our conclusions are summarised as follows:

Theorem 2. Let @ be a bounded domain in R" with minimally
smooth boundary, let r and p be positive numbers (r an integer)
such that 1 < n/r < p < =, and define 9, by ¢v(t) = exp(t’) - 1
for t > 0, where v > 1 . Then the approximation numbers of the em-

. r,p d’v .

bedding map J : W (Q) » L “(Q) satisfy
_r,1

(0] (; n P) as S » o ,

If p=mn/r >1 and 1 < v < n/(n-r) ,

a_(J)

=R L
1

<=2
Q

o

n

¥

8

1 -
a (J) =0 Glog s)
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