NAFSA 7

Joan Cerda
The commutators of analysis and interpolation

In: Bohumir Opic and Jifi Rakosnik (eds.): Nonlinear Analysis, Function Spaces and
Applications, Proceedings of the Spring School held in Prague, July 17-22, 2002, Vol. 7.
Czech Academy of Sciences, Mathematical Institute, Praha, 2003. pp. 21--72.

Persistent URL: http://dml.cz/dmlcz/702481

Terms of use:

© Institute of Mathematics AS CR, 2003

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides
access to digitized documents strictly for personal use. Each copy of any part of this
document must contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/702481
http://project.dml.cz

THE COMMUTATORS OF ANALYSIS
AND INTERPOLATION

JoaN CERDA

ABSTRACT. The boundedness properties of commutators for operators are
of central importance in Mathematical Analysis, and some of these com-
mutators arise in a natural way from interpolation theory. Our aim is to
present a general abstract method to prove the boundedness of the com-
mutator [T, ] for linear operators 7" and certain unbounded operators 2
that appear in interpolation theory, previously known and a priori unrelated
for both real and complex interpolation methods, and also to show how the
abstract result applies to some very concrete examples.

In Section 1 some examples are given to present some instances where
these commutators are used in Analysis. Section 2 is the basic one and con-
tains a general “commutator theorem” for operators of interpolation meth-
ods, and the basic idea is that €2 appears as a combination of two admissi-
ble interpolation methods, ® and ¥, that correspond to ®(F) = F(9¥) and
U(f) = F'(9) in the case of the complex method, with Q(f) = ¥(F) if
®(F) = f (with a natural boundedness condition over the norms). Section 3
deals with the complex interpolation method and contains typical applica-
tions to commutators with pointwise multipliers. Section 4 refers to the
real method, and an application to commutators with Fourier multipliers is
included.
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1. INTRODUCTION

By an operator T between two (complex Banach) spaces, A and B, we
understand a mapping (usually linear) from a dense subspace D(T) of A
to B. We write T € L(A,B) or T : A — B to mean that T is bounded and
linear, if no further indication is given.

We use the notation “X < Y7 instead of “X < c¢Y for some constant
¢>0" and “X ~Y” for “X <Y and Y < X”. Thus, |T(z)|s < ||z]la
means that the operator 7T is bounded.

The mapping properties of commutators [T, M] = TM —MT for operators
such as the following ones (and their natural extensions to several variables
and to different function spaces), are of central importance in Analysis.

e Pointwise multipliers, M, f = vf, multiplication by a function v.
Recall that M, : L*>(R) — L?(R) if and only if v € L>°(R), and then
[ Myl = [[v]|oo-

e Fourier multipliers, 7}, where its “symbol”  is also a given function
and 7/“,;" = ,u]/”\, where

fle) = /R F(@) e

i.e., p multiplies at “the other side” of the Fourier transform. Again
T, : L*(R) — L*(R) if and only if 4 € L, and ||T},|| = ||| -
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e Singular integrals

(Tf)(x) = / K(x.9)f(y) dy,

defined by a kernel K (x,y) that may have a singularity concentrated
for y near x, such as Calderén-Zygmund operators.
e Pseudo-differential operators, formally

~

(Wof)(z) = / alz, €)F(€) 7€ de.

Depending on the symbol a(z, £), the operator ¥, may be a pointwise
multiplier, a Fourier multiplier, a singular integral or a differential
operator.

1.1. An easy example from quantum theory

If T and M are continuous operators on a space E, then obviously [T, M]
is also continuous. But assume that they are not both bounded. Then the
domain of [T, M],

DT, M} :={f € D(M):T(f) € D(M)},

may not be dense in F; it can even be equal to {0}.

But in some important situations D[T, M] is dense and the commutator is
bounded, i.e., it has a well-defined bounded extension (still denoted [T, M])
to the whole space E.

This is easily understood with the elementary example of the commutator
[p, q] on the “states space” L? = L?(R) for the moment and position opera-
tors p and ¢ for a single particle constrained to one dimension in quantum
mechanics. They are the self-adjoint operators p(f) = —if’ (distributional
derivative) and ¢(f)(z) = xf(z) (¢ = M,), with domains {f € L? : f' € L?}
and {f € L? : q(f) € L?}. They are both unbounded but D[p, q] contains
all test functions ¢ in the Schwartz class S, a dense subspace of L.

An obvious computation,

[p,qf(2) = —i(zf(x))" + @if'(x) = —if(2),

shows that the cancellation given by the derivative provides a unique con-
tinuous extension —iId of [p,¢], and we may say that this commutator is
bounded on L? and write [p, ¢] = —iId.
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1.2. Commutators of pseudo-differential operators

The same happens with pseudo-differential operators that arise in a natu-
ral way when using the Fourier integral in the theory of partial differential
equations. We refer to [St2] for the details about the following facts.

As we have said the pseudo-differential operators admit the description
(in the one variable case)

(o)) = /R oz, €) F(€) 277 e, (1)

with some restrictions on the symbol, a(z,£), that allow to define the above
integral for functions that belong to S, which is dense in many function
spaces. If a(z,£) is C° and satisfies the estimates

0200 a(x, )| < Cap(1 + €)™ *

for all indices o and (3, we say that it is a standard symbol of order m and
write a € S™; it is easily checked that the integral (1) is then absolutely
convergent and infinitely differentiable, and integration by parts shows that
U,.(S) € S. As fundamental examples, let us mention polynomials P =
Yoo aa () (2mi€)™ of degree m in € where the coefficients aq () are bounded
C*° functions with bounded derivatives of all orders. In this case, it follows
from the properties of the Fourier integral that

(W f)(x) = /R PF(€) e g

3" () /R (2mi€)* F(©) ™€ de (€ S),

hence, (Vpf)(z) = 0" aa(z) (¥ (z), and ¥p = P(x, D) is a differential
operator of order m with variable coefficients.

If the symbol does not depend on &, a(z,§) = v(z), then the Fourier
inversion theorem gives

(W, f)(z) / F(6) 7€ dg = (M, )(a),

a pointwise multiplier. If it does not depend on z, a(x, &) = u(€), we get

(0, f) () = / ()

a Fourier multiplier.

~

(&) e*™¢ de = (T,.f) (),
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As the first fact concerning these operators let us mention that, if a € S°,
then W, is bounded on L" (1 < r < 00), and if a € S™, then ¥, : Wk" —
Wk=mr (1 < r < 0o, k > m). Here Wk = W¥"(R) denotes the usual
Sobolev space of all f € L" such that the derivatives f(*) (o < k) satisfy
£l = (Sh—o 1) < o

The moment operator p is the pseudo-differential operator with the sym-
bol 27¢ in S*. It follows that p : W™ — Wk=L7 and it is unbounded on
L# for all s, but for any a = a(x,£) € S™, a cancellation originated by the
derivative appears again in the commutator

Wbl (@) = =i [ [afr(©) > 1 F©) 2 (aemiee)] de

R am
— aa(ac, 5) Y 2mixé
- Z/]R 833 (5) € dga

ie., [p,Va] = ¥ipqa/0s, another pseudo-differential operator with standard
symbol also of order m. Hence, if a is of order 0, then the same happens
for [p, ¥,] and it is bounded on L" (1 < r < o0); if a(z,§) = v(x), then
[p, M,] = [p, ¥,] = iM, is also bounded on L" (1 < r < 00).

Similarly, for the position operator ¢ = M, we have [¥,, q] = ¥}, with the
symbol b = —(27i) ! da/d¢ of order m — 1 if a € S™.

1.3. Calder6n commutators

Some other well-known examples arise with the Cauchy singular integral.
Let v be a simple closed C! curve in the complex plane C. The Cauchy
integral of a function f integrable on + is

06 =g [ L zg)

Hence, if v is the oriented boundary of a domain D, if f is continuous on D
and analytic on D, and if z € D, then the Cauchy integral formula reads
(Cof)(=) = f(2).

If z = ~(t) is on the curve, a singular integral in the sense of Cauchy
principal value appears,

_ L oY
(Syf)(@) = E/mdt’

where we write f(t) instead of f(vy(¢)). This singular integral is associated
with the problem of finding the inner and outer non-tangential limits, C’AY+ f
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and CJ f, as z — 7. As amatter of fact, Cf f = fif and only if Cf f € L'(v)
and S, (C¥ f) = C f. PRIVALOV proved (see [St2]) that
f(z 1
)=+ Lo pe) (e
In this setting, the basic problem is to obtain the L?-boundedness of Cﬂf,

ie, of Sy. If v is C?, then this is equivalent to the L?-boundedness of the
Hilbert transform

L[ fly
i@ =2 [ 19,
TJRT Y
which is the Fourier multiplier with the symbol u(z) = —isgn(z), and it

is a bounded operator on LP if 1 < p < co. However, if v is a C' curve,
then the problem is much more involved and leads to curves y = A(z) with
a bounded derivative, i.e.

y(x) =2z +iA(z), ¥ () =1+iA'(z) (A" € L*(R)).

Hence, we need to deal with the singular integral

(1 +ialt)
SN0 = [ i

where we may incorporate the bounded factor 1+ iA’(t) to f(¢) and then

the kernel is
1 1
T—Y1+i A(mgz ?(y)

K(x,y) =

When |A'(x)] < M < 1, we have the decomposition

oo k
K(w,y) kZ:O ) K (). Kk(x,y>=xiy(‘4(2_j(y)>,

and to study the L?-boundedness of S, we may consider the singular integrals

Skf /Kk T y d
Note that 7Sy = H, the Hilbert transform, and that

f(y) B / Aly)f(y)

$1/0) = AGw) [ L0y [ ZOI ay — (. 2010
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is the commutator of the pointwise multiplier M 4 with the singular integral
Hyf(z) = [(z—y) 2f(y)dy. If Hpf(z) = [(z —y)"*f(y)dy, then Sy is
a higher order commutator; e.g., Sof = A2Hzf — 2AH3(Af) + H3(A%f) =
[[Hs, Ma], Ma]f.

The operators Sy are the Calderén commutators and the proof of the
L?-boundedness of S, follows from estimates

|Sk|| < CLFMP”.

In 1977, A. P. CALDERON obtained the boundedness of S, if M is small,
and previously (in 1965) he had proved that the first commutator S; is
bounded. The complete result, for any M, was achieved by R. COIFMAN,
A. McINTOSH and Y. MEYER in 1982. We refer to [St2] for the full descrip-
tion of these facts.

2. THE COMMUTATOR THEOREM OF INTERPOLATION THEORY

2.1. Interpolation

Let us quickly recall some facts of interpolation theory (we refer to [BK],
[BL], [BS], [KPS] and [Tr] for more details).

With the notation T': A — B or T € L(A, B) we represent a bounded
linear operator between two couples of spaces in the sense of interpolation
theory, where

(a) A = (Ap, A1) (and the same for B) is a Banach couple, in the sense
that Ap and A; are two (complex) Banach spaces continuously embedded in
a common Hausdorff topological linear space, that allows to endow the sum

space X(A) = Ag + Ay with the norm
lallsca =it (laollo + laxll) (a € S(A)

(we set [| - [l; = [ [|a;, and |[z]|; = oo if 2 & A;);
(b) T : £(A) — X(B) and || T(a)|l; < Mj|lall; (0 < M; < ocoand a € 4;
for j =0,1). The norm of T'is ||T|| := max(||T||o, ||T||1) where ||T'||; denotes

the norm of the restriction 7': A; — B;.

An interpolation method associates with A and B two Banach spaces,

A and B, continuously included in ¥(A) and ¥(B), respectively, such that
T : A — B whenever T : A — B (this is referred to as an interpolation
theorem of the interpolation method).

Complex interpolation methods are the abstract counterpart of the

Riesz-Thorin convexity theorem (see Example 1 below).



28 JOAN CERDA

For the Calderén complex method ([Ca]), that will be our model example,
for a given 9, 0 < ¥ < 1, and for every couple A, a certain Banach space

F(A) of vector-valued functions is considered. It contains all bounded ¥(A4)-
valued continuous functions on the unit strip § = {z € C: 0 < Rz < 1},

F: 8 —%(A),

which are analytic on § = {z € C: 0 < Rz < 1} and such that F;(t) :=
F(j +it) define two bounded continuous functions F; : R — A; with the
property lim; .o [|F}(t)||; = 0, where again we set || - [|; = || - [|4, (j = 0,1).
The norm on F(A) is

| Fll 7 == max(sup [|F;(2)]l5)-
J=0,1"teRr

Then we have the interpolated space
[A]ly == {F(¥): F € F(A)} (2)

with the norm ||al|fy) := inf{||F||# : F(9) =

It is very easy to see that T'(F) := T
IT|||F||lzif T : A — B and F € F(A). Obviously, the interpolation
theorem follows from this fact.

Given Banach spaces A and B and an operator 7', the main goal is to
prove that T': A — B, by showing that A and B are interpolated spaces
(A = [A]y and B = [B]y for some 9 in the case of the complex method) of
two convenient couples A and B, for which it is known that T : A — B.

Thus, a basic problem is to identify A = [A]y and B = [B]y, at least by

equivalence of norms showing that ||al|(s) = ||a||a for a € ¥(A). This means
that for every a we must find some F, € F(A) such that F,(9) = a and
lalla =~ [|Fullz (e, |lalla < [|Fallz < clla||4 for some ¢ = ¢z > 1), and then
we say that Fy, is “almost optimal” (for |la| 4).

Let us describe the case of interpolation of couples of LP-spaces of vector-
valued function by the Calderén method that will be useful in the sequel.
We always assume that 0 < ¢ < 1, pg,p1,p > 1, and p(¥9) is such that
1/p(¥) = (1 —¥9)/po + ¥/p1. A weight w is a locally integrable positive
function (on a given o-finite measure space) and, if E is a Banach space and
If1-) = 1| f()||&, then LP(E,w) is defined by the condition [ |f[Pw < oo.

Theorem 1. Let wgy, wy be two weights, wg,wy > 0, and let E be a complex
Banach space. Then

a}.
oF € F(B) and ||T(F)||r <

[LP°(wp, E), LP* (w1, E)]y = LP(w, E),
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where p = p(¥) and w = wélfﬁ)p/powgp/m. An almost optimal selection in

F(L (w0, B), P (w1, B)) for the norm of [ € (L7 (wo), " (w1)] is

f £z \(@=2)/potz/p)p p(9—2)/(pop1)

F = P w .
0= 17091 o) 1Flzeom ()

Proof. Obviously, Fy(9) = f. If |f| == ||f()le, fo := |Fy(it)| and

fi :=|F¢(1 +it)|, then straightforward computations show that

1 P/ (pop1)
fo = N2 Lf1Pim (22

wo

and (1-9)/ (pop1)
1 w1 pll— PoP1

Fr = W FIbms L (22
wo

do not depend on t. It is an easy exercise to show that

171l 7 = max({[ foll Leo (wo)s (111l o1 ) = [[f | e, 2)-

]

We have found that F; is not only almost optimal for [ f||js, but also

1Ell7 = [ fll e (w,B)-
As special cases we have the following examples:

Example 1 (Riesz-Thorin theorem). Let p = p(¢}). Then [LFo, LP1]y = LP

and f 7] ((1—2)/po+z/p1)p
F =
7#) = 1 <||f||p> 7l

is an almost optimal selection for || f||fg) = || fllz»-

Example 2. If w = wi~%w?, then [LP(wo, E), LP (w1, E)]y = L*(w, E) and

Fy(z) = wéz—ﬁ)/ngﬂ—Z)/Pf

is an almost optimal selection for || f|ljs) = || fll e (w,)-

Remark 1. If 1 < p < oo, then there is a class of weights w (the Mucken-
houpt A,-weights) such that the singular integral operators of the Calderén-
Zygmund class (e.g., the Hilbert transform) are bounded on LP(w). Ex-
ample 2 shows that, if wo,w1 € Ap, then also w := wé ﬂw“f € A, for all

0<dd<l1.
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2.2. The Rochberg and Weiss commutator theorem

In [RW], R. ROCHBERG and G. WEISS considered operators Q(f) := F}(J)
to analyse the rate of change of the interpolated norms and obtained esti-
mates for [T}, §].

In order to explain the basic ideas, we start with comparing the deriva-
tives of the functions that appear along Thorin’s proof of the Riesz-Thorin
theorem with those of certain modifications of these functions. This will be
useful to show how cancellation, optimal selection and a second interpolation
method are involved. Note that the Riesz-Thorin theorem is the Calderén
complex method applied to the couple (LPo(X), LP1(X)).

We consider the “diagonal case” and an operator

T = (LP2(A), LPH(A)) — (LP2 (), L (1))

linear and bounded, i.e. || Tf||,, < M;l/f|lp,. Then T : LP(A) — LP(u) with
a boundedness constant M satisfying M < MS_ﬂM{9 ifl<pyg<p<p <00
and 1/p = (1 — ¥)/po + ¥/p1. This means that, for any simple function f
such that ||f|l, =1,

’/ng du’ <M (g simple and ||g|/,y = 1).

In Thorin’s proof this estimate is obtained as an application of the three-lines
theorem to the function

F(z):= /ngfz du

with
1—2z z

Lo=1f1"Fsenf, g.=g/" P sgng, afz)= + =
Po D1

(hence p = 1/a(9) and F(9) = [ g(Tf)dp). Let also

G(z) = / 0:(T). dp

with (T'f), = |Tf|**)? sgn(Tf) and compare the derivatives

/ /

P = [[(Z - )gtoglohrs - (£ - 2)gr(s10811)] du

¢ = [[(£ - L)groglohrs - (£~ L)y 10817 do
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If we denote Lh = hlog|hl|, we obtain

G- =(L-2) [orwn-ranam @
and for the circle y = {z € C: |z — 9| = r} with r = d(d, 8S),
o= [ g <5 @< @
From (3) and (4) it follows that
Izl <€ (1l =), )

Although L is not homogeneous, the commutator [T, L] = TL — LT satisfies
[T, LI(\f) = A[T, L]f and (5) is equivalent to

7 L1l < CllA - (6)

For the homogeneous operator

MMhb%x;, (7)

L—Q: LP(\) — LP(u) is bounded, since ||(L —Q)h]|, = ||h||, log|/h|l,; thus,
from the Riesz-Thorin theorem and from (6) we obtain

17,90 fllp < Clifllps (8)

which is the commutator theorem.

This is how R. ROCHBERG and G. WEISS explain in [RW] that the deriva-
tives of some analytic families of operators in complex interpolation theory
lead to estimates for [T, ], where Q can be unbounded and non-linear.

The following facts were basic in their method:

1. With the evaluation dy : F' — F(¥), the evaluation of the derivatives,
8y« F'— F'(V), is used.

2. The functionals dy and J), are combined through a cancellation prop-
erty.

3. Almost optimal selections F'y are needed to identify the interpolated
spaces, such as [LP°, LP']y = LP, and an Q-operator is defined by
applying J) to these selections.
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The functionals dy and d), can be used in the abstract frame of Calderén’s
method (2) for Banach couples A by applying 0} to an almost optimal func-

tion F, for every a € [A]y.

Real interpolation methods are the abstract counterpart of the Mar-
cinkiewicz interpolation theorem. We refer to Sections 4.1 and 4.2, where
we show that these methods can be described following the pattern of the
complex method.

A corresponding study for the real method was carried out by B. JAw-
ERTH, R. ROCHBERG and G. WEISs ([JRW]), with strong formal analogies
to the complex method, but with very different details.

2.3. An abstract commutator theorem

In order to obtain a unified and extended method, using the interpolation
theory previously defined in [W], we say as in [CCS1], [CCS2] and [CCS3],

that (H,®) (or ®) is an interpolator over the functional spaces spaces H(A)
if H is a functor from Banach couples to normed spaces,

H:Aw— H(A), H:L(A;B)w— L(H(A);H(B)),
and ® is a family of bounded linear operators
®x € L(H(A);E(A))
such that o
TO; =95H(T) (T € L(A;B)). (9)
Then, as in the case of the complex method (2), we obtain an interpolation
method,

Ag =@ 4(H(A)), |lalle == inf{|[f]:a=25(f)}
and, for a fixed ¢ = ¢4 > 1, we can associate with every a € Ag an element

he € H(A) such that ® 4(hy) = a and ||alle < ||ha| < cllalle (i-e. |alle ~
[[hall). We say that

a € Ag — hy € H(A)
is an almost optimal selection for the interpolation method.

A couple of interpolators will be a pair (@, ¥) of interpolators on the
same functional spaces H(A). This corresponds to ®(F) = F(9) = 69(F)
and ¥(f) = F'(9) = 65(F) of the complex method. We define an associated
Q-operator,

QA(I = \Ijﬁ(ha) EA\I/ (CLEA@),
and [T,9Q)] := TQs — QT = TQ — QT (we suppress the subscripts A, B).
Then
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Theorem 2. If (®, V) satisfies the cancellation condition
Ui(Ker® ;) — Im Py, (11)

a bounded inclusion, and T € L(A; B), then [T,€)] : A — Bg is a bounded
(possibly non-linear) operator.

Proof. Let us denote
By,(a) = {b="Tp(f): f € H(B), ®5(f) = 0} = ¥pz(Ker @)
with [|b]| @) = inf{[|f]| : @5(f) =0, b = ¥5(f)}. By condition (11),
[blle < Cllbllw,@)-

Since @5 (H(T)ha—hra) =T® 5fa—Pghr = 0and [T,Q)a = TVh,—Vhr,
it follows that [T, Qla € By (¢) and

I, Yalle @) < | H(T)ha = hral| S IHT)] lale + [ Talls S [alle-
Hence, [|[T,Q]alle < [lalle- -

We also say that Q : Ag — X(A) is an Q-operator for the couple of
interpolators if Q — A\ is bounded on the interpolated spaces Ag for some A.
In this case we still have the commutator theorem

T,9): Ap — Bo (T € £(4; B)),

since [T, Q] = [T, \Q] + T(Q — \Q) + (\Q — Q)T

For another almost optimal selection a — h, we have another operator €2,
but  and Q are equivalent, since, for any a € Ag, ®(hy — ﬁa) = 0 and
(= a = T(he — hy) € Ay (9) with

12 = Qo) < llha — hall < 2el|alla-

Remark 2. Without the cancellation condition (11), we still have [T, €] :
Ay — Bq,_y(q,).

We say that (®, V) is almost compatible if condition (11) holds. In some
examples we have the more complete cancellation property ¥ z(Ker ® 5) =
Im® 5 (with [lalle ~ |la||w,(»)) and then we say that the couple of interpo-
lators is compatible.

The operator €2 may be not only unbounded, but even non-linear. It is
always equivalent to a homogeneous one (satisfying Q(Az) = AQ(z)), since
we may take a homogeneous almost optimal selection (satisfying hy, = Ahy),
as we shall always assume.

We shall be mainly concerned with applications of Theorem 2 and with
the domain and range spaces of €.
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Remark 3. A very interesting recent paper concerning a unified commu-
tator theory is [CKMR]. It refers to the special case of operators ) that can
be described through derivatives.

2.4. Domain space

Assume that (@, ¥) is an almost compatible couple of interpolators and that
we have chosen a homogeneous almost optimal selection hy, = Ah,.

Definition. On the set Dom(Qy) := {a € Ag : Qza € Ag} we define
lallp = llalle + [[24a]le-

Observe that |la|p > 0 when a # 0, and ||Aal|p = || ||a||p, since £ is
assumed to be homogeneous. Let us see that it is also “quasi-additive”.

Lemma 1. If (®, V) is almost compatible, then for a,b € Ag,
Qala+b) —Qza—Qzb € Ag,

and there is a constant C = C4 such that

124(a+b) = Qza - Qsblle < C(llalle + [b]le)-
Proof. We have Q4(a +b) — Qza — Qzb = Y(hatrp — ha — hy), and
D(hatb — ha — hy) = 0. Hence, U(hgip — hg — hy) = P(f) € Ap and

124(a+b) = Qza = Qablle <[|fI| S [1Pats —ha — |l S llalle + (16l
U

Theorem 3. (a) If (O, V) is almost compatible, then Dom(3) is a quasi-
normed space and Dom(Q2z) = ® 4(V~1(Ag)) (equivalent “norms”, and for
another almost optimal selection, Dom (2 7) = Dom(Q 4)).

(b) If (®,®) is compatible, then

Dom(Qz) = {®4(f) : f € H(A), Ta(f) = 0} = Ap (),
with ||zl p ~ mf{[|fll ) : 2 = ®a(f), Ya(f) = 0}
Proof. (a)Ifa,be Dom(Q;), then from Lemma 1 we obtain

la+0llp = [la+blle + [|24(a + b)[[«
< llalle +[blle +[24(a +b) = Qza — Qblle + [|Qzalle + [[21b]s
< llalle + [[blle + llallp + [16llp < llallp + (16l p-
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To show that Dom(f2) = ®(¥~1(Ag)), suppose that a € Dom(); then
there exists h, € H(A) such that ®(h,) = a, ||h | < Clla|le and ¥(h,) =
Q(a) € Ap. Hence h, € U~1(Ag), and a € <I>( 1(Ag)).

Conversely, if a = ®(h), U(h) = ®(h'), and Q(a) = ¥(h,), then we
have ® 5(h, — h) = 0 and thus ¥(h, — h) = ®(h") € Ap. Hence, Q(a) =
U(h) + ®(h") = ®(h) + ®(h") € Ag.

(b) Let now X := ® 5(Ker ¥) with

2]l x = mf{|[f]| : 2 = &(f), ¥(f) = O}.

For any = € Dom(Q) we have z = ®(h,) € Ag, Qz) = ¥(h,) = <I>(h) =
U(g), with @(g) = 0, ||l < Q(@)lle, [lgll < 2]l Then 2 = ®(h, — g),
U(h, —¢g) =0 and we have z € X, with

[zllx < llhe — gl S llzlle + [2(2)]]-

Hence, ||z(|x < ||z(/p-

Conversely, if x € X, x = ®(f), ¥(f) =0 and ||f]| < ||||x, then Q(z) =
U(hy) = U(hy—f) = ®(h), with ||| < ||he—g]|| (observe that ®(h,—f) = 0).
Hence Q(z) € Agp and

12@)le < [1he = fI S ll2lle + llzllx < lgll + [l x < llzllx-

Finally,
lzllp = llzlle + 12@)e < [fllmca) + 1Riz]le < llzflx-

O

Observe that, as a consequence of Theorem 3, the necessary and sufficient
condition for Dom(§ ;) = As is that H(A) = \If:il(Aq)) + Ker ® ;. We can
also give a converse result for (b):

Proposition 1. (®,V) is compatible if and only if (P, V) is almost compat-
ible, Dom(25) = ® 1(Ker ¥ 5) and Agp — Ay.

Proof. If Dom(Q) = ®(Ker¥) = ®(¥~1(Ag)), then given h € U~1(Ag)
there exists b’ € Ker ¥ such that h —h’ € Ker ®. Thus, U~!(Ag) C Ker @+
Ker W. Hence, if a € Ap and h € H(A) such that ¥(h) = a, we have
h=h'+ h?, ®(h') = U(h?) = 0. Therefore, a = U(h!) € U(Ker ).
Conversely, if (<I> V) is compatible, then, by Theorem 3, we only need to
show that Ag — Ag. But if a € Ag, then a = ®(h,) = ¥(g) € Ay and
lgll S [1hall < llalle- O
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Remark 4. If the couple of interpolators (®, ¥) is not almost compatible,
we may define

Dom(Q) :={a € A : Q10 € Ay (3}

and
lallp = llalle + [[22(a)]

v,(2)-

Then we still have Dom(Q3) = Ag (v) and |la|p ~ ||alle,w)-

Indeed, if a € Ag (v, then a = ®(f), ¥(f) = 0 and ||f]] ~ [lale,w)-
Since Q(a) = ¥(hg), we get Q(a) = U(h, — f) and ®(h, — f) = 0. Thus,
O(a) € Ay @y and [2a)lw,@) < ko — fll S lala + lalla o). Hence
lallo = lallo + 190@) e @) < lale oy

Conversely, let a € Dom(£24). Since Q(a) € Ay (a), we have Q(a) = ¥(h)
with ®(h) = 0. Then ®(h, — h) = a, U(h, — h) = 0, and it follows that
a < Aq),(\y) and

lalle.cwy < llha = Rl < llalle + [[2(a)l

v,@) S llallp-

2.5. Range

Other important sets related with the Q-operator are the range spaces:

Definition. Rang(Q23) := {Q4a:a € A}, endowed with the norm

lz|lr := inf{]|a|le : Qza = x}.

In general, Rang(£25) is not a linear space and it depends on the almost
optimal selection used to define Q. It is easy to check that Az € Rang(Q )
and [|[Az||r = |\l |7 &, if # € Rang(Qy4).

We shall also consider Ag + Rang(Q3) with

o]+ = int{llallo + [|Qsbllz : 2 = a+ Qzb, a,b € A}

It follows from the definitions that Rang(Q4) < Ay and Ag +Rang(Q;) —
Ag + Ay. In fact, for x = Q za with ||alle < ||z||r we have

[zl = 19 (ha)lle < hall S [l 7-

We may also define Ay (¢) + Rang(€) in a similar way.
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Theorem 4. (a) Ay () + Rang(Qz) = Ay with equivalent norms. Hence,

if (U, ®) is compatible, then Ay = Ag +Rang(Qz) with equivalent “norms”.
(b) If (®, W) is almost compatible, then Ay — Ag + Rang(Q5) and, for

any bounded linear operator T : A — B, T : Ag + Rang(Q4) — Bs +

Rang(Q3) is bounded.

Proof. (a)If v =1 + 22 € Ay (¢) + Rang(Q) with [|z[| 5, , 1+Rang) =

llz1llw, (@) + lz2]|r and |lz2||r > ||z3]le With Q(z3) = 22, we can consider

L1 :\Ij(f)7 (I)(f):(): Hf” S ||J"1||\If,(<1>)a
zy=Qx3), z3€As, |zslle < llz2llr,

and
Qws) = U(hay), P(hay) =23, |hayll < ll2s]le.

It follows that x = U(f + h,,) € Ay and
elle < WS+ Thas || S 21 lle @) + (2]l 7

Conversely, if € Ay, then z = U(f) with ||f|| < ||z||. Since Q(®(f)) =
W(h) with ®(h) = ®(f) and ||A]| < || f||, we have z—Q(®(f)) = ¥(f—h) with
®(f—h) =0. Thenz—Q(P(f)) € Ay (o) and [2=2L(f))|w, @) < I fllaca)-
Therefore,

z=1x—Q®(f)) + QUP(f)) € Ay (a) + Rang(Q)
with
205y o+ g S 1711 S lelle.

(b) Since (P, ¥) is almost compatible, Ay (¢) — A and it follows from

(a) that B B B
Ay = Ay (¢) + Rang(Q5) — As + Rang(Qy).

Let T: A — B. For any * = a + Qb € Ag + Rang(Qy4) with ||alle +
1240l < llzll+ and [[blla S [1€240]lr we have [lafle + [|blle < [zl Tt
follows that

Tz = (Ta+ [T,Q]b) + Q5Th € By + Rang(Q5)

with

1Tz + < (ITlle.e + [T, Ale.2)(lalle + [16]2)
<1+ (ITle.e + T, Qllo.e) 2]+

2.0 + [T, Q] s,2- O

Thus HTHA(p—s—Rang(QA),qu-i-Rang(QB) S ||T‘
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2.6. Twisted sums

Let us look at the relations of our commutators with KALTON’s work in [Kal]
and [Ka2].
A derivation on a Banach space X is an operator

Q: X —L

from X to a Hausdorff topological linear space L such that X — L satisfying
the following conditions:

1. Q is continuous at 0 € X.
2. Q is homogeneous (Q(A\zx) = AQ(z), hence Q(0) = 0)).
3. Q is quasi-additive (||Q(z +y) — Qx) — QW) |lx < llzllx + lvllx)-

In Kalton’s work, X is a Kothe space and L = Lg, the space of measurable
functions.
The corresponding derived space is

X @o X = {(z,y) € Lx L:||(z,9)llo == [lz]x +[1€(z) =yl x < oo},

Hence, (z,y) € X ®q X if and only if x € X, Q(x) —y € X.
Proposition 2. X &g X is a quasi-Banach space, X &q X — L x L, and

OHXQX@QXLXHO’

where j(x) := (0,x) is an isometry and q(z,y) = x.

Proof. It follows from the subadditivity of € that

(71 + 22,91 +y2)lla S (@1, y1)lle + [[(72, y2) [0
+ 121 + 22) — Qz1) — Q22) || x
Sz, y)lle + Nl (z2, y2)llo

and | - || is a quasi-norm.

Let ||(zn,yn)|l@ — 0. Since Q(z,) — 0 and Q(x,) —y,, — 0 in L, it
follows that 4, — 0 and z,, — 0 in L. Thus, X & X — L x L.

The linear subspace F := j(X) = {(0,z) : x € X} of X ®q X is closed (if
(0,9,) — (2,y) in X ®q X, then 2 = 0 and [|(0,9)]la = |lyllx < o0) and it
is complete (j is an isometry), and so is (X ®q X)/F. But completeness is
a three-space property, and X @&q X will be also complete. O
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SinceOHXLXEBQXgXHO,X&BQXisatwistedsum of X and X.

Every operator )z associated with a couple (®, V) of interpolators is
a derivation on Ag, since Qg5 : Ag — X(A) is continuous at 0, by (10),
homogeneous and quasi-additive (Lemma 1).

As in [CJMR], we associate with every T' € L(A; B) the operator T(a,b) =
(Ta,Th).

Theorem 5. The following properties are equivalent:
(a) [T,9]: Agp — Bg, bounded.
(b) T : Ap Do Ae — Bs ©q Be, bounded.
Moreover, if (®,¥) is compatible, then
A@ D A@ = Im((I)A, (I)B)7
where (P4, @5)f = (Paf, Ppf)
Proof. Let (a,b) € Ap ®q Ag. Then
I1T(a,0)| gy = ITall 5, + 12Ta — T 5,
< Cllall 4, + [9Ta — TQal 5, + | T(Qa —b)| 5,
< C(llallz, + 12 = bl a,) = Cll(a, )| 4,004, -
Conversely, let a € Ag. Then
1T, 9]al 5, = Q2Ta—TQal 5, <I[(Ta,TQa)|| g0, 5,
= ||T(a7 Qa’)”é@@gzé@ S C”(a” Qa’)”A@EBQA@ = CHG’HA_<1>

Let now € := {(a,b) : a = ®(f), b = V(f), f € H(A)} endowed with
the natural norm, and let (a,b) € As o As. Then Qa = ¥(h,) with
®(ha) = a, |hallmeay < Cllall a,, b — Qa = ®(g) = ¥(h) with &(h) = 0 and
il < ClIb— a4,

Therefore, a = ®(hg + h), b =0b— Qa + Qa = V(h, + h); thus, (a,b) € €
and

(@, 0)lle < llha + hllmay < C(llalla, + 16— Qalla,) = Cll(a, )l 4400 4s-
Let now (a,b) € € and set a = ®(h), b = W(h) and [|h| g1y < C|l(a,b)|e-
Then a € Ag, Qa = ¥(h,) and Qa — b = ¥(h, — h), with &(h, —h) = 0.
Therefore, Qa — b € Ag and
1@, D)l 4p @045 = llall 4, + 1920 = bl 4, < |[hllmca) + ha = Bl )
SAllacay S e, b)le-
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Remark 5. It was observed in [Ka2] that for any derivation © on X which
has an almost optimal selection z € X +— y, € L (in the sense that
[19(2) —yzllx < ¢|lz||x for some constant ¢ > 0) and for any operator T of L
such that T': X — X, the conditions

(a) [T,9Q] : X — X, bounded,

(b) T: X ®g X — X ®q X, bounded

are equivalent.

It is also shown in [Ka2] that, for super-reflexive Kothe spaces X, many
derivations (all “real centralizers”) are Q-operators associated with the
complex interpolation method, X = [X¢, X1];/2. In this case, X ©q X
is normable.

3. THE COMPLEX METHOD
3.1. The complex commutator theorem

Let S and R be two analytic functionals on the strip S, such as dy and 0y.
They are linear and bounded on the spaces F(A) and, by defining F(T)f =
To f, (S,R) is a couple of interpolators on these functional spaces. We can
consider the Lions-Schechter interpolation methods (cf. [Li] and [Sc]) such
as
[A]s = S(F(A4)).

For a fixed almost optimal selection a € [A]s +— h, € F(A), the corre-
sponding Q-operator will be

0%(a) = R(ha),
and the commutator theorem (Theorem 2) reads
[1,9Q°] : [Als — [Brs),

which turns into

7,9 : [A]s — [B]s

if (S, R) is almost compatible.
In any case, by Remark 4,

Dom(29) = [A]g (r)
if Dom(Q°) := {a € [A]s : Q(a) € [A]p,5)}-

3.2. The basic example

The couple (dy,d}) of interpolators corresponds to the R. ROCHBERG and
G. WEISs construction [RW] associated with the complex Calderén interpo-
lation method (see Section 2.2).
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Theorem 6. The couple (89, 0}) is compatible and Q° (a) := hl (V) satisfies
(a) [T,9°]: A — [Bl) .

(b) Dom(Q) = {z = f(¥) : [ € F(4), ['(¥) = 0},

€T =

(
|lzllp = inf{||f[| - € F(A), f(9) ==, f'(I)
(c) As; = Apg) + Rang(Q).

0}7

Proof. If g € F(A) and §y(g) = g(¥) = 0, then &,(g) = ¢'(¥) = f(V)
with f(z) = ¢'(9)g(2)/¢(z), where ¢ is a conformal mapping from the strip
S ={z€C:0< Rz < 1} onto the unit disk D = {z € C: |z| < 1} such
that p(9) = 0. We have f € F(A) with || f| = |¢’(9)|]|g]|. Conversely, for
every f € F(A),

of

] )

with [lgl| = [[flI/I¢"(9)], dv(g) = g(¥) = 0, and d3(g) = ¢'(¥) = f(V) =
89 (f)- O

If Fy is as in Example 1, then

€ F(A)

11 /]
Fi(0 :p<—f—)flog .
=P ) T8 A,
Hence, we can obtain the following:
Example 3. An Q-operator for [LPo, LP1]y = L? is (equivalent to)
/]
Qf = flog 7,
£l
which is the non-linear operator (7).
Similarly, if Fy is as in Example 2, then
Fy) = (log =2)
f( ) 0g w1 f
and we obtain:
Example 4. An Q-operator for [LP(wp, E), LP (w1, E)]y = LP(w, E) is the
linear operator

Of = (b;;%’)f.
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3.3. Application to pointwise multipliers

1

In order to guess a conditionon b € L.

for My on LP(R), let us denote

Ibll. = Zgg@/(g%(m)—bddx (va ::@/Qb)

and assume that [M), H] defines a bounded operator on some LP(R) (1 <
p < 00). We shall see that this implies ||b|l. < A|[M, H]|| (A > 0 is
a constant).!

We want to estimate [Q|™" [, [b — bg| when @ is an interval and, by
translation invariance, we may assume @ = (—r,7). If

[(z) := xq(z) sgn(b(z) — bq),

(R) to obtain a commutator theorem

then
Q1) (@) ~ Xal@lhal = Q)@ (be) ~ | b))
= | @) ~b)re) dy
= [ 22 e enat) - e)xe() dy
= [My, H](aT (2)xq — 14T (2)xc)
= 4T (&) My, H(x) ~ T()[My, H)(1d xo).
Hence,

|Q|/Q|b_bQ| S oL (@)l Ixally + Tl lyxe @)l ~ 1QF

and ||b]. < oo.
This leads to consider the space
BMO := {f € Lijc(R") : || f]| < oo}.
Let us recall that, if 1 < p < oo, then there exists a constant Cy > 0

such that, whenever [|b]|. < Co, w := €’ is an A,-weight (i.e., the Hardy-
Littlewood maximal function is bounded on LP(w)), and then

K : [’(w) - LP(w)
where K is a Calderén-Zygmund operator (such as the Hilbert transform

H if n = 1, and the Riesz transforms R; = Ty, with m;(y) = —iy; /||yl if
n > 1). See [GR].

!The same result holds for b € L (R™) with n > 1, if [M,, R;] are bounded, where
R;, 1 <i < n, denote the Riesz transforms. See [CRW].
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Theorem 7 (Coifman, Rochberg and Weiss). If K is a Calderdn-Zyg-
mund operator on R™ and b € BMO, then [K, M,] : LP(R™) — LP(R™).

Proof. By homogeneity, we can assume that |b/2] 5,,0 < Co, so that
e¥? and /2 are A, -weights. Therefore,

K : (LP(e"?), LP(e7"/%)) — (LP (%), LP(e7"/2)). (12)

By Example 4, Qrp(eb/2) pr(e-b/2))f = Mpf, and so (12) together with
Theorem 2 yield the result, since [LP(wo), LP(w1)]1/2 = Lp(wé/Zwi/Q). O

The BMO norm is related with the atomic Hardy space? by the duality
defined through (f, g) := [ fg. More precisely,

£z = sup [{p, f)l-
s

PES,
llell«<1

As an application of Theorem 7 given by R. COIFMAN, R. ROCHBERG
and G. WEISS we have:

Corollary 1. If K is a Calderon-Zygmund operator, K* its adjoint,
l1<p<oo, feLP(R™) and g € LP (R™), then

(Kf)g—fK*g e H'(R").
Proof. Ifbe S, then

| [o@ng - £5°9)| =] [otb.K10)] S 101l lgl

Now, by duality,

(D~ £ gl = s | [6(KDg = £K°0)| £ 17 1blal

lloll<1

which is finite. O

2There are several descriptions for the Hardy space. Namely, H!(R?) = {f € L! :
=271 a5a5, 3272 laj] < oo, |aj| < u—ljlxlj, Ja; =0 (I; interval)} and || f||g1 =
nf{%, Jag| : f = 5%, aja}. See [GR].
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If n = 1, then H' is the image of L? x L? for the bilinear mapping
(f,9) — (Hg)f + f(Hg). There is no similar fact for Calderén-Zygmund
operators if n = 2 (or any n > 1), but an open problem is whether H! is the
image of the Sobolev space W*2(IR?)2 by the Jacobian,

J(u',u?) = det(Vu) = pu'0,u® — 0,udyu’

Corollary 1 can be used to obtain the following “Jacobian Theorem”
(see [CLMS], where it is also proved that [J(W12(R2)2)] = H!(R?)).
Theorem 8. Ifu € L{ (R?)? and Vu € L?*(R?)**2, then J(u) € H'(R").
Proof. We may write J(u) = Vu! - B = E - B with

B cI*(R?? divB=0; EcL*R)? culE=0.
It follows from this last condition that
=Rif, B> =Raof (f€L*R))

and div B = 0 implies Ry B'4+R,B? = div(—A)"'/2B = (-A)~'/2div B= 0.
Finally, an application of Corollary 1 ensures that

Ju)=E-B= ZRf Z f(R;BY)) € HY(R").

j=1

3.4. The use of vector function spaces

As observed in [CCS3], some results by C. SEGOVIA and J. L. TORREA
(see [ST1] and [ST2]) concerning commutators of maximal functions can be
obtained from Theorem 2.

Recall that if 1 < p < 0o and w € A,(R™), then the Hardy-Littlewood
maximal function M is bounded on LP(w).

Theorem 9. Ifb € BMO(R"), then the mazimal operator

5@ = sup 0 [ 1b) =) 1)l

B>z

is bounded in LP(R™) (1 < p < 0o). Here, B represents a ball in R™.
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Proof. We may assume that the BMO norm of b is sufficiently small and
so e’ € A,. Hence, M is bounded on LP(e*?).
If we define

71w = (g7 [ fa = i) dy>390,|h|m<1’

ITfllLrexs,z00) < IMFllprezey S IFllorexy

and, by Theorem 6, [T, €] : [A]1 /2 — [B]1 /2 with A = (LP(e”), LP(e™")) and
B = (LP(e®, L>), LP(e™", L)).

However, since [A]; /o = L? and [B]; /5 = LP(L>) (see Example 2), from
Theorem 2 we obtain

then

[T,Q] : LP — LP(L>),

and, as in Theorem 7, we have Q5 = bf and Qz(fB) B30 = (bfB)B>0-
Finally, S : LP — LP is equivalent to the boundedness of [T, Q] since

T,0lf b Flo— d
[ (|B| [ D)}/ (x — m)h(y) y)m”w
and [T, 90 (@)]]oe = S/ (2). 0

As an application we recover the following result obtained in [MS] by real
interpolation.

Corollary 2. Ifb€ BMO(R™), b>0 and 1 < p < o0, then

[M, M) : LP(R™) — LP(R").

Proof. If 0<be BMO, then

T / e =ldy+ 7 [ (e =) =)@~ )l dy

and [M, My)f < Sf. O

We set Sy :=1T),. If a collection of intervals I; C R is given, we shall con-
sider the corresponding Fourier multipliers S; := Sr,. A weighted extension
of the Littlewood-Paley inequality proved by J. L. RUBIO DE FRANCIA in
[Ru] allows us to obtain another commutator estimate.
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Theorem 10. Let {I;}jc; be a collection of disjoint intervals. If b €
BMO(R) and 2 < p < 00, then

H(Z |[Sj,Mb]f|2>1/2Hp <c|fl,

jed

Proof. Asseenin [Rul,if p>2and w € A,/;, then

H(; s, 2) ", < Clelc

or, equivalently,
Tf(x) = (5;f);
satisfies T : LP(w) — LP(w, £?).
Hence, assuming that ||b]|, is small, we have T : LP(e®?) — LP(e*? ¢2)
and the proof continues as in Theorem 9. O

3.5. Lions-Schechter complex methods

On the same functional spaces F(A) we may consider higher order derivatives
(m)
dy -
A couple (61(9m), 61(970) is not necessarily almost compatible, but we have
the following special cases.

Theorem 11. Let A = (LP°(u), LP (1)) on a given measure space. Then

(51(9"),51(9"“)) are almost compatible couples of interpolators over F(A) for

all n and "
1

Qu) = nt|loglull | o8 |u|‘

= 1
¥ [log " 0g ul

defines an Q2-operator for this couple.

Proof. For p=p(9), it is known that (cf. [CC1])

|u(z)]

LPO Lpl m :Lpl L -pP — : P S S S
(170, L] ygmy = L7 (l0g )7 = {u /(1+logu(x)|

P
) du(z) < oo}.
That the interpolators are almost compatible, i.e.,

Po p1 Po P1
[LPo, L ]51(9714»1)’(61(97” — [LP°, L ]61(9n),

)
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is proved in [CCMS]. It is done by associating the function

F(9) F(9) ((1==z)/po+z/(p1))p
W) = [Py
[E@) LIE@)p
with every almost optimal f € F(A) such that z = £+ (9) and f(™(9) = 0
(A1 = el g
Let ¥ be a conformal mapping from S onto the unit disc such that

Y(0) =0, G = (f = W)/v € F(A). Since (YG)(¥) = f(¥) = W(¥) =0,
WM () = —(vG)™ e [LPo, LP1] s
On the other hand,
v = W) + (6" W),

where (yG)" 1 (9) € [LPo, LP1] ) since (PG)(J) = 0, and W+ (9) €

LP(log L)~P since a direct computation shows that

1Pl e og £y-» < PGS @)y S (1F1I-

To obtain an almost optimal selection h, for u € [LPo, LP1] ), let ¢
9

be again an analytic bounded function on S such that p()(9) = 0 if j €
{0,...,n—1,n+1} but ™ (9) = 1. Then define

[en(sgnlog |ul)™ + ¢(2)] |u|((1=2)/po+z/p1)p

hy(z) :=sgnu
() := 56 T ] log u]]"

n

with ¢, = (p/p1 —p/po)™".
Hence a possible choice for 2 is
Qu = h{"TV ()

_ |log|u|\"log|u|(;i1 — ;40) —|—7”Llog|u|(p£1 — p%)

1+ [log [ul|™
_(p _ p\n+|loglul|!
=(——-=—)—F———=——ulog|ul.
p1 po’/ 1+ [logul|™
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Theorem 12. Let A = (LP(wp), LP(w1)) on a given measure space. Then
(51(9"),51(9"“)) are almost compatible couples of interpolators over F(A) for

all m and

() = n+1+ llog(wo/w1)|n (1 w0>u

1+ |log(wo/wi)|" wi
defines an Q-operator for these Banach couples.

Proof. It is known (cf. [CC2]) that, if 1 <p < oo,

[LP (wo), L (w1)] 00 = LP (wy ™ wi@™"P)

55"

with w = wi "YW’ where & =1+ | log(wo /w1 ).

To prove that
[Lp(wo), Lp(wl)] (n4+1) ;c(n)y < [L”(wo), Lp(wl)] (n)y
2 :(85°7) by

again, as in [CCMS], we associate the function

W(z) = (ﬂ)z_ﬂ

w1

with every almost optimal f € F(A) such that x = f*+D(Y) and
™) =0 (||f]] ~ | sent) (6(n))), and then, if ¢ is as in Theorem 11,
9 LA

we set G 1= (f — W) /v € F(A). Since (vG)(¥) = f(9) — W(¥) = 0,
W) = f(9) (105 22)" = ~(6) ™ € [L¥(wo). /(@)
On the other hand,
2= WO (@) + (&) () = £(9) (log =
and v € [LP(wo), LP(w1)] 00 since ($G)(9) = 0. If ho is such that

wp\ "+l w
h:= f(ﬁ)(logw—(l)) :hologw—?,

then
ho € L? (wé_ﬂwlﬁﬁf(”fl)p) = LP(w)
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and an easy computation shows that
1Bl zew) < llhollsn-r < I9GI S I1FD)lp < NI

To obtain an almost optimal selection for u € [LP(wp), LP(w1)] 5, choose
9

¢ again as in Theorem 11, such that ) (9) =01if j € {0,... ,n—1,n+ 1}
and (™ (9) = 1. Then

ho (9) :=

(Sgn log(WO/wl»n + SO(Z) (ﬂ)z—ﬂu
1+ [log(wo/w1)[™ w1

satisfies A" (9) = u and [[hy|| < [[ull o —0,95-r)> and

h () =

n+ 1+ [log(wo/wi)|” (1 i

11 [log(wo/wr)|* \ '8 WT)“ = 0(w).

O

Remark 6. The same result, with the same proof, holds for the Banach
couples (LP(wyg, E), LP (w1, E)) of vector-valued functions.

Let us apply the previous theorems to obtain some extensions of the
commutator estimates of pointwise multipliers (Theorem 7) and of the Little-
wood-Paley inequality (Theorem 10).

Proposition 3. Let K be a Calderon-Zygmund operator on R™, b € BMO
and let o > 0 be a constant. Then

[, Mp] = LP((1+ [b])=) — LP((1 + [b])™).

Proof. Let
n+1+[b" nb
d T =M TS
We have
[KM]f:[KMb]f—n[KMb](L)_nbd f )+ e
o | AU T/ T

It follows from Theorem 12 that

LSRR AE +1|b|") - 2(; +1|b|")
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and from Theorem 7 that

[K»Mb]<1+f|bn) eIl C Lp(ﬁ) if fe LP(ﬁ).

Moreover, since b/(1 + |b|") is bounded, we have

K(5 —|—f|b") €L b —|—f|b|" < —|—1|b|”)

and

(errcr( 1 ).

—K
1+ |b|m 1+ [p"

Thus

K M - Lp(l +1|b|n) - Lp(l +1\b|n)’

and it follows by interpolation that

(K, M) Lp<1 +1|b|a> - Lp<ﬁ>

for any a > 0. O

In the same way we obtain:

Proposition 4. Let 2 < p < oo and b € BMO(R). Then

H(; s, 07P) "

for any collection (I;); of disjoint intervals and for every o > 0.

< Callfllze (i) —=)
LP((14]b]) )

4. REAL METHODS

We assume 0 <99 <1 and 1 < p < oo.

The real interpolation methods are the abstract counterpart of the
Marcinkiewicz interpolation theorem. As shown by J. PEETRE, they ad-
mit equivalent definitions, using the K-functional or the J-functional.

4.1. The J-method
For a given Banach couple A, we denote A(A) = Ay N A; and

J(t,a) = J(t,a; A) = max(||al|o, t||a]1) (a € A(A), t>0).
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The .J-method corresponds to the interpolator ®” on the functional spaces
H7(A) = {u: R" — A(A) measurable : [[ul| = ||t~ J(t; u(t))| Lo a1y < 00}
defined as - it i

7 () = /O w® X (B(A)-valued).
Again, H'(T) = Tou if T € L(A; B).

In this case,

Ags = {a eS(A):a= /Ooou(t)‘ff, ue HJ(A)} = Ag,

and we consider an almost optimal selection

dt

we @, [ u®F =a ful < clal,

To define the Q-operator we need to associate &7 with another interpo-
lator U7/ on the same functional spaces H”(A). By relating the J-method
with the complex method, we shall see that

Uh(u) == /Ooo(logt)u(t)cit

is a convenient definition.
The relationship is given by the mixed reiteration formula due to J.-L.
LioNs (cf. [BL, Theorem 4.2.7]),

[A1907PU7A1917P1])\ = Aﬂ,p (13)
with ¥ = (1 — A)Yg + AJ1. One inclusion is obtained by means of

dt

fa(2) ::/ twl_ﬁ“)(z_’\)ua(t)?
0

for every a € Ay p; then
c / > dt
0%(a) = fo(\) = (01 = do) | (logt)ua(t) -
0

Thus, we are led to define W7 (u) = [~ (logt)u(t) %.
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Theorem 13. The couple of interpolators (®7,V7) is compatible and

Ags = {a :/ v(t)% cv:RT — A(A) measurable,
0

Htﬁ J(t,v(t)) < OO}
1+ [logt|{[ 1o (ar/e)

with
t—19 J(t7 ’U(t))
1+ |logt|

lla||gs = inf ,
Lr(dt/t)

dt

the infimum being taken over all representations a = fooo v(t) 5

Proof. W/ is well defined and bounded from H(A) to X(A):

1 e}
dt dt
Ml < [ fogtllulo §+ [ Gogula G

! dt > logt dt
< [ Dogtl )G + [ T
0 1

1 ' dt 1/p > /logt p/dt 1/p
< 1 ﬂpi / -
<[(f ey s) e ([0 G%) 5) )

x [t T (t,w) || Lo aee)
= Cllull g ay-

To see that ®/ and ¥/ are compatible, first assume that [ u(t) % =0,

(with w € H(A)) and define
F(z) = / tzu(t)@
0 t

on the strip {z € C: —e <Rz < ¢} with € such that 0 < ¥ —e < +e < 1.
It is easily seen that F'(fe £ ti) € Ayseyp, [[F (e £ ti)|lvrep < Cllullpay,
and that, since F'(0) = 0, we have

F'(0) = /ooo(log t) u(t)ﬁ =Vv

t (’U,) € I:Aﬁfs,zh A_~19+£,p:|0 = Aﬁ,p = A(I)J

&~

with || U4 (u)lles < Cllull g a)-
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For the converse inclusion Im @ — W7 (Ker ®%), let u € H(A) be given
and consider v(t) = u(t) — u(et). Then we have v € H(A), Fi(v) =
fooo U(t) % = 07

i) = [ Qogt(u() - uer)

- [t [ on

and [|v| g4y < Cllullgray- For the last part of the theorem, let

asfom Lot ([ (iim) T) <)

and let a € Ags be such that a = fooo(log t)u(t) % and

J(t dt\ /P
( (Y Y

Then a = [~ v , v(t) = (logt) u(t), and

)=
tﬁnutv<»
t

< |t J(t » < i
1+ [log | 1t~ Tt w() | e aese) < llallws +e

Ly (dt/t)

lall \

To show that B < Ay, we observe that for any a € B,

o dt > t dt * |logt|v(t) dt
Y Ly N UL

where

<llals+¢
L (dt/t)

o I (1)
1+ |logt|

and b € Ags — Ags such that ||b]|g < C||blle < C(|lal|p +¢). On the other

hand,
‘= / (log t) w(t) 2t
0 t

with w(t) = sgn(logt)v(t)/(1 + |logt|), and Py, (¢, w(t)) < |lallg +e. It
follows that ¢ € Ay and |c|lg < |la||p +&. Hence a € Ays and [ay <
Cllallp-
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Let now Q7 be the Q-operator associated with the pair (&7, ¥7) and with
our given almost optimal selection a — u,. By Theorem 2,

[T, QJ} : Aﬁ,p — Bgyp
if T € L(A; B), and, as an application of Theorem 4,

AﬂJ);J + Rang(QI{i) =Ags

and

Dom (%) = {a = /Ooou(t)it : /Ooo(logt)u(t)d; =0, ue H(A)} (14)

which has the following description (see [CJM] for another proof):
Theorem 14.

Dom(Qﬁ) = {a :/Ooou(t)cit cu € H(A),

6771+ Nog t) Tt wED)| ooy < OO}'

Proof. Let & be the right-hand side space with the natural norm. Choose
a= [ u(t)% € £ such that u € H(A) and

6721+ [Hog (6wl o < Clalle
Then ®y,(J(t,u(t)) < oo and a € Ags. Also a = [ ua(t) %, Qla =

Jo " (logt)ug(t) % and then [;°(u(t) —uq(t)) % = 0. Thus, since (logt)u(t) €
H(A), we obtain

= i - = i -
b= / (o5 tyut) % € Agr, Qfa—b= / (108 £)(ua (1)~ (1)) & € A,
0 0
hence
ja = (log t)ua(t)? € Ags,
0
and

lallp = llalle + [Q%ale < llullgca) + 1250 — blls + [[blle
<Mlullaay + Cllv = wallmay + Cllullaay < Cllalle-
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To show that Dom(Q%) < &, we shall use the following facts:

(i) (A9y,qo> Ao, ,q,) is a partial retract of the couple (190 (277%0), j21 (27 01))
(cf. [Cw] and [CIM]). Recall that A is a partial retract of B if, for every
x € X(A), there exists a pair of bounded linear operators, F, : A — B

and P, : B — A, such that P, o F,z = z and sup, ||F.|| < oo,
sup, || P:| < oc.

(i) [17(27770), (27 )] = IP((1+ [nf)27"), with © = (1 — p)do +
(cf. [CC2)).

(1) (Agg.q05 Ao1.01)0np = Ay ps With x(2) = (14 [logz|)z™* (cf. [G]).

Let now a € Dom(€}) and u € H(A) be such that

o dt o dt _
a:/‘uwiq / og tyu(t) 5 = 0, [t u(0)| sy <
0 0

Then

o dt < -
ﬂ@:/twm7eﬂgﬁw@ﬁ@
0
on the strip 9 —e < Rz < ¥ +¢, F(0) = a and F'(0) = 0. Hence,

_ _ s )
@ € [Ap—cp, Agtepl™ with |all 5 - sy < WFllF < llullmea)-

eypa“iﬂ+e,p]
Keeping the notation of (i), let
F i (Ap_cp, Aggep) — (P(27"079)) (2709

and B B
pP: (lp(27n(1976))7 lp(27n(19+6))) - (Aﬂ—e,pa Aﬁ+5,p)

be a pair of bounded linear mappings such that PFa = a. Then, by inter-
polation (we use (ii) and (iii)),
F:[Agcp Agiegl® = 1P((1+ n)27")

and -
P P((1+n)27) — Ay, p.
Hence,

lallgs.p = [1PFallgy.p < CllFalli4jn)2-—no) < Clla]

— — 6/ 5
[Av—c,p,Avte,p] 0

we have a € A, ,, and there exists v € H(A) such that

o dt _
a:/O v(t)? and ||t 19(1+|logt|)J(t,v(t))HLP(dt/t)<oo.

Thus a € £. O
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Remark 7. From (i)—(iii) we obtain the reiteration property
[Aﬁo,qm Aﬁl,lh]éu = AW,W

where 1/g = (1 —9)/q0 +9/q1-

4.2. The K-method

It is well known that the real interpolation method can be equivalently de-
fined by the K -functional

K(t,z) = K(t,z; A) == (laollo + tlla[l1),

inf
r=ap+a1
and ||z[lv,p ~ [|z[l,p;xc, Where

I llo.pirc = 1677 K (&, )| o aro)-

Given an almost optimal decomposition x = ag(t)+aq (t) for the K-functional
such that K(t,z) ~ a(ag, a1), where

a(ag, a1)(t) = [lao()[lo + tllar (#)[]1,

we say that )
Pz = Px = ag(t)

is an almost optimal projection. We may assume that ag : R — Ag is
continuous by choosing ag(2") for each n € Z and then ao(t) linear on
[27, 22n+1], but it is not always linear in x; if it can be chosen linear, then A
is said to be quasi-linearizable.

Example 5. For the K-functional of the couple (L', L®°),

Pof = (If| = f5(t) sgn fxq 11> 5 1))

defines an almost optimal projection. See [BL], Theorem 5.2.1.

Remark 8. Let A be a couple of Banach function spaces on a measure
space. Given f € X(A) let f = fo + f1 be an almost optimal decomposition
for the K-functional. If we take E;(t) := {w : |fo(w)| > |f1(w)|}, we obtain

another almost optimal projection of the type

Pif = fxe;m-
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Obviously, |fxE, )| < 2/fol and |fXE;(t)e| < 2[f1], and so
I fxE, w0+t fxe,well < 2a(fo, f1) S K(E, f)-

Remark 9. If we have an almost optimal projection PtA for a couple A
and X = (Agy.q0: Av,.q.) (Jo < Y1) is obtained by interpolation, then the
Holmstedt reiteration formula

_ t ) o
K(, @ %) 2(/0 (5_§”K(8,x;A))q°%) &

+tg(/ (sfﬁlK(S,IE;A))ql@)l/ql
t

S

with o = 91 — Yy (cf. [BL, Theorem 3.6.1]) allows to obtain the almost

optimal projection for X,

PtXLE = Pt‘ii/gx.

To see that this K -method is defined by an interpolator, it is natural to
consider the functional spaces

HK(A) = {(ao,al) : ]R+ — AO X Al :

ap, a; measurable, ag(t) + a1(t) = const., ||(ag, a1)|| < oo}
with
(a0, an)ll == [[t~" aao, ar) () L (ar/e)

and HX(T)(ag,a1) := (T o ap,T o ay).

Then the functional

‘I)K(a,o, 0,1) =ap+ a1

acting on H¥(A) defines an interpolator on these functional spaces and
obviously Agx = Ay p.x = Ay p-

An almost optimal decomposition for the K-functional is clearly also an
almost optimal selection

az = (ag,a1) = (Puz, (I — P)z) € HX(A),
ao(t) +a1(t) =z, |[(ao,a1)|| < cllzllv,p,

for this K-method.
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Again we can look for an appropriate second interpolator ¥ by observing
that in the reiteration result (13), if for any

a = f()‘) € [‘Zlﬁo,Po’ Aﬁhplb\

we choose an almost optimal f = f, € F(Ay, po> As,p,) for the complex
method and define
gi(z) = tENW1=00) £y,

then ¢g;(\) = a and
+oo +oo
a= / g:(i8)Py(A, s) ds + / gt(1 +is)Pr (A, s)ds = ap(t) + a1 (t)

with a;(t) € Ay, p, (j = 0,1). Now we can compute the derivative (as
in [CCMS]) and we get

1 oo
o) =W = [ a0 - [ awnF.

This suggests the definition

1 oo
\I/i;{(ao,al) I:‘/O' ao(t)% —‘/1 ao(t)—.

Theorem 15. The couple (&%, WE) is a compatible pair of interpolators

such that L
dt o dt
QF () ::/ ap(t) — —/ ap(t)—
0 t ) t

for our almost optimal selection, and Q¥ = —Q7 for a convenient almost
optimal selection for the J-method.

Proof. Let ®X(ag,a1) = 0= ao(t) + a1(t) with (ag,a1) € HX(A). Then,

W5 (a0, a1) :/Ooo ao(t) 2t

t )

and, since ., (J(t ao(t))) < Do, (lao(t)lo + tar (8)]11) = lao,ar)]lsr, we
have

W (ag,a1) € Ay piy = Appuc and [ €5 (ag, 1)l < (a0, a1)]a-
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Let now a € Ag. We have to find (bo,b1) € H(A) such that

dt

K (bo,b1) = bo(t) +b1(t) =0 and \IJK(bo,bl):/ bo(t) - = a.
0

This follows from the Fundamental Lemma of Interpolation Theory (cf. [BL]):
If we discretize, we have to show that there exists a sequence (bf,b7) €
Ay x Aq such that

by+bf =0 and Y b =a

Let a = af} + af, with ||laf]lo + 2™]|a} |1 < (1 4+ ¢)K (2", a). We have

lim |lagllo=0 and lim |a}|1 = 0.
n—=00 n—oo

Write b3 = af — af~" and b} = a} —a}~*. Then b} + b} = 0 and
M
K(l,a— 3 bg) =K(LagV "t +al) -0 as N,M — oc.
Hence ), by = a. O

4.3. A big real interpolation method

f
I ft)Z/otf( —+t/ f(s /f mml,)ﬁ

the Calderén operator, we set
o(A) :={x € B(A): S(K(-,z))(1) < oo}. (15)

Let us prove that o is an interpolation method by showing that it may
be defined by a convenient interpolator.
For a given Banach couple A, let H(A) be the Banach space of all mea-
surable functions
(.’Eml’l) : ]R+ — Ao X A1

such that zo(t) + 21 (t) = ®(zg,21) € X(A), constant, and
(@0, z1) || 1 := S(a(xo,21))(1) < 00

(recall that a(zg,z1)(t) = ||zo(t)|lo + tl|lz1(£)|1)-
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Then &5 =@ : H(A) — X(A) where ®(xg,z1) = x0(t) + x1(¢t) since

[®(x0,z1)|s = [|z0(t) + z1(t) |5

> [ aanenis 2

< 2||(zo, 1) -

IN

If T € L(A;B), we define H(T)(zg,71) := T o (wg,21) = (T, T1)
and we obtain a bounded linear operator H(T) : H(A) — H(B) such that
[H(T)|| < [IT|| and T'o @5 = @5 0 H(T).

Observe that o(A) is the image space, Ap = ®(H(A)), endowed with the
quotient norm

lello = inf o)l = SUEC2)) ()

Indeed, obviously S(K (-,2))(1) < ||z|/¢. On the other hand, if z € o(A), we
can consider © = xq(t) + 1 (¢) such that a(zg,z1)(t) < (1+¢)K(t,z). Then

(w0, 1) € H(A) and |[z]le < S(e(wo, 21))(1) < (1+2)S(K(-, x))(1).
Proposition 5. If0 <9 <1 and 1 < q < oo, then Ay, — o(A4) — X(A).

Proof. To verify the first inclusion, we observe that, if Z = (wo,71) €
HX(A) and a(t) = a(zg, 71)(t), an application of Hélder’s inequality gives

_ La(t) o dt > aft) 4, dt
”qu)_/O t—ﬁt 7"'/1 tTt T
© rat)\adiy1/ae _
< _ —_ =
- C(/O ( Y ) t ) Cllzl

with C = (1/9¢')"/¢ + (1/((1 = 9)¢'))"/9, and so Ay, < o(A). O
Let U5 = U : H(A) — X(A) be a second operator such that T o Wz =
UsoH(T).

If for every = € o(A) we choose an almost optimal decomposition for the
K-functional, h, = (x¢, 1), in the sense that

xo(t) + 21(t) =2 and a(xg,x1)(t) < cK(t,z) (c=cz>1),

then ||hz||g < ¢||z||e. Thus, z — h, is an almost optimal selection that has
an associated Q-operator Q(x) = U(h,) for the interpolation method o.

The following lemma is an abstract commutator theorem with pointwise
estimates.
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Lemma 2. Assume that VU satisfies the following condition: For every

(ro,21) € H(A) such that xo + x1 = 0, there exists a measurable function
(Yo, y1) : RT — Ag x A;

with the properties

yo(t) + y1(t) = U(x0,21) and a(yo,y1)(t) < eS(alxo,x1))(t) for all t > 0,

where ¢ is a constant which does not depend on (xq,x1).

Then

K(t, [T, 9(z)) < CITS(K(,2))(t)- (16)

Proof. Let z € o(A). Then Tz € H(B) and for the almost optimal
decompositions h, € H(A) and hy, € H(B) we have a(h;)(t) < cK(t,z)
and a(hr,)(t) < cK(t,Tz) < ¢||T|| K (¢, x).

Then

[T,Qlx =TVYh, — Vhy, = V5(H(T)hy — hrs),

where H(T)h, — hy, € H(B) and ®(H(T)hy — hypy) = 0. Hence, there
exists (yo(t), y1(t)) such that yo +y1 = W(H(T)hy — hrs) and a(yo, y1)(t) <
cS(a(H(T)hy — hry))(t). Thus

K(t, [T, z) < alye, y1)(t) < cS(a(H(T)he — hra))(t).

To estimate the right-hand side, we observe that a(H(T)h, — hrz) <
2¢||T|| K (t,z) and S is positive. O

If the above estimate (16) holds for some constant C' > 0, for all x € o(A)
and all T € L(A; B), we say that Q is K-commuting. In the terminology of
R. A. DEVORE, S. D. RIEMENSCHNEIDER and R. SHARPLEY (see [DRS])
this means that [T, Q] is of generalized weak type ((1,1), (c0,o0)).

Since S is positive, from condition (16) we obtain

1T, QJlle = SK(, [T, Q) (1)
< C|TS(E () (1)
< CIT| N[l

and [T,Q)] : 0(A) — B. We have also the following:
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Proposition 6. If Q is K-commuting, then ) is well defined on the spaces
Ay.q and
T, QA (@)ll9.g < T [l

for all T € L(A; B) with ¢ > 0 independent of T.

(a7

Proof. By the Minkowski inequality and Hardy’s inequalities for averages
(cf. [BS)),

1T, T f N 5,

- 0 S La(dt/t) ¢ S S llLa(dt/t)
alr

<

= 0( ) ||fHA9q

d

Remark 10. Assume that A and B are the Gagliardo completions of A
and B’, and that the condition of Lemma 2 holds for A, so that Q4 is
K-commuting. Then Q3 is also K-commuting.

If T : A — B, then also T : A — B. In the proof of Lemma 2,
K(t,[T,Q; B") = K(t,[T,9)]; B) < ca(yo,y1) and K (t,z; B) = K(t,z; B).
Remark 11. If A" is a retract of A (i.e., [d 5- = PJ with P: A — A" and
J A" — A), then Q4. = PQ;1J.

To obtain concrete examples, we associate with every A € L= (R™) the

operator W 5 : H(A) — %(A) such that

Io,l‘l / )\ l‘o / )\ 1‘1

which is linear and bounded since

W/A zolt H<nwm/um o

<k [ ez %,

and similarly

H /1 T A () dt

Thus, || 4(z0, 21)[[z < [[Mleoll(z0, 1) -

dt
t72.

<me[WM%wﬂ®

1
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Theorem 16. For every A\ € L™®(R"), the associated operator Q(z) =
U(h,) is K-commuting.

Proof. Letz = (z9,71) € H(A) as in Lemma 2. Then z(t) = —z0(t) €
A(] n A1 and

¥ = [ A0n®F - [ A0n0F = [ Moo

S

(we denote A(t) := sgn(1—t)A(t)). Then, if U(Z) = yo(t)+y1(t) is an almost
optimal decomposition for the K-functional,

o, m)(0) < e (6, 9(@) = (1, [~ Ao)o(s) )
< c/oOo K(t, X(s)xo(s)) ds

S

< C/OOO J (s, X(s)xo(s)) min (1, 2) 43

S

o . t\ ds
= C/o [A(8)|J (s, zo(s)) min (1,;)?
< c|[MlooS(a(Z)) (?)-

For the last estimate observe that J(s,zo(s)) < a(Z)(s). O

4.4. Almost optimal decomposition for approximation spaces
Let V be a Hausdorff topological linear space and X a Banach subspace of V
with continuous embedding X — V.

Let us also consider a fixed approzimation family A, (t > 0), i.e., a family
of non-empty subsets of V with the following properties:

(a) As C A if s < ¢,

(b) —A; = Ay,

(¢) As+ Ay C Agyy.

It is clear that 0 € (),., A and that A = (J,., A¢ is an Abelian group,
that will be endowed with the (semi-)norm

lz]|a = inf{t > 0: 2 € A;}.

Then, as in [PS], we can define the approzimation spaces E,, 4, similar to the
Lorentz spaces LP'4, of all elements f € A 4+ X such that

i dtN\1/
If15,, = (/0 [tl/pE(f,t)]q%) <0,
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where E(f,t) = inf,eq, ||f — a||x. By fi we denote an element in A; such
that

If = fill x < cB(f,1) (18)
with ¢ > 1 independent of ¢ > 0 and f.

A typical example (see [PS] or [Ni]) appears for V = Ly, the space of all
measurable functions on R", X = L> and

Ay ={f € Lo : |fllo = [supp f| < t}
(| supp f| denotes the measure of the support of f). In this case
E(f’t) = f*(t)’

the non-increasing rearrangement of f, I, ; = LP? and we have the Holm-
stedt formula for couples of Lorentz spaces,

K(tl/po—l/m’f; Lposdo [ Prdiy
¢ dsy\ /490 o ds\/a
~ 1/ * 90 1/po—1/ 1/ * a1
= ([ et ([

S

to estimate the K-functional.
A similar result holds for couples of approximation spaces and gives an
estimate for the K-functional:

Theorem 17. If (Ep, q0s Epi,q1) i a couple of approximation spaces and
po < p1, then

K(tl/pofl/m?f; Eopoqor Eprgr) = ||ft||EpM0 4 tH/Po—1/p1 If— ftHEpl,ql-

Proof. Letd=1/py—1/p;. It is known (cf. [Ni]) that

K(té’ f; Epo’qO’Epl,QI)
t . - 1
N(/o[sl/poE(f’s)]%is)l/q o (f (] ) )

Let f; be as in (18). Then we have E(f;,s) = 0 when s > ¢, and E(f:,s) <
2cE(f,s) when s < ¢ since ||fy — fsl| < cE(f,t) + cE(f,s) < 2cE(f,s).

Hence,
t ds 1/‘10
iy = ([ 7B )] ")
0 S

< QC(/Ot [Sl/pOE(f’S):IqOﬁ)l/QO'

S

(20)
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On the other hand,

> . ds /a1
O = il =8 [ PG - o) S) " =1
0

with
1/CJ1

n=o( [ - )

and

o0 d 1/
=t [ e ] )
2t s
From E(f — fi,s) <||f — ft]|x we obtain the estimate

I < (pl/ql)l/q1t6||f _ ft||X21/p1t1/p1
< C(pl/q1)1/q121/p1t1/P0E(f’ t)

t ds\ 1/
< clprfa) /2 ([Tt )
0

Since E(ft,s/2) = 0 when s > 2t, from E(f — fi,s) < E(f,s/2)+ E(ft,s/2)
we have

ds 1/‘11
q1
)

I < t5(/: [sY/P B(f,5/2)]
([l e )

1/q1

By combining these estimates, (20) and (19), we obtain

||ftHEp0,qO +t6||f - ft”Epl,ql S CK(t(svf;Epo,qovEm,ql)'

ObViouSIYv K(téaf;EpoaQO’Eplﬂl) < Hft”Epo,qo +t6||f - ftHEpl,ql' O

4.5. A commutator for Fourier multipliers on Besov spaces

The Besov space B¢? (or B$(R)), always with 0 < o < oo and 1 < g < oo,
is the approximation space

BYY = {f € X :|fllog= (/OOO[TUE(T’f)}q @)1/(1 < oo}

r
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with

E(T,f) = dx(f7V(’l")) = inf ||f_g||X>
geV(r)

where V(0) =0 and V(r) = {g € &' : suppg C [-r,7]}.
If0<f0<1and1<q<oo,itis known that
(B, B ™M)g,q = BE" (0= (1—0)o0 + 050)
and
(X, BY o = B (21)
with equivalent norms (we refer to [BL], [BS], [DL] and [Pe] for general

properties of Besov spaces).

To prove a commutator theorem for €2 = 7}, on Besov spaces, we need
to select the admissible symbols p : R — C. Let § > 1 and consider the
partition A(d) = {A;(0)}jen of R defined by

(=67, =611 U671, 67), if j>0
2,0 = { L
(_17 1)a if J = 0
and A;(8) = [—07, =67 U [6771,87] (Ao(8) = [—1,1]). Then, u is said to
be admissible if

Vip) = sup VARR, (5) (1) < o0, (22)
Jj=

where VAR (5)(1) is the total variation of y over the closed set A;(6),

VARR, (5) (1) := /

|dp| =sup )y |p(tr) — p(te-1)|
A;(9) 7’ Z
with the supremum taken over all partitions m of A;(9).

An example of unbounded admissible multiplier is log™ |z|.

Proposition 7. Let X be a rearrangement invariant space with the Boyd
indices satisfying 0 < axy <ax <1, and p a bounded admissible multiplier.
Then
T,:X—-X

with || T[] < ex max(V (1), [|1loc)-
Proof. If X = LP, 1 < p < oo, this is the Marcinkiewicz multiplier
theorem (cf. [EG] or [St1]). In the general case take 1/p < ay <ax < 1/q
with 1 < p,q < oco. Then

T,:LP - LP and T,:L%— LY
and, by interpolation, 7T}, : X — X. a
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Example 6. If X is a rearrangement invariant space with Boyd indices
satisfying 0 < ax < ax < 1, then the family of Fourier multipliers

Pt = TX[—t,t] (t > O)

is uniformly bounded on X (C':= sup,~ || P:||x,x < 0o0) and P.f € V(t).

It is well known that ||P;|| does not depend on ¢ > 0 and ||P| < ||H|l,
where H : X — X is the Hilbert transform; in fact, if X = LP and
1 < p < oo, then ||P|| = ||H]| (cf. [CL]). Example 6 allows us to use Theo-
rem 4 of [CKM] to describe the K-functional for pairs of Besov spaces.

Proposition 8. Let X be a rearrangement invariant space with Boyd indices
satisfying 0 < axy < ax <1 and assume that o := o9 — 69 > 0. Then

K (2, f; B, BY™) = P fllog.a0 + t41f = Pif l50,0-

Proof. By Proposition 7,

[P fllx < ex max(2, [[ulleo)[fllx  (f € X, ¢>0)

since, for every f € X and t > 0, P f € V(¢) is such that || f — P.f||x <
CE(t, f) with some constant C' > 0, and thus, if g = P;g; € V(¢) is such
that || f — g/l x <2dx(f,V(t)), we have

If = Pefllx < If = gellx +1[Pege — Pofllx < Cdx (f,V(1)).

Then Theorem 17 applies and
K(tgmf; B) = ||Ptf||00,q0 + tQHf - Ptf”&oﬁo (f € E(B))>

where B = (B>, B{®). O

Theorem 18. Assume that 1< q,q0,q1,G0,¢1 <00,0< 0 <1,09>01 >0,
Go > 61 >0,0=(1—-68)og+001 and 6 = (1 — 0)do + 051. If u is an
“admissible multiplier”, then T, is K-commuting, so that

[T, TM] :Bg(o,(m _ B;o,fio

whenever T : (B, B ") — (B)&(O’q‘j B?{l»‘jl)'

)

Let us summarize the proof (we refer to [CM] for the details).
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A first simplification is obtained by considering dyadic multipliers,

on = {/Jn}nZO = Z MnXAn,(2)7

n=0
a constant function on every A, (2). In this case the admissibility condi-
tion (22) is
V(p) =sup |pn — pin—1| <00 (p—1:=0).
n>0

We associate with every admissible multiplier p the admissible dyadic
multiplier 4(? = {p,,} defined by

- { p(2Y), ifn>1
=1 o, ifn =0,

and so we may assume that p is a dyadic multiplier with § = 2,

t=A{tntn>0 = Z Hn XA, (2)-

n=0

In this case,

Tﬂf = Z/.Lk(szf - PZk—lf)

k=1
and, denoting

A0 =1 — Ho = fi1, AL = [l — f1, cee s Ak = [kl — Py -e e

we obtain a bounded sequence A = {\,,} € £*° and we can consider

Tuf = Z(Z )\j)(Pznf — Pyn-1f)
n=1j=0
:ZA] (Ponf = Pan-1f)
7=0 n>j
- Z)\J(f - PZJf)a
=0

where the series is convergent, and
T, : 0(A) — $(A) if A= (B, B3). (23)
Similarly, T, : o(B) — ©(B), B = (BJ"™; BT,
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Now, given T € L(A; B) and f € o(A),

[T, T,)f =Y A(Tf—TPyf) Z N(Tf = Py Tf)

j=0
= Z/\j(szTf — TPy f) + Z Nj(Tf — TPy f)
R N\©
= N(Tf = PuTf),
where © = {j € N: 2¢U+1) < ¢}, By Proposition 8,
K29, Tf;B) = |Poi T flloy g0 + 21T = PosTf 51,0

with

1Po T flloyqr S K (2%, Tf; B) < |T||K (29, f; A),

ITPyi fllov,ar < TN 1Pas flloo,ae S ITIE (2, f; A)

and we obtain

WAN/K sk

N (Po; Tf —TP,; S
H% J(PTf=TPu )|l S 0ed

Also, it follows from

K(2%,Tf;B) ( [ A)
I = PuTS o & = < =0
and
K(29, f; A)
ITf = TP fllor,a0 < ITNNf = Pas fllgo,q0 S IITII7]
that

H Z)‘j(Tf—Tme) —N(Tf = PyuTf)

N\©

61,1

= 2o\ TN [ K (0, f5 A) da
olog?2 ¢ T

69
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Summarizing, we have

K(t

(LT B) < | YN (P TS = TPy f)
©

01,491

+tHI§;))‘j(Tf — TPy f) = XN(Tf—PyTf)

< c(/OtK(x,f;A)(i;H/tooW?)
= cS(K(- f; A)(1),

61,41

and T, is K-commuting, as in Proposition 6. Here 4y, = B;? and By, =

7,9
By

(BS]
(BL]
[BK]

[Ca]
[cC)

[CC2]

[CCMS]

[CCs1)
[CCSs2)

[CCS3)

(]
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