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MULTILINEAR HARMONIC ANALYSIS

LoukAs GRAFAKOS

In memory of Nigel Kalton

ABSTRACT. This article contains an expanded version of the material covered
by the author in two 90-minute lectures at the 9th international school on
Nonlinear Analysis, Function spaces and Applications, held in TFest, Czech
Republic during the period September 11 to September 17, 2010.

1. INTRODUCTION

An operator acting on function spaces may not only depend on a main vari-
able but also on several other function-variables that are often treated as
parameters. Examples of such operators are ubiquitous in harmonic anal-
ysis: multiplier operators, homogeneous singular integrals associated with
functions on the sphere, Littlewood-Paley operators, the Calderén commu-
tators, and the Cauchy integral along Lipschitz curves.

Of the aforementioned examples, we discuss the latter: The Cauchy inte-
gral along a Lipschitz curve I' is given by

Cr(h)(z) = %p.v /rCh(C) dc,

where h is a function on I', which is taken to be the graph of a Lipschitz
function A: R — R, and z is a point on the curve I'.
A. CALDERON wrote

Ce(h)(2) = gs 3 (~)"Culf: A) ), (1)
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64 LOUKAS GRAFAKOS
where 2z = z +1A(z), f(y) = h(y +1A(y))(1 +1iA'(y)), and

(A(x) - A(y))m f(y) dy.

r—y r—y

Cn(Fi A)(a) = . [

R

The operators C,,,(f; A) are called the m-th Calderén commutators and they
provide examples of singular integrals whose action on the function 1 has
inspired the fundamental work on the 7'1 theorem [11].

Identity (1) reduces the boundedness of Cr(h) to that of the operators
Cm(f; A) (recall f(y) = h(y+iA(y))(1+14'(y))); certainly for this approach
to bear fruit, one would also need to know that the operators C,,(f; A) are
bounded with norms having moderate growth in m. At this point, it seems
that we reduced the boundedness of a linear operator to another operator
that contains powers of the function A and thus it is nonlinear in it. To adopt
a truly multilinear point of view, we introduce the (m + 1)-linear operator

Emt1(f1 A1, ..., An)(x)
o [ (ADZAWY | (nle) = Anls)) 160,

r—=y r—y r—=y

and seek estimates for it. Any estimate for &,,11 from a product of function
spaces Z1 X Zg X -+ X Zymy1, Where Zy = --- = Z,, 41 gives yield to an
estimate for C,,(f; A) in terms of f and A. This point of view leads to the
following result:

Theorem 1 ([15]). Let 0 < 1/p = Z;n:tl 1/pj. Then the (m + 1)-linear
operator Emi1 maps LPY(R) x --- x LPm+1(R) to LP>°(R) whenever 1 <
Diy---sPmr1 < 00 and it also maps LP*(R) x --- x LPm+1(R) to LP(R)
when 1 < p; < oo for all j. In particular, it maps L'(R) x --- x LY(R)
to LY/ (m+1):00(R),

The endpoint conclusion L'(R) x --- x L*(R) to LY(m+1:%(R) of Theo-
rem 1 has been obtained by C. P. CALDERON [2] when m = 1 and COIFMAN
and MEYER [6] when m = 1,2 while the case m > 3 was completed by
DUONG, GRAFAKOS, and YAN [15].

The underlying idea in the proof of Theorem 1 is the simultaneous Calde-
ron-Zymgund decomposition on all functions that &£,,4+1 acts on. This de-
composition resembles the classical linear Calderén-Zymgund decomposi-
tion, but is more complicated due to the presence of several tuples of com-
binations of good and bad functions. This decomposition is discussed in
Section 3. However, the proof contained in Section 3 does not directly apply
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to Theorem 1; the latter requires a more flexible version of the Calderén-
Zymgund decomposition, since the kernel of &, 11 does not obey the stan-
dard multilinear Calderén-Zymgund kernel conditions, see Section 3. Indeed
the kernel of &,,41 is the function of (m + 1) variables

(_1)€(ym+1*y0)m m

K(yo,- - s Ymy1) = X (mi - ax(Y0,Ym Ye
( ) y Ym—+ ) (yO _merl)erl g (min(yo,Ym+1),max(yo,y ,+1))( )

which contains characteristic functions. The proof of Theorem 1 is achieved
in [15] and is modeled after the approach devised by DUONG and MCINTOSH
[16] for linear operators.

Another class of operators closely related to the commutators of Calderén
is the family

Hey oo (f1, f2)(2) :p-V~/Rf1(1'*Oé1t)f2(x*02t)%a ay,az, 7 €R,

called today the bilinear Hilbert transforms. These were also introduced by
A. Calderén in an attempt to show that the commutator C;(f; A) is bounded
on L?(R) when A(t) is a function on the line with bounded derivative. The
idea of this approach is that the linear operator f — C;(f;A) can be ex-
pressed as the average

1
Co(f: A) () = / Hy o f, A')(z) da, (2)

and thus the boundedness of C1(f; A) can be reduced to the (uniform in o)
boundedness of H; ,. Naturally, the estimates for Hy , should depend (lin-
early) on both functions f and A’. This operator is discussed in Section 7.

The previous discussion leads to the conclusion that treating the function
A as a frozen parameter provides limited results in terms of its smoothness.
If we have estimates in terms of a few function space norms of both f and A,
we may use the power of multilinear interpolation, to deduce boundedness of
Ci1(f; A) on various function spaces, of ranging degree of regularity. Certainly
this fact is not only pertinent to Calderén’s first commutator C;, but all
multilinear operators.

In summary, we advocate the following point of view in the study of mul-
tivariable operators: unfreeze the functions serving the roles of a parameter
and treat them as input variables. This approach often yields sharper results
in terms of the regularity of the input functions. In these notes we pursue
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this idea in a systematic way. We present certain fundamental results con-
cerning linear (or sublinear) operators of several variables, henceforth called
multilinear (or multisublinear), that contain challenges that appear in their
study, despite the great resemblances with their linear analogues. The proofs
given in the next sections contain most necessary details but references are
provided for the sake of completeness in the exposition.

2. EXAMPLES OF MULTIVARIABLE OPERATORS

We embark on the study of multilinear harmonic analysis with the class of
operators that extends the concept of Calderén-Zygmund operators in the
multilinear setting. These operators have kernels that satisfy standard esti-
mates and possess boundedness properties analogous to those of the classical
linear ones. This class of operators has been previously studied by CoOIF-
MAN and MEYER [6], [7], [8], [9], [34], assuming sufficient smoothness on
their symbols and kernels.
If an m-linear operator T' commutes with translations in the sense that

T(fiooo )@+ t) =T(f1(-+1), ..., f(-+ 1) (2) (3)

for all ¢,z € R™, then it incorporates a certain amount of homogeneity.
Indeed, if it maps LP* x --- x LPm to LP, then one must necessarily have
1/p1+ -+ 1/pm > 1/p; this was proved in [25] for compactly supported
kernels but extended for general kernels in [13].

We use the following definition for the Fourier transform in n-dimensional
Euclidean space

O =1 fl@e "¢ da,
Rn

while fY (&) = f(—{) denotes the inverse Fourier transform. Multilinear op-
erators that commute with translations as in (3) are exactly the multilinear
multiplier operators that have the form

T(fh LR fm)(x)
= /(‘Rn)m 0’(617 - 7£m)f/l\1(€1) . ﬁ(é‘m) 62W1x~(§1+...+§m) dé-l N dé'm
(4)

for some bounded function o.

Endpoint estimates for linear singular integrals are usually estimates of
the form L' — L' or L' — LY. The analogous m-linear estimates are
L' x --- x L' — LY™>_ Although one expects some similarities with the
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linear case, there exist some differences as well. For example, if a linear
translation-invariant operator has a positive kernel and it maps L' — L1,
then it must have an integrable kernel and thus it actually maps L' to L'. In
the multilinear case, it is still true that if a multilinear translation-invariant
operator has a positive kernel and maps L' x --- x L' to L™ then it
must have an integrable kernel, but having an integrable positive kernel does
not necessarily imply that the corresponding operator maps L' x --- x L! to
L™ Results of this type have been obtained in [23].

We provide a few examples of mutlivariable (multilinear and multisublin-
ear) operators:

Example 1. The identity operator in the m-linear setting is the product
operator

Tl(fla .- 7fm)(x) = fl(x) T fm(x)'

By Holder’s inequality 77 maps LP! X - -+ x LPm — LP whenever 1/p; +---+
1/pm =1/p.

Example 2. The action of a linear operator L on the product fy - - - fi,, gives
rise to a more general degenerate m-linear operator

T2(f17 ey fm)(x) = L(fl te fm)(z)

that still maps LP* x --- x LPm — LP whenever 1/p; +--- + 1/py = 1/p,
provided L is a bounded operator on LP.

Example 3. The previous example captures “the majority of interesting”
m-linear operators. Let Ly be a linear operator acting on functions defined
on R™". We define

T3(f1>~-~7fm)($) = LO(fl & ®fm)(33)

Here fi ® --- ® f,, is the tensor product of these functions, defined as a
function on R™™ as follows: (f1® - ® fim)(@1,.. ., Zm) = f1(z1) ... fin(@m).
In particular, Ly could be a singular integral acting on functions on R™".
The boundedness of T5 from LP* x --- x LPm — LP whenever 1/p; +--- +
1/pm = 1/p may not always be an easy task. It often requires a delicate
study aspects of which are investigated in this article for certain classes of
linear (and also sublinear) operators L.

The situation where 1/p; + -+ 4+ 1/p, = 1/p will be referred to as the
singular integral case. This is because, it needs to be distinguished from the
fractional integral case in which 1/p < 1/py + -+ + 1/py,. This name is due
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to the fact that most examples of multilinear operators bounded in this case
have fractional integral homogeneity, such as these:

(fla“wfrn)*>

. fl(x _y1)~'~fm(x _ym)(|aj —y1| R |$ —ym|)_m"+ady1...dym.

Example 4. Taking Lo to be a linear multiplier operator on (R™)™ with
symbol o, we obtain a multilinear multiplier operator of the form (4). Then
o is called the symbol or multiplier of the m-linear multiplier.

Multilinear multipliers operators arise in many situations. For instance, to
prove the Kato-Ponce inequality [28] (Leibniz rule for fractional derivatives
D% a>0)

ID*(fg)llr < Cpar [ID*Fllzrllglze + I1fllLe 1 D%l s ],

where 1/p+1/q = 1/r, one would have to study bilinear multiplier operators
with symbols

|s+n|aZ[\P(ws)@(rﬂ‘n)+¢<2—j§>w<2—jn>+ Y w@eue by

J li—k|<2
(5)

Here ¥ and ® are smooth functions supported in an annulus and in small
disjoint ball, both centered at the origin, respectively. The main idea is in
the first term in (5) we have |£ 47| ~ |¢| and so |£+7|* could be replaced by
|€]* via some multiplier theorem. This would yield the term || D% f| 1+ ||g|l £«
in L™ norm. An analogous estimate with the roles of f and ¢ interchanged
holds for the second term in (5), while the third term is easier. Such a
study requires a multiplier theory for multilinear operators. The topic of
multilinear multipliers will be addressed in Section 5.

Example 5. The maximal function

1

M(flw-wfm)(x)_gglzm/Q"‘/Q|f1(y1)|~~|fm(ym)|dy1~~dyma

where the supremum is taken over all cubes in R™ with sides parallel to
the axes. This was introduced in the work of LERNER, OMBROSI, PEREZ,
ToRRES and TRUJILLO-GONZALEZ [32] and plays an important role in the
characterization of the class of multiple A, weights.
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Example 6. A larger operator is the strong multilinear mazximal function.
It is defined for x € R™ as

RO fdle) = s o [ R )

Rox

where the supremum is taken over all rectangles R in R™ with sides parallel
to the axes. When m = 1, this operator reduces to the strong maximal
function on R™.

3. MULTILINEAR CALDERON-ZYGMUND OPERATORS

In this section we set up the background of the theory of multilinear Calde-
ron-Zygmund operators. We will be working on n-dimensional space R™. We
denote by S(R™) the space of all Schwartz functions on R" and by S'(R™)
its dual space, the set of all tempered distributions on R™.

An m-linear operator T: S(R™) x - - - x S(R™) — §’(R™) is linear in every
entry and consequently it has m formal transposes. The first transpose T*!
of T is defined via

<T*1(f15f27"'7fm)7h> = <T(haf27"'afm)7fl>a

for all fi, fa, ..., fm, h in S(R™). Analogously one defines T/ for j > 2,
and we also set T*0 = T.

Let K(z,y1,...,ym) be a locally integrable function defined away from
the diagonal v = y; = - - - = y,,, in (R™)™*+1 which satisfies the size estimate

A
Kz7yla"'7ym S
A ) (Jo—y1|+- +]z—y

m|)7rm (6)

for some A > 0 and all (2,y1,...,ym) € (R")™! with z # y; for some j.
Furthermore, assume that for some € > 0 we have the smoothness estimates

‘K(xvyla"'aym) 7K(x17y1a"'aym)|
Alx — 2'|° (7)
STl T e =yl

whenever |z — 2| < 1 max(|z — y1],..., |z — ym|) and also that

|K(xayl7y27"'7ym) 7K(xayll7y27"'7ym)‘
Aly; —y5IF (8)
- (|.’1?—y1| 44 ‘LE _ym|)mn+a
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whenever |y; — y4| < 3 max(|z — y1,...,|2 — ym|) as well as a similar es-
timate with the roles of y; and y; reversed. Kernels satisfying these condi-
tions are called multilinear Calderén-Zygmund kernels and are denoted by
m-CZK(A,e). A multilinear operator T is said to be associated with K if

T(fla“wfm)(m) = /(Rn)m K(‘rayla---aym)fl(yl)"'fm<ym)dyl-~-dym7

whenever f1,..., fn are smooth functions with compact support and x does
not lie in the intersection of the support of f;.

Certain homogeneous distributions of order —mn are examples of kernels
in the class m-CZK(A,¢). For this reason, boundedness properties of oper-
ators T with kernels in m-CZK(A,¢) from a product LP* x --- x LPm into
another LP space can only hold when

1 1 1
e ==
D1 Pm p

as dictated by homogeneity. If such boundedness holds for a certain triple
of Lebesgue spaces, then the corresponding operator is called multilinear
Calderén-Zygmund.

A fundamental result concerning these operators is the multilinear exten-
sion of the classical Calderén-Zygmund [3]; the linear result states that if an
operator with smooth enough kernel is bounded on a certain L" space, then
it is of weak type (1,1) and is also bounded on all L? spaces for 1 < p < oo.
A version of this theorem for operators with kernels in the class m-CZK(A, )
has been obtained by GRAFAKOS and TORRES [25]. A special case of this
result was also obtained by KENIG and STEIN [29]; both approaches build
on previous work by COIFMAN and MEYER [6].

Theorem 2 ([25]). Let T be a multilinear operator with kernel K in
m-CZK(A,e). Assume that for some 1 < q1,...,qm < 00 and some 0 <

q < oo with

1 1 1

q1 dm q
T maps LT x --- x LI — L9, Then T can be extended to a bounded
operator from L' x --- x L' into L*/™> . Moreover, for some constant Cj,
(that depends only on the parameters indicated) we have that

T2 x.x 2 pr/moe < Cr(A+ [T Loy s xpam - Lo ) 9)
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Proof. Set B = ||T||p41 x...x Lam —pa.o. Fix an @ > 0 and consider func-
tions f; € L' for 1 < j < m. Without loss of generality we may assume that
lfiller = - = fmllr = 1. Set Eq = {a : [T(f1,..., fm)(x)| > a}. We

need to show that there is a constant C = (), 5, such that

|Eo| < C(A+ B)Yma=t/m, (10)
Once (10) has been established for f;’s with norm one, the general case
follows by replacing each f; by f;/|fillL:. Let v be a positive real number
to be determined later. Apply the Calderén-Zygmund decomposition to the

function f; at height (ay)'/™ to obtain ‘good’ and ‘bad’ functions g; and
b;, and families of cubes {Q; 1}, with disjoint interiors such that

fi=9j+b

and

bj = bjx,
k
where
support(b; k) C Qj k-
/bj,k(:c) dx =0,
[ i@l ds < Clan) /@y,
‘LJQLkISCXQWYJ”T

k

1bjllzr < C,
1e < C(Oé’)/)l/msl

1951

forall j =1,2,...,m and any 1 < s < co. Define the sets

El = {$ : |T(glvg27 cee 7gm)(‘r)| > a/Qm}
By ={x:|T(b1,92,--,9m)(x)| > a/2™}
Es={x:|T(g1,b2,...,9m)(@)| > a/2™}

Egm = {.T : |T(b1,b2, .. ,bm)($)| > Oé/Qm},
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where each set E; has the form {z : |T(h1, ho,...,hp)(z)| > a/2™} with
hj € {g;j,b;} and all the sets E, are distinct. Since

gm
{17 (froe s f) (@) > @} < DB,
s=1
it will suffice to prove estimate (10) for each one of the 2™ sets F.
Chebyshev’s inequality and the L1 x ---x L% — L% boundedness give

q

9m B4 cBl ™ 4,
B < E Bt - gt < C2 T (am) ™
j=1

ad ad

(11)
C'BY

ol

(ay) ™ @)m = C'Bla w9 m

Consider now a set E defined above with 2 < s < 2. Suppose that for
some 1 < < m we have [ bad functions and m —[ good functions appearing
in T'(h1,...,hn), where h; € {g;,b;} and assume that the bad functions
appear at the entries ji, ..., 7. We will show that

|E5| < Ca_l/m(’y_l/m +’7_1/m(A’7)1/l). (12)

Let I(Q) denote the side-length of a cube @ and let Q* be a certain dimen-
sional dilate of  with the same center. Fix an = ¢ (JjZ, U, (Q;)*. Also

fix for the moment the cubes Q;, ., ..., @},  and without loss of generality
suppose that @j, r, has the smallest size among them. Let c;, , be the
center of Qj, ,. For fixed y;,,...,y; € R", the mean value property of the

function b, x, gives

‘/Q K(l‘,yl,-~-,yj17~-~,ym)bj1,k1(yj1)dyj1

J1.k1

/ (K($7y17-~-7yj17~-~,ym) - K($7y17---7cj1,k17-”7ym))
Qjy k1
x bj17k1 (yj1) dyj1
A|yj1 — Cjy,ky |€
CAUQj, 1, )*
|z =yl + -+ |z — ym|)7He

dy;,

g
g

b‘l, 1\Ys,
|] k(])|(|

Ji.k1

|bj1,’€1 (yj1)|( dyju

J1.k1
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where the previous to last inequality above is due to the fact that

1 1
|yj1 - le,k1| < Cnl(le,kl) < i‘x - y]1| < 5 1r<na<xm ‘Cﬂ - yj‘~

Multiplying the just derived inequality

K([L’, g)bjlvkl (yjl) dyjl

< / C Aty i M@)o
Q-fl”c1(|x - y1| +---+ ‘TE - ym|)mn+‘E

‘ Qi .k

by ] |gi(y:)| and integrating over all y; with ¢ & {j1,..., 7}, we obtain
i¢{j1,- 0}
the estimate

I

\gz Yi IV K (@, §)bj ks (i) dys | [ dws

et ¢{h Qin .k i@ {jrorit}
ACUQj, k)¢
< T lols [ )bl
i {j1, i} Qir (Zj:l |z — yj|)
UQj, 1y )°
<ca T loilesllbimlle sk -
i@ {j1,-J1} (Z ( (Ql k; )+ |.T — Cik; )) }
l 1=
<CA ill 2o [1b; Jicki _. (13
<ot I lollestosnls I gy o™ oo 09

The last but one inequality is due to the fact that for ¢ ]2, U,(Qjr)"
and y; € Q;x we have that |z — y;| = [(Qjx;) + |z — ¢;x,|, while the last
inequality is due to our assumption that the cube @, 1, has the smallest side
length. It is now a simple consequence of (13) that for = ¢ U;"Zl Ui (@j)*
we have

[T(h1,. .., ) ()]
SCA/(R I o) H(Zlb]“ (¥5,)

T g (it}
/ K(l‘, g)bjlvkl (yjl) dyjl H dy;
Q i1

J1.k1

)

X
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Q L7 ’L)?
<CA H ng||L°°H Q J ) ¥
i€ {j1 it} iski)

<[ L1 s 1) s
(Rn)lfliZQ ™
l

, 1, k122 0(Qj 1) T
<CA H g:ll o= H(Z (U(Qix,) + |2 — Ci,ki)njLi)

i€ {1, 1} =2

l e
/ m—t () ™(Qji )" T
< 0] (Z UQuw) + ] - con, |>n+?>

i=1 N k;

!
=C"Aay H M; o p(),

i=1

where
i

_ UQji k.,
Zs/l 72 Qi) + |z — cig,

ks

e

is the Marcinkiewicz function associated with the union of the cubes {Q; &, }-
It is a known fact (see for instance [36]) that

71/m.

[ Miop@de < | JQun| < €(en)
ki

Now, since

-

inequality (12) will be a consequence of the estimate

@] = clam 1,
k

1

J

{= gZUUij T,y ) (@) > 0/27 | "

j=1 k
< Clany)~m Ay,

We prove (13) using an L'/! estimate outside (J7_, (J,(Q;x)"; recall here
that we are considering the situation where [ is not zero. Using the size
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estimate derived above for |T'(hi,...,hy)(z)| outside the exceptional set,
we obtain

{o g UU@uw)" s 1T, ) (@)] > a2 }|
j=1 k
< Ca‘l/l/ (OWAM1,5/1($)~~~Ml,e/l($))1/l dx
R"\Um Uk(Q] k)

1/l 1/1
<o ([ Miop@ydn) " ([ Mot ds)

< C' (A ((ay)Hm (om)‘”m)
_ C/Oé_l/m(A’}’)l/l’y_l/m,

1/1

which proves (13) and thus (12).

We have now proved (12) for any v > 0. Selecting v = (A+ B)~! in both
(11) and (12) we obtain that all the sets E; satisfy (10). Summing over all
1 < s < 2™ we obtain the conclusion of the theorem. O

Example. Let Ry be the bilinear Riesz transform in the first variable

Rafn @) = pv. | [ e ) o) dinde

Using an m-linear T'1 theorem, it was shown in [25] that R; maps LP* (R) x
LP2(R) to LP(R) for 1/p1 + 1/pa = 1/p, 1 < p1,p1 < o0, 1/2 < p < oo.
Thus by Theorem 2 it also maps L' x L' to L'/%>. However, it does
not map L' x L' to any Lorentz space L'/%4 for ¢ < co. In fact, letting
i = fa = Xjo,1), an easy computation shows that R;(f1, f2)(x) behaves at
infinity like |z|~2. This fact indicates that in Theorem 2 the space L'/%> is
best possible and cannot be replaced by any smaller space, in particular, it
cannot be replaced by L'/2,

4. ENDPOINT ESTIMATES AND INTERPOLATION FOR
MULTILINEAR CALDERON-ZYGMUND OPERATORS

The theory of multilinear interpolation according to the real method is sig-
nificantly more complicated than the linear one. Early versions appeared in
the work of JANSON [27] and STRICHARTZ [37]. In this exposition we will
use a version of real multilinear interpolation appearing in [18]. This makes
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use of the notion of multilinear restricted weak type (p1,...,Pm,p) estimates.
These are estimates of the form

iu}())/\Hx T (s X, ) @) > AP < MA VP Ay e
>

and have a wonderful interpolation property: if an operator T satisfies re-
stricted weak type (p1,...,pm,p) and (q1,...,Gm,q) estimates with con-
stants My and M, respectively, then it also satisfies a restricted weak type
(71, ... ,7m,7) estimate with constant Mg ~?M?, where

1 1 1 1 1 1 1 11
() - (1—9)(,...,,) +9<)
1 Tm T P1 Pm P q1 dm 4
More refined ideas can be employed to obtain the following multilinear in-

terpolation result; for a precise formulation and a proof see [18].

Theorem 3. Let 0 < p;j,p; § 00,t=1,....m+1,5=1,...,m, and sup-
pose that the points ( 1

) (Y L)

Pim P21’ P2m P(m+1)1 P(m+1)m
satisfy a certain nondegenemcy condition. Let ( e ) be in the interior
of the convex hull of these m~+1 points. Suppose that a multilinear operator T
satisfies restricted weak type (i1, . .., Dim, i) estimates fori=1,...,m+1.
Then T has a bounded extension from LT x ... x LI — L9 whenever
g<1l/ai+-+1/qn.

There is also an interpolation theorem saying that if a linear operator
(that satisfies a mild assumption) and its transpose are of restricted weak
type (1,1), then the operator is L? bounded. We prove here a multilinear
analogue of this result due to GRAFAKOS and TAO [24]:

Theorem 4 ([24]). Let1 < p1,...,pm < 00 be such that 1/p1+---+1/pm =
1/p < 1. Suppose that an m-linear operator has the property that

sup |A0|—1/P’\A1|—1/p1...\Am|—1/pm(/ T(XA,s---»Xa,,)dr| < oo,
Ao

0, A1, A
(15)
where the supremum is taken over all subsets Ay, Ay, ..., A, of finite
measure. Also suppose that T*7, j = 0,1,...,m are of restricted weak type
(1,1,...,1/m); this means that these opemtors map L' x -+ x L' to LY/
when restmcted to characteristic functions with constants BO, Bi,...,B,,, re-
spectively. Then there is a constant Cp, .. . such that T maps the product of



MULTILINEAR HARMONIC ANALYSIS 7

Lorentz spaces LP11 x - -« x LPm! to weak LP when restricted to characteristic
functions with norm at most

Clr,vo o By PP BY OPD Bl CPm)

Proof. We will make use of the following characterization of weak L? (due
to TAO):

lglline ~ sup  inf |E\%’1‘/ o(r) di. (16)
|E|<oo /E cE 4
|E'|>3$|E|

The easy proof of (16) is omitted.

Let M be the supremum in (15). We consider the following two cases:

Case 1: Suppose that % > max(%,...,%). Since T maps

L' x---x L' to weak L'/™ when restricted to characteristic functions, there
exists a subset A of Ag of measure |Aj| > 3|Ao| such that

[ TOneoxa,) o] < CBolAL [ An |40
0

for some constant C'. Then

‘/ T(XA“...,xAm)dﬂf’
Ap

S’/ T(XA17"'3XAm)dz‘+"/ T(XAlv"'7XAm)dx’
0 Ao\Ap

1
Iy

ER a1 /1
S OB0|A1| ce |Am‘|A0|7m+1 +M|A1|p1 e ‘A2|p2 <2|A0>

iV Bl z |A |ﬁ v/ Bm P ‘A0|ZTZ1 iferl
vBy) " VBoy
+ M2V |AL|PT L | AP | Aol

< CBO|A1|”11(

It follows that M has to be less than or equal to

o\ 1/p] &N 1/p,
Bl) ( Bm) 1+ M2
VBo VBo

e

and consequently

M < LBl/(zp)Bl/@pi) B/ (Pi)
=1 _9-1/p 0 1 e '
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Case 2: Suppose that % > max(\‘fBil,..., 1}431‘) for some j > 1. To
7

simplify notation, let us take j = 1. Here we use that 7*! maps L' x - -- x L!
to weak L'/™ when restricted to characteristic functions. Then there exists
a subset A of A; of measure |A}| > %|A4;| such that

]/ T (Xags -+ Xa,) da| < CBulAo| [Aal ... | Ay | 41|
1
for some constant C'. Equivalently, we write this statement as
[ T xas ) do| < OB Aol [Aal . |4 410
Ao

by the definition of the first dual operator T*!. Therefore we obtain

‘/ T(XAI,...)d.Ti‘
Ao
S‘/ T(XA’17XA2a)dx‘+‘/ T(XA1\A/17XA25)dm‘
Ao Ao

L1 NE
»s [ =|A
(5141)

()

< OBy Ay (H |AS|) | Ay |7 4 MIAo |7 ] 1As
s=2

s=2

1 m
—m 1 m 1/ /By\P 1
< CB1|A1‘ +1+p+zs:2 s (\/B;O) ‘A0|p1/ H |Aé
1 s=2

1 o s o 4
+ M2 A 7T Ao |72 A 7o [ Aol

By the definition of M, it follows that

< C  puenpglen)  pl/ep)
= 1-2"1/m 0 1 T .

Then the statement of the theorem follows with

1 1 1
CP17~~,Pm = Cmax(l o 2—1/1)1 1ty 1— 2_1/177n ) 1 — 2_1/]7,).



MULTILINEAR HARMONIC ANALYSIS 79

Assumption (15) is not as restrictive as it looks. To apply this theorem
for m-linear Calderén-Zygmund operators, one needs to consider the family
of operators whose kernels are truncated near the origin, i.e.,

Ké(xvyla---vym) = K(£7y1avym)6((|x_y1| +F ‘x_ym‘)/6)7

where ( is a smooth function that is equal to 1 on [2, 00) and vanishes on [0, 1].
The kernels K are essentially in the same Calderén-Zygmund kernel class as
K, that is if K lies in m-CZK(A, ¢), then K. lie in m-CZK(A',¢), where A’
is a multiple of A. Using Holder’s inequality with exponents p1,...,pm, P,
it is easy to see that for the operators Ts with kernels K, assumption (15)
holds with constants depending on §.

Theorem 4 provides an interpolation machinery needed to pass from
bounds at one point to bounds at every point for multilinear Calderén-
Zygmund operators. (An alternative interpolation technique was described
in [25].) We have:

Theorem 5. Suppose that an operator T with kernel in m-CZK(A,d) and
all of its truncations Ts map L™ x---x L™ — L" for a single tuple of indices
TlyeeoyTm, T satisfying 1/ry + -+ 1/rp, = 1/r and 1 < 7q,...,7m, 7 < 00
uniformly in 6. Then T is bounded from LP* X ---x LPm — LP for all indices

P1y---3Pm,DP satzsfymg 1/pl + -+ 1/pm = 1/p and 1 < Ply--y Pm < 00,
1/m < p < oo.

Proof. Since T5 maps L™ X --- x L™ — L" and r > 1, duality gives
that 73! maps L™ x L™ x --- x L' — L and likewise for the remaining
adjoints (uniformly in ). It follows from Theorems 4 and 3 that T are
bounded from LP* x --- x LPm — LP for all indices p1,...,pm,p satisfying
1/pr+-+1/pm=1/pand 1 < p1,...,pm < 00, 1/m < p < co. Passing
to the limit, using Fatou’s lemma, the same conclusion may be obtained for
the non truncated operator 7. O

This approach has the drawback that it uses the redundant assumption
that if T" is bounded from L™ x L™ — L", then so are all its truncations Ty
(uniformly in § > 0). This is hardly a problem in concrete applications since
the kernels of T and T satisfy equivalent estimates (uniformly in § > 0)
and the method used in the proof of the boundedness of the former almost
always applies for the latter.

5. THE m-LINEAR MIKHLIN-HORMANDER MULTIPLIER THEOREM

In this section, we focus on an analogue of a classical linear multiplier the-
orem in the multilinear case. We first note that the Marcinkiewicz multi-



80 LOUKAS GRAFAKOS

plier theorem fails for multilinear operators, see [19]. However, the Mikhlin-
Hoérmander multiplier theorem (see [35], [26]) has a multilinear extension,
which we discuss below.

The multilinear Fourier multiplier operator T, associated with a symbol
o is defined by

To(f1y-ooy fm)(T)
= /(Rn)m 2 Gt g (e 6 V(&) Fon(Em) dEr - dEy

for f; € S(R™),i=1,...,m.
CorrMaN and MEYER [8] proved that if ¢ is a bounded function on
R™™\ {0} that satisfies

08! -+ Ogr o (&a, s &m)l < CallEr] 4+ [gu) I tEHend a7

away from the origin for all sufficiently large multiindices «;, then T} is
bounded from the product LP'(R™) x --- x LPm(R™) to LP(R™) for all
1<p1,...,pm,p < 00 satisfying p% 4+ pi = %. Their proof is based on
the idea of writing the Fourier multiplier ¢ as a rapidly convergent sum
of products of functions of the variables §;. The multiplier theorem of
CorrMAN and MEYER was extended to indices p < 1 (and larger than 1/m)
by GRAFAKOS and TORRES [25] and KENIG and STEIN [29] (when m = 2).

A different approach was taken by TOMITA [38] who extended the proof
of the Hérmander multiplier theorem in [14] to obtain the following result
in the m-linear case:

Theorem A ([38]). Let o € L=(R™"). Let ¥ be a Schwartz function whose
Fourier transform is supported in the set {£& € (R™)™ : 1/2 < |¢| < 2} and
satisfies

Yo W(E/) =1 (18)

JEL

for all € € (R")™\{0}. Suppose that for some s > mn/2, the function
o € L=®(R™") satisfies

sup ||0k\IJHL§ < 00,
kEeZ

where for k € Z, o* is defined as

oM (&1, em) = 0 (2861, 280, (19)
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Then T, is bounded from LP1(R™) x --- x LPm(R™) to LP(R"™), whenever
1 <P1,D2;---,Pm, D < O and 1/]31 + -+ ]-/pm = ]-/p

Let S1(R?) be the set of all Schwartz functions ¥ on R, whose Fourier
transform is supported in an annulus of the form {{ : ¢; < |§] < ea}, is

nonvanishing in a smaller annulus {§ : ¢j < [£| < ¢4} (for some choice of
constants 0 < ¢; < ¢} < ¢§ < ¢a < 00), and satisfies

Z U(277¢) = constant, ¢ € RY \ {0}. (20)
JEL
Theorem A has an extension to the case where the target space is LP for
p<1:
Theorem 6 ([22]). Let 1 < r < 2. Suppose that o is a function on R™™

and ¥ is a function in S;(R™™) that satisfies for some y > ™%

sup ||0’k\IJHL’Ty‘(RnLn) =K < o0, (21)
keZ

where o® is defined in (19). Then there is a number § = §(mn, ~y,r) satisfying
0 < 6 < r—1, such that the m-linear operator T,, associated with the
multiplier o, is bounded from LP*(R™) x - - - x LP=(R"™) to LP(R™), whenever
r—0<pj<oo forallj=1,...,m, and p is given by

1 1 1
= — (22)
p D1 DPm

In the rest of this section, we prove Theorem 6.

5.1. Preliminary material. We develop some preliminary material needed
in the proof of Theorem 6. For s € R we denote by w, the weight

wy(z) = (1 + 4n2|z|?)*/2.

Definition 1. For 1 < p < oo, the weighted Lebesgue space LP(w;) is
defined as the set of all measurable functions f on R? such that

1 flle(ws) = (/Rd |f ()P ws(z) dz)l/p < .
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We note that for 1 < r < 2 one has
, +
13y = ([ 16w )
]Rd

= (/Rd |§ws/r'\rl df)%
_ ( RdH(I_A);,grr/ do% (23)

< ([ - as)

= lgllzs, .

via the Hausdorff-Young inequality.

Lemma 1. Let1l <p < q < oo. Then for every s > 0 there exists a constant
C = C(p,q,s,d) > 0 such that for all functions g supported in a ball of a
fized finite radius in R* we have

llglle ey < CllgllLa(ray-
Proof. Since g is supported in a ball of finite fixed radius, then g = gy for
some compactly supported smooth function ¢ that is equal to one on the

support of g. Pick r such that
1 1 1

p q T

The Kato-Ponce rule [28] gives the estimate

ey = (1= 2)*2(99)| r
< O[T = AYPglzallellzr +llgllza (I — A)* 2]l -]
= Cy [II(1 = 2)*gllzs + gl za].

Now the Bessel potential operator .J, = (I — A)~*/2 is bounded from L9 to
itself for all s > 0. This implies that

g1

lgllze < C'[|(1 = A)*"g]|La.
Combining this estimate with the one previously obtained, we deduce that

91l 2 ey < 2C,C' (I = A)*2gll Lagay = Cllg]

Li(RY):
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Lemma 2. Suppose that s > 0 and 1 < r < oco. Assume that ¢ lies in
S(R?). Then there is a constant c, such that for all g € LT(R?) we have

lgeller < cpllgller-

Proof. We write

(1= 87 (g¢) = [ B = A)Hge™ ) ar
Rd

It will suffice to show that the L norm of (I — A)*/2(ge?*™7()) is controlled

by Car(1+ |7])M times the L norm of (I — A)*/2g, for some M > 0. This

statement is equivalent to showing that the function

(1+g—7|2>3
1+ ¢

is an L" Fourier multiplier with norm at most a multiple of (1 + |7|)™. But
this is an easy consequence of the Mihlin multiplier theorem.

Lemma 3. Let Ay be the Littlewood-Paley operator given by Ap(g)(&) =
ﬁ(ﬁ)@(?’kf), k € Z, where ¥ is a Schwartz function whose Fourier trans-
form is supported in the annulus {£ : 27° < |¢| < 28} for some b € Zt and
satisfies Y ., @(2*’“5) = ¢g, for some constant cy. Let 0 < p < co. Then
there is a constant ¢ = c¢(n,p,co, V), such that for LP functions f we have

1£ler < e |[(3 18600

keZ

1/2)

L
Proof. Let ® be a Schwartz function with integral one. Then the following

quantity provides a characterization of the HP norm:

£l e =~ ngg f el -

It follows that for f in HP N L?, which is a dense subclass of H?, one has
the estimate

|f] < sup [f = @],
>0
since the family {®;};~¢ is an approximate identity. Thus

I fllze < cllfllme
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whenever f is a function in HP.
Keeping this observation in mind we can write:

Ifllze < el fllae

<[[(Z i)
JEL
~e|(Zla o)) L,
kEZ
(S1anr) ™
kEZ
in view of the fact that AjA, = 0 unless |j — k| < b. O

5.2. The proof of Theorem 6. Having disposed of the preliminary ma-
terial, we now prove Theorem 6.

Proof. For each j =1,...,m, we let R; be the set of points ({1, ...,&n)
n (R™)™ such that |£;| = max{|{1],...,|&n|}. For j = 1,...,m, we intro-
duce nonnegative smooth functions ¢; on [0, o0)™~1 that are supported in
[0, 1L1m=1 such that

’ 10
_ Gl gl |€m|)
= Z%(@ TR

for all (&1,...,&n) # 0, with the understanding that the variable with the
tilde is missing. These functions introduce a partition of unity of (R™)™\ {0}
subordinate to a conical neighborhood of the region R;.

Each region R; can be written as the union of sets

Rj,k = {(517' . 76177,) € R] : ‘gk‘ > ‘§S| for all s # j}
over k=1,...,m. We need to work with a finer partition of unity, subordi-

nate to each R; . To achieve this, for each j, we introduce smooth functions
¢;1 on [0,00)™ 2 supported in [0, 15]™ 2 such that

_ &l lal @ 5m|)
b= Z@ <|fk| el T
k#J
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for all (&1,...,&m) in the support of ¢; with & # 0 (with missing k-th and
Jj-th entries).
We now have obtained the following partition of unity of (R™)™ \ {0}:

1= "6;(.)jul..),

where the dots indicate the variables of each function.
We introduce a nonnegative smooth bump v supported in [(10m)~!, 2]
and equal to 1 on the interval [(5m)~!, %], and we decompose the identity
n (R™)™\ {0} as follows

where

k(s ém) = ¢j(--~)¢j,k(-~-)(1 _w(:gj'))

and

Byn(Er ) = 65 oaa o).

This partition of unity induces the following decomposition of o:
m m
o= > [0®jk+0¥l.

We will prove the required assertion for each piece of this decomposition,
i.e., for the multipliers o®; ;, and 0¥, for each pair (j, k) in the previous
sum. In view of the symmetry of the decomposition, it suffices to consider
the case of a fized pair (j,k) in the previous sum. To simplify notation,
we fix the pair (m,m — 1), thus, for the rest of the proof we fix j = m
and kK = m — 1 and we prove boundedness for the m-linear operators whose
symbols are 01 = 0@, ,—1 and o2 = 0¥, 1,,—1. These correspond to the
m-linear operators T, and T,, respectively. The important thing to keep
in mind is that oy is supported in the set where

max([&1], .-, [€m—2l) < I5lém—1] < 15 55 €m]



86 LOUKAS GRAFAKOS

and oy is supported in the set where

maX(|£1‘7 B |£m—2|) < %|£m 1|
and -
Em
om S el <2
We first consider T, (fi,..., fm), where f; are fixed Schwartz functions.

We fix a Schwartz radial function n whose Fourier transform is supported in
the annulus 1 — 2—15 < |€] < 2 and satisfies

don2TE =1, £eR"\{0}.
JEZ

Associated with ) we define the Littlewood-Paley operator A;(f) = f*ny—i,
where n,(x) = t"n(t"'z) for t > 0. We decompose the function f,, as
> jezAj(fm) and we note that the spectrum (i.e. the Fourier transform) of
T, (f1,- -+, fm—1,4;(fm)) is contained in the set

(& 16 <2+t {&nn  &na] < 2E}+{En : B2 <gn| <227}
This algebraic sum of these sets is contained in the annulus

{zeR":%~2j§|z|§%~2j}.

We now introduce another bump that is equal to 1 on the annulus {z €
R™ : % <zl < %} and vanishes in the complement of the larger annulus

{fzeR: £ < |z] < £} We call ﬁj the Littlewood-Paley operators

associated with this bump and we note that

Ej(Tm(flv'-')Aj(fm))) = TU1(fl,'-'>Aj(fm))'

Finally, we define an operator S; by setting
Sj(g> =g* CQ*ja
where ¢ is a smooth function whose Fourier transform is equal to 1 on the

ball |z] < 3/5m and vanishes outside the double of this ball. Using this
notation, we may write

To, (f1oeo s fm—1, ) = ZTGI (fla x -afm—hAj(fm))
= ZTOI (Sj(f1)7 B Sj(fm—l)aAj(fm))
= ZZJ (Ta1 (Sj(f1)7 .- '7Sj(fm—1)7Aj(fm)))'
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Since the Fourier transforms of ﬁj (T, (S;(f1)s- -, Si(Fm=1)s A (fm)))
have bounded overlap, Lemma 3 yields that

1
2

Ty (sl < O [ 20T (S50 5P, A () ]

e

Obviously, we have

To, (Si(f1)s - Si(fm=1), 8 (fm)) (@)

- /( n) e2ﬁi%(£l+”'+£m)o-1 (§17 cee agm)

f[ 8o () dEs .

A simple calculation yields that the support of the integrand in the previous
integral is contained in the annulus

{(gla“-a&n) € (Rn)m : T70'2j < |(§1a-~-a§7n)| < %'Qj}v

so one may introduce in the previous integral the factor (1\1(2*3‘{1, 27980,
where U is a radial function in S;((R™)™) whose Fourier transform is sup-
ported in some annulus and is equal to 1 on the annulus

{(21,.- s 2m) € RM)™: & < (21,0, 2m)| < B
Inserting this factor and taking the inverse Fourier transform, we obtain that
Toy (Si(f1)s- -+ Si(fm=1), Aj(fm)) (2)

is equal to

m—1
/R 2m"j(0'{\11>v(2j($_y1)7~ x—ym H S] fz yz fm)(ym)d%
=1

n)m

where diy = dy; . . . dy,,, the check indicates the inverse Fourier transform in
all variables, and

(61,6, Em) = 01(PEr,. . 2 E),
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We pick a p such that 1 < p < r < 2 and v > mn/p. This is possible
since y > mn/r; for instance p = " + 555 (r — ™) is a good choice if this

number is bigger than 1, otherwise we set p = 1'2”. We define § = r—p. We
now have:

T, (S5 (f1)s -5 Si(fm—1), A (fm)) ()]
§/ w,y(Qj(ac —y1),.. ., 20 (x — ym))|(a{\/ﬁ)v(2j(:c —y1),.. ., 20 (x — ym))|
(R)™

o 2S5 )0 < 85U ) Gm1) Ay ) ()]
wy (27 (@ =y1),. ., P (@~ ym))

<[ 0@ e = 2= ]

15 () @1) -+ S5 (1) e DA (o) () 2\ 7
2 </<Rn>m Wyp (@ — 1), 2 (@ — Ym)) dy)

1
o7

1
o7

<C([ o) @8 () )’
Rn)m

273918 (£0) (1) -+ S () o ) (o) ()P, 2\ 7
X </(Rn)m (L4 2|z — g1 |)7P/m - (1 + 2|z — y|)P/™ dy>

' 28, b
S (G P H (/ oy e )
: (/]R (1+2 |]a: — Y| )10/ dyM)

< T8 ™ TT MO MR i) ) )

where we used that

2" |h(y)|
/Rn A5 27w = i W S M) (@),

a consequence of the fact that yp/m > n.
We now have the sequence of inequalities:

1) 2w,y < o] Wl < C”llo] W2y < |07 ¥z, < CK,
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justified by the result in the calculation (23) for the first, Lemma 1 together
with the facts that 1 < p < r and a{ is supported in a ball of a fixed
radius for the second inequality, Lemma 2 for the third, and the hypothesis
of Theorem 6 for the last inequality.

Thus we have obtained the estimate:

oy (S5(f1)s -5 85 (fm—1), A (fm))]

We now square the previous expression, we sum over j € Z and we take
square roots. Since r — d = p, the hypothesis p; > r — ¢ implies p; > p,and
thus each term (M(M(f;)?))# is bounded on LPi(R™). We obtain

||T01 (f17 BN} fmfla fm)HLP(R")

< CK[{ 100, (S5 (). 8 (). A (£}

(NI

LP(R™)
1 m—1
M M8 T IO )7 ey
T
QWMZMMMWaLWWO\WMW
i=1

< C”KH | fill Los (e

i=1

in view of the Fefferman-Stein vector-valued inequality for the Hardy-Little-
wood maximal function [17] and the Littlewood-Paley theorem.
Next we deal with 5. Using the notation introduced earlier, we write

T0'2(f17".7fm717fm) = ZTUQ(JCD"'7fm717Aj(fm))~

JEZ
The key observation in this case is that
Taz(fla vy fm—1, Aj(fm)) =T, (S;‘(fl)’ ) S;(fm—2)’ A;(fm—l)’ Aj(fm))

for some other Littlewood-Paley operator A’ which is given on the Fourier

transform by multiplication with a bump ©(277¢), where © is equal to one
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on the annulus {¢ € R™ : 22 . - < [¢| < 4} and vanishes on a larger
annulus. Also, S; is given by convolution with ¢)_;, where ¢’ is a smooth

function whose Fourier transform is equal to 1 on the ball |z| < % and

vanishes outside the double of this ball.
As in the previous case, one has that in the support of the integral

T, (S5(f1)s -2 S5 (Fn2)s D (1), A (Fim)) ()
m— 2
:‘/(Rn)m%nz (E1++Em) 0’2 g H ft) (fm 1)(£m 1) j(f )(é-m) g

we have that }
(&f 4 | = 2,

thus one may insert in the integrand the factor W(279¢;,...,279¢,,), for
some ¥ in S;((R™)™) that is equal to one on a sufficiently wide annulus.
A calculation similar to the one in the case for o yields the estimate

T, (S5(f1)s - -5 S5(fn-2), A (fm—1), A (fm))]
< CK H 2 (MAAG (Fm-1)I) 7 (MUA;(fn)1)) 7.

Summing over j and taking LP norms yields

”Taz (f17 ] fm—la fm)”LP(R")

< K| H (MM(f:)?)7 S (MAN(Frn-1)17) 7 (MDA (fn)7))

JEZ

Lp

<C’KHH { H SOIMAA (17| }

i=m—1j€EZ

Lr( Rn)

where the last step follows by the Cauchy-Schwarz inequality and we omitted
the prime from the term with i = m — 1 for matters of simplicity. Apply-
ing Holder’s inequality and using that p < 2 and Lemma B we obtain the
conclusion that the expression above is bounded by

C'K| fillzor @y - | fomll om -

This concludes the proof of the theorem. ([
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6. THE MULTILINEAR STRONG MAXIMAL FUNCTION

In this section we study the maximal function My introduced in Example 6
of Section 2. It turns out that this operator can be used to characterize
the class of multiple A, weights introduced in [32] suitably modified for
rectangles, see [21]. Here, we will be concerned with endpoint boundedness
properties of Mg. This will require a quick review of some facts from the
theory of Orlicz spaces.

A Young function is a continuous, convex, increasing function ®: [0, c0) —
[0,00) with ®(0) = 0 and such that ®(¢) — oo as t — oco. The properties
of @ easily imply that for 0 <e<landt >0

D(et) < eD(t). (24)

The ®-norm of a function f over a set E with finite measure is defined by

. 1 | (@)l
= i — < .
I£llo.5 uﬁ{A>()|Ew/L¢( ; )dx_l} (25)
It follows from this definition that
1
Ifle.z >1 if and only if |E/ &(| f(z)])dx > 1. (26)
E

Associated with each Young function ®, there is its complementary Young
function -
®(s) = sup{st — d(t)} (27)

t>0

for s > 0. Such ® is also a Young function and has the property that
st < C[D(t) + B(s)] (28)

for all s,t > 0. Also the ®-norms are related to the Lg-norms via the the
generalized Holder inequality, namely

1
W/EIf(x)g(:c)lda: <2 flle.£ll9lls, 5 (29)
In this section we will work with the pair of Young functions
®,(t) ;= t[logle +1)]"' and @, (t) = U, (t) = exp(tﬁ) -1, ¢t>0.

It is the case that the pair ®,,, ¥,, satisfies (28), see the article by BAGBY
[1, page 887]. Observe that the above function ®,, is submultiplicative, that
is, for s,t >0

D, (st) < c P, (s5)Py ().

m times

—_—
We introduce the function &™) := ® o ® o --- o0 & which is increasing with
respect to the input variable and also with respect to m € N.
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6.1. Some Lemmas. We begin by proving some useful general lemmas
about averaging functions and Orlicz spaces.

Lemma 4. Let ® be any Young function, then for any f > 0 and any
measurable set E

1
L<lflos = e < g [ @7t de.
E| Jp
Proof. Indeed, by homogeneity this is equivalent to

HAfEuch

/\f,Ezlf;w/E‘l)(f(x))dx
L/ @(M) de <1
\El Je \Ape/

by definition of the norm (25). In view of property (24), it would be enough

to show that
E = dLL' > 1.
AME = g /

But this is exactly the case in view of property (26). O

where

But this is the same as

Lemma 5. Let ® be a submultiplicative Young function, let m € N and let
E be any set. Then there is a constant ¢ such that whenever

1 <HHfi||<I>,E (30)
i=1

holds, then

il;[lezl < }:[1|E|/Eq> (fi(x)) da. (31)

Proof. a) The case m = 1. This is the content of Lemma 4.
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b) The case m = 2. Fix functions for which (30) holds:

2
< T os-
=1

Without loss of generality we may assume that

[fille.z < | f2lle.5-

Observe that by (30) we must have | fa||o,z > 1.
Suppose first that 1 < || f1]|¢ &, then (31) follows from Lemma 4:

2 2 1
1< [T Ifillee < ] |E|/ B(f:(2)) dz
i=1 i=1 E

with m =1 and ¢ = 1.
Assume now
1fillo,e <1< [ folle,p-

Then we have by Lemma 4, submultiplicativity and Jensen’s inequality

2
1< lfille.s
=1
= [lfille.zllf2lle.2
= |Aillf2lle.5]lp g

1
<ﬂEéwmmﬁhmm
1
<erm /E B(f1(x)) dz ®(| fol| o 1)

gc% Lotenae(es [ ¢>(fz(:v))dw)
|E/ (o [ #¥ 5t

< CHE [E 3O (f(x)) dx

which is exactly (31).

93
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¢) The case m > 3. By induction, assuming that the result holds for the
integer m — 1 > 2, we will prove it for m. Fix functions for which (30) holds:

m
1< T 1ils.ze
=1

and without loss of generality assume that

[fille.e < llfolles <--- <[ fmlle, e

Observe that we must have || f||o, 5 > 1.
If we suppose that 1 < || f1||¢ &, then (31) follows directly from Lemma 4:

m m 1
t<ITistss <11 E/wax»dx

with ¢ = 1 and ® instead of ®3).
Assume now that for some integer k € {1,2,...,m — 1} we have

Ifille.2 < [f2llee < - < fillo.g <1< | frerillor < < | fml

Since

®.E-

m
o.8 = l1ille.s [T Ifille.e,

=2

1< ][Il
i=1

we must have [/, || fi||le,z > 1. Using the induction hypothesis we have

m m 1 3
Iillo.e L1806 < clfillos ] [E S (f,(2)) de
=2 1=2
= f1 Rle,E.

where R = []", ﬁ [ @™V (fi(z)) dz. Applying Lemma 4 to the function
f1R we obtain by submultiplicativity and Jensen’s inequality

op < c%/}f@(fl(x)]%) du
1

(32)

11 R]

<erg [ (i) dr ()

1 s 1 m—1
<er E¢<f1<x))dxi_1‘[2q>(|m/Eq>< (i) d)

ci x xmi M) (f,(x)) dz
< |E|/E<I>(f1( ) d i_]'[zE|/E<I> (fi(z)) dz.
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Combining this result with (32) we deduce

anznm_ 11 1|/E<1><m><fi<x>>dx

=1
thus proving (31). O

6.2 The main result. The previous lemmas are used in the proof of the
following result due to GRAFAKOS, L1U, PEREZ and TORRES.

Theorem 7 ([21]). There exists a positive constant C' depending only on m
and n such that for all A > 0,

[{z e R": Mz (f)(z) > \"}| < C H/ |f’ |)dx}1/m (33)

for all f; on R™ and for alli=1,...,m. Furthermore, the theorem is sharp
in the sense that we cannot replace <I>£{”) by @%k) for k <m—1.

Proof. By homogeneity, positivity of the operator, and the doubling prop-
erty of ®,,, it is enough to prove

{z e R" : Mg(f) >1}|<C H/ dx} " (34)

for a constant C' independent of the nonnegative functions f = (f1s-e s fm)-
Let E = {z € R" : Mz(f)(x) > 1}, then by the continuity property of
the Lebesgue measure we can find a compact set K such that K C E and

K| < |B| < 2IK].

Such a compact set K can be covered with a finite collection of rectangles
{Rj}év:l such that

m 1 .
[ fwdy>1 j=1..N (35)
i=1 |RJ| R]‘

We will use the following version of the Cérdoba-Fefferman rectangle cov-
ering lemma [10] due to BAGBY ([1] Theorem 4.1 (C)): there are dimensional
positive constants d, ¢ and a subfamily {R;},_; of {R;}}_, satisfying

¢
JU R
j=1

il <
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¢ L
/e B exp(éZXf{j(m)) dr <2
=1 1 j=1

j=1

and

e ~
Ur
j=1
Setting E = Ule Ej and recalling that ¥, (t) = exp(tﬁ) — 1 the latter

inequality is
TAIORDLE
|E| B Z R

which is equivalent to
¢

> X7

Jj=1

1
g —
v, . E 0

by the definition of the norm. Now, since
|E| < 2|K| < C|E|

we can use (35) and Holder’s inequality as follows
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By this inequality and (29), we deduce

i= 1|E|/ZXR fz
L

[z

Jj=

IN

fille, 5
E

ny

1 fillg, &
fi

0

IA
Tz s n::13

s
Il
-

‘ ®,.E
Finally, it is enough to apply Lemma 5 and that <I>51m)
to conclude the proof of (34).

Finally, we turn to the claimed sharpness that one cannot replace @%m)

by <I>£Lk) for k < m —11in (33). In the case m = n = 2, we show that the
estimate (E)

[{z € R? : Mz(f,9)(z) > o’}

<C{/R2 %(@) dx/RQ @2(@) dgc}é

cannot hold for @ > 0 and functions f, g with a constant C independent of
these parameters.
For N =1,2,..., consider the functions

f=Xp,2 and gn = Nx[2
and the parameter o = %. Then the left-hand side of (E) reduces to

Hm € R?*: Mz (f,gn)(z) > LH = Hx € R?: Mg (x0,1)2)(z) >

100
~ VN(logN),
where the last estimate is a simple calculation concerning the strong maximal
function. However, the right-hand side of (E) is equal to

C(By(1/0) 2 (Do(N/a))? = C($2(10))/2(95(10N))Y/2 ~ /N log N
and obviously it cannot control the left-hand side of (E) for N large.
For general m, the vector f = (f1,..., fm) with
fi=fo==fma1=Xpyz and fm = NXxp,2
also provides a counterexample. O

is submultiplicative

o)
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7. THE BILINEAR HILBERT TRANSFORM
AND THE METHOD OF ROTATIONS

It is a classical result obtained by CALDERON and ZYGMUND [4] using the
method of rotations, that homogeneous linear singular integrals with odd
kernels are always LP bounded for 1 < p < co. We indicate what happens
if the method of rotations is used in the multilinear setting. For an inte-
grable function Q on S?”~! with vanishing integral, we consider the bilinear
operator

Ta(fi, f2)(x

37
//]Rzn yl,;ji :Ijlg]ygl;yQ)) fl (Z‘ o yl)fg(ﬂf - y2) dyldyg ( )

Sanl

Suppose that €2 is an odd function on . Using polar coordinates in R?"

we express

Toth ) = [ 00ne){ [ n-o0ne - ) %Yo, 0)

Replacing (601, 62) by —(01,62), changing variables, and using that Q is odd
we obtain

“+o0
Tolf @) = [ 0o [ A+ 00n 10 § o0

and averaging these identities we deduce that

“+o0
To(f1, f2)(x) = %/S 19(91,92){/ Fi(@—101) fo(z — 1) %}d(@lﬁg).
The method of rotations gives rise to the operator inside the curly brackets
above and one would like to know that this operator is bounded from a
product of two Lebesgue spaces into another Lebesgue space (and preferably)
uniformly bounded in 6y, #3. Motivated by this calculation, for vectors
u,v € R™ we introduce the family of operators

oo dt
M £2)@) =pv. [ il = tu)falo = t0)
—0o0
We call this operator the directional bilinear Hilbert transform (in the direc-
tion indicated by the vector (u,v) in R?"). In the special case n = 1, we use
the notation
+o00o

Hop(f,9)(x) = p~V~/ flz —at)g(x - b’t)%

—0o0
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for the bilinear Hilbert transform defined for functions f, g on the line and
x,a, 5 €R.

We mention results concerning the boundedness of these operators. The
operator H, g was first shown to be bounded by LACEY and THIELE [30],
[31] in the range

2 1 1 1
1<pg<oo, —<r<oo, —-—+-=-. (38)

3 p q r
Uniform L” bounds (in «, 8) for H, g were obtained by GRAFAKOS and L1
[20] in the local L? case, (i.e. the case when 2 < p,q,7’ < oo) and extended

by L1 [33] in the hexagonal region

1 1 1 1 1 1 1 1
1<p,qgr<oo, ’f—f’<7, ’f—f <z, ‘f—f
D 2 p 2 qg T

We use an idea similar to that Calderén used to express the first commu-
tator C; as an average of the bilinear Hilbert transforms as in (2), to obtain
new bounds for a higher dimensional commutator introduced by CHRIST and
JOURNE [5]. The n-dimensional commutator is defined as

< % (39)

!/

e (f,a) (@) =pv. [ K@ —y) / F)a((l -tz + ty)dtdy,  (40)
R 0

where K(z) is a Calderén-Zygmund kernel in dimension n and f, a are
functions on R™. CHRIST and JOURNE [5] proved that CYL) is bounded from
LP(R™) x L>®(R™) to LP(R™) for 1 < p < oo. Here we discuss some off-
diagonal bounds LP x LY — L", whenever 1/p+1/qg=1/r and 1 < p,q,r <
0.
As the operator C%n)( f,a) is n-dimensional, we will need to “transfer”
H, g in higher dimensions. To achieve this we use rotations. We have the
following lemma:

Lemma 6. Suppose that K is kernel in R?" (which may be a distribution)
and let Tk be the bilinear singular integral operator associated with K

Ty (f. 9)(x) = / / K(x—y,x — 2)f(y)g(z) dy dz.

Assume that Tk is bounded from LP(R™) x LY(R™) — L"(R™) with norm
IT|| when 1/p+1/q = 1/r. Let M be a n X n invertible matriz. Define a

2n X 2n invertible matriz
~ M O
=6 w)
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where O is the zero n X n matriz. Then the operator T is also bounded

KoM
from LP(R™) x LY(R™) — L™(R™) with norm at most ||T|.

Proof. To prove the lemma we note that

Tyoii(fr9)(x) =T (fo M, go M~ ") (Mz)

from which it follows that

1T (F ) lor = (det M)™ V" Txe(f o M~ g0 M) e
< (det M)~V7T| || f o M~ o llg o M|
= |IT[(det M)~""|T| || f]|z» (det M)'/P||g] Lo (det M)/
=TI Al zellgllza-

O

We apply Lemma 6 to the bilinear Hilbert transform. Let e; = (1,0,...,0)
be the standard coordinate vector on R™. We begin with the observation
that the operator Hae, ge, (f,g) defined for functions f, g on R™ is bounded
from LP(R™) x L9(R™) to L"(R™) for the same range of indices as the bi-
linear Hilbert transform. Indeed, the operator Hqe, ge, can be viewed as
the classical one-dimensional bilinear Hilbert transform in the coordinate x;
followed by the identity operator in the remaining coordinates xo, ..., T,
where z = (z1,...,2,). By Lemma 6, for an invertible n x n matrix M and
z € R"™ we have

Hael)ﬁel (f © M_17g © M_l)(Mx)

+oo . . dt
=Dp.v. fle —atM ™ er)g(x — BtM el)?

—0o0

maps LP(R")x L1(R™) — L"(R™) with norm the same as the one-dimensional
bilinear Hilbert transform H, s whenever the indices p, q,r satisfy (38). If
M is a rotation (i.e. an orthogonal matrix), then M ~!e; can be any unit
vector in 8”71, We conclude that the family of operators

+oo

Hao,p0(f,9)(x) = p.v./ f(z — atf)g(z — pto) %, r e R"

— 00

is bounded from L?(R™) x LZ(R™) to L"(R™) with a bound independent
of § € S"~1 whenever the indices p,q,r satisfy (38). This bound is also
independent of «, 8 whenever the indices p, g, r satisfy (39).
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It remains to express the higher dimensional commutator CYL) in terms
of the operators Hqp, 39. Here we make the assumption that K is an odd
homogeneous singular integral operator on R™, such as a Riesz transform.
For a fixed x € R™ we apply polar coordinates centered at z by writing
y = x —rf. Then we can express the higher dimensional commutator in (40)
as

r

/ s / (o~ r6)a(e — tr6) der" drdo. (41)
sn—1 Jo 0

Changing variables from § — —6, r — —r and using that K(6) is odd we
write this expression as

/Snfl /_OOO K(0) /01 flx —r0)a(x — tro) dt ? do. (42)

Averaging the (41) and (42) we arrive at the identity

¢ (f,a)(@) . K(0) /0 Ho.10(f, a)(x) dt d.

2 Jgn-s

This identity implies the boundedness of Cg”) from LP(R™) x L1(R™) to
L"(R™) whenever the indices p,q,r satisfy (39). Interpolation with the
known LP x L* — LP bounds yield the following result due to DUONG,
GRAFAKOS, and YAN [15]:

Theorem 8 ([15]). Let K be an odd homogeneous singular integral on R™.
Then the n-dimensional commutator Cin) associated with K maps LP(R™) x
Li(R"™) — L™ (R™) whenever 1/p+1/q = 1/r and (1/p,1/q,1/r) lies in the
open convex hull of the pentagon with vertices (0,1/2,1/2), (0,0,0), (1,0,1),
(1/2,1/2,1), and (1/6,4/6,5/6).

Finally, we briefly discuss the situation in which the function 2 in (37) is
even. The following result was recently obtained by DIESTEL, GRAFAKOS,
Honzik, St and TERWILLEGER [12]:

Theorem 9. Let Q) € Llog L(S?) be an even function with mean zero. Then
the bilinear operator Tq defined in (37) is bounded from LP(R) x LI(R) —
L™(R) for all 2 < p,q,7" < oo satisfying 1/p+1/q=1/r.

The proof of this result also relies on expressing the operator T as an
average of the operators H, 3. The details are omitted.
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8. CLOSING REMARKS

The topics discussed in these lectures by no means exhaust the full rich-
ness and broadness of multilinear harmonic analysis. However, they provide
representative results of current research interests in this rapidly developing
subject. I hope that investigators will find inspiration in these results to
pursue further research in the area. The author would also like to thank
the organizers of School on Nonlinear Analysis, Function Spaces and Appli-
cations 9 for their invitation to deliver these lectures and for providing an
inspiring environment for mathematical interaction and research during the
meeting.
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