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CALDERON-ZYGMUND THEORY
WITH NON DOUBLING MEASURES

XAVIER TOLSA

ABSTRACT. In this notes we review and prove some results on Calderén-
Zygmund theory in R? for non doubling measures. To study the behavior
of n-dimensional Calderén-Zygmund operators in R, instead of the usual
doubling condition for a measure p in R?, we ask the growth condition
w(B(z,r)) < er™ for all x € R% r > 0. Some of the results that we
review are the following: the Calderén-Zygmund decomposition, the weak
(1,1) boundedness of Calderén-Zygmund operators, Cotlar’s inequality, the
T(1) theorem, and the definitions of BMO and Hardy spaces. We also de-
scribe the relationship between the Cauchy transform and Menger curvature
and show its applications to the study of analytic capacity and the so called
Painlevé problem.

1. INTRODUCTION

In these lecture notes we explain some results on Calderén-Zygmund theory
with non doubling measures (also known as non homogeneous Calderén-
Zygmund theory) in R?. We also show the application of these results to the
so called Painlevé problem.

In recent years it was shown that many results on Calderén-Zygmund
theory remain valid if one does not assume that the underlying measure of
the space is doubling. Recall that a Borel measure p on R? is said to be
doubling if there exists some constant C' > 0 such that

w(B(z,2r)) < Cu(B(z,r)) for all z € supp(u), r > 0.
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218 XAVIER TOLSA

One of the main motivations for extending the classical theory to the non
doubling context was the solution of several questions related to analytic ca-
pacity, like Vitushkin’s conjecture [Dd4] or Painlevé’s problem [To8]. Other
applications of non homogeneous Calderén-Zygmund theory have to do with
geometric measure theory and quasiconformal mappings [LSU], [ACTUV].
To study n-dimensional Calderén-Zygmund operators (CZO’s) in RY, with
0 < n < d, we will consider measures p satisfying the growth condition of

degree n
w(B(z,r)) < Cor™ forallz € RY r >0 (1)

(when n = 1, we say that p has linear growth). Let us remark that this is
a quite natural condition, because it is necessary for the L?(u) boundedness
of any CZO whose kernel k(z,y) satisfies |k(x,y)| = Clx — y|~™.

One of the main difficulties that arises when one deals with a non doubling
measure 4 is due to the fact that the non centered maximal Hardy-Littlewood
operator

1
M" f(x ::sup{/ du : B closed ball,mEB}
221@) = swnd s [ 1f1dn

may fail to be of weak type (1,1) (the superindex “nc” stands for non cen-
tered). Sometimes the centered version of the operator, that is

1
Miuf (2) = s rp 53 /BW) 7l dp

is a good substitute of M} f, because using Besicovitch’s covering theorem
one can show that M, is bounded from L'(p) into L1*°(p), and in LP(u),
for 1 < p < oo. However, one cannot always use the centered maximal
Hardy-Littlewood operator instead of the non centered one. In these cases
other arguments are required.

In these lecture notes, we will focus our attention on some basic results of
Calder6n-Zygmund theory: the weak (1, 1) boundedness of CZO’s which are
bounded in L?(u), using a Calderén-Zygmund type decomposition adapted
to the non doubling context; Cotlar’s inequality; BMO type spaces; and the
T(1) and T'(b) theorems. We will give the detailed proofs of the Calderén-
Zygmund type decomposition in Section 3, the weak (1,1) boundedness of
CZO’s in Section 4, and Cotlar’s inequality in Section 5. On the other hand,
Section 6, which deals with the 7'(1) theorem, BMO, and H', is purely ex-
pository. The Cauchy kernel is a very important Calderén-Zygmund kernel,
because of its central role in complex analysis. It is also a special kernel
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due to its relationship with Menger curvature, discovered by MELNIKOV. In
Section 7 we explain in detail this relationship, and we give a (new) short
prove of the T'(1) theorem for the particular case of the Cauchy transform,
using a good A inequality and the connection with Menger curvature. Sec-
tion 8 comnsists of a brief introduction to analytic capacity, where we explain
the connection between this notion and the weak (1, 1) estimates for Cauchy
transform. Finally, in Section 9 we show how the results obtained previously
are applied to study the Painlevé problem and to prove the semiadditivity
of analytic capacity. In particular, we give a detailed proof of the semiad-
ditivity of the capacity v4 and its characterization in terms of curvature.
However, we do not prove the comparability between the analytic capacity
~ and the capacity 74. The detailed arguments would lead us too far, out
from the scope of these lecture notes.

These notes are not intended to be a survey neither on Calderén-Zygmund
theory with non doubling measures nor on the Painlevé problem. We just
only describe in some detail, and sometimes prove, some of the results that
are important, in our opinion, in connection with Calderén-Zygmund theory
with non doubling measures and its applications to the Painlevé problem.
Moreover we will concentrate our attention on basic results that can be
explained in a rather short minicourse. For this reason, for the sake of
simplicity, we will only touch quite superficially some results such as the
important T'(b) type theorems of NAZAROV, TREIL and VOLBERG in [NTV3],
[NTV4] and [NTV5].

Let us remark that some parts of these lecture notes follow quite closely
some previous surveys such as [To12] and [To10]. However, the present notes
contain more information and details, such as a somewhat new proof of the
T(1) theorem for the Cauchy transform in Section 7.

2. PRELIMINARIES

An open ball centered at = with radius r is denoted by B(z, ), and a closed
ball by B(x,7). By a cube @ we mean a closed cube with sides parallel to
the axes. We denote its side length by ¢(Q) and its center by z¢.

A Radon measure p on R? has growth of degree n (or is of degree n) if
there exists some constant Cy such that u(B(z,7)) < Cor™ for all x € R9,
r > 0. When n = 1, we say that u has linear growth. If there exists some
constant C such that

C™ " < w(B(z,7)) < Cr™ for all 2 € supp(p), 0 < r < diam(supp(u)),

then we say that p is n-dimensional AD-regular.
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The space of finite complex Radon measures on R? is denoted by M (R%).
This is a Banach space with the norm of the total variation: ||u|| = |u|(R?).
We say that k(-,-): R x R4\ {(z,y) € R xR? : 2 = y} — Cis an
n-dimensional Calderén-Zygmund kernel if there exist constants C' > 0 and
n, with 0 < < 1, such that the following inequalities hold for all z,y € R?,

T #£

|k(z,y)] < ———, and
|z —y[" @)
Clz—2'
a3~ k(o' )|+ () =K )| < T i o= <la-2

Given a positive or complex Radon measure v on R%, we define

Tv(z) = /k(m,y) dv(y), =€ R%\ supp(v). (3)

We say that T is an n-dimensional Calderén-Zygmund operator (CZO) with
kernel k(-,-). The integral in the definition may not be absolutely conver-
gent if 2 € supp(p). For this reason, we consider the following e-truncated
operators T, € > O:

T.v(x) ::/| N k(x,y)dv(y), z¢€R%

Observe that now the integral on the right-hand side converges absolutely
if, for instance, |v|(R?) < oo.
Given a fixed positive Radon measure  on R? and f € LL (u), we denote

T, f(z) :=T(fdp)(z), xe€R*\supp(fdu),

and
Ty f(2) :=T.(f dp)().

The last definition makes sense for all x € R? if, for example, f € L'(u).
We say that T}, is bounded on L?(u) if the operators 7}, . are bounded on
L?(p) uniformly on € > 0. Analogously, with respect to the boundedness
from L!(u) into L1 (u). We also say that T is bounded from M (R9) into
L1>°(p) if there exists some constant C' such that for all v € M (R?) and all

A >0,

p{z €RY: [Tv| > A} < C””H

uniformly on £ > 0.
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The Cauchy transform is the CZO on C originated by the kernel
1
k(l‘,y) = xaye(c
y—x

It is denoted by C. That is to say,

Cu(o)i= [ ——duly). € C\supp(n)

As usual, in the paper the letter ‘C” stands for an absolute constant which
may change its value at different occurrences. On the other hand, constants
with subscripts, such as Cq, retain its value at different occurrences. The
notation A < B means that there is a positive absolute constant C' such that
A < CB. Also, A= B is equivalent to A < B < A.

3. CALDERON-ZYGMUND DECOMPOSITION

3.1. Doubling cubes. Given a > 1 and 8 > o™, we say that a cube @Q is
(a, B)-doubling if u(aQ) < Su(Q), where aQ is the cube concentric with @
with side length af(Q). For definiteness, if & and 8 are not specified, by a
doubling cube we mean a (2,2%+1)-doubling cube.

Because p satisfies the growth condition (1), there are a lot of “big”
doubling cubes. To be precise, given any point z € supp(u) and ¢ > 0, there
exists some (¢, 8)-doubling cube @ centered at x with [(Q) > ¢. This follows
easily from (1) and the fact that § > ™. Indeed, if there are no doubling
cubes centered at  with 1(Q) > ¢, then p(a™Q) > ™ u(Q) for each m, and
letting m — oo one sees that (1) cannot hold.

Next lemma states that there are a lot of “small” doubling cubes too:

Lemma 1. Let 8 > ot. If p is a Radon measure in R?, then for u-a.e.
x € R? there erists a sequence of (o, B)-doubling cubes {Qy}r centered at x
with £(Qr) — 0 as k — oo.

Notice that the statement of the lemma is valid for any Radon measure
on R?. In particular, it is not necessary to assume the growth condition (1).

Proof. Let Z C R? be the set of points  such that there does not exist
a sequence of («, 8)-doubling cubes {Qy }r>0 centered at x with side length
decreasing to 0; and let Z; C R? be the set of points z such that there
does not exist any (a, 3)-doubling cube @ centered at x with £(Q) < 277,
Clearly, Z = Uj>0 Z;. Thus, proving the lemma is equivalent to showing
that u(Z;) = 0 for every j > 0.
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Let Qo be a fixed cube with side length 277 and let & > 1 be some integer.
For each z € Qo N Zj, let Q. be a cube centered at z with side length
a~%0(Qy). Since the cubes o Q. are not («, §)-doubling for h =0,...,k—1
and o*Q., C 2Qq, we have

1(Q:) < B ' u(eQ.) < -+ < B Fu(rQ.) < BFu(2Q0). (4)

By the Besicovitch theorem, there exists a subfamily {z,} C Qo N Z;
such that Qo N Z; C |, @-,, and moreover > xq. < Cgq. Thisis a

finite family and the number N of points z,, can be easily bounded above
as follows: if £ stands for the Lebesgue measure on R,

N
N(@*0(Qu)* = Y L(Q-,,) < Cal(2Q0) = Ca(20(Q0))".
m=1

Thus,
N < C2%ak.

As a consequence, since the family {Q.,, }1<m<n covers Qo N Z;, by (4),

N
MQoNZ;) < Q) < NBFu(2Qo) < Ca2'a®B7*1(2Q0).
m=1

Since 8 > a?, the right-hand side tends to 0 as k — co. Therefore 1(Qo N
Zj) =0, and since the cube Q) is arbitrary, we are done. (I

Remark 2. Given f € L] (u), by the Lebesgue differentiation theorem,
for p-almost all = € R?, every sequence of (2,29%!)-doubling cubes {Qy }x
centered at x with £(Qy) — 0 satisfies

1
Jim Q0 Jo fdu = f(z). (5)

By the preceding lemma, for p-a.e. x € R?, there exists a sequence of
(2,2%+1)-doubling cubes {Qy}r with £(Qr) — 0 satisfying (5). In partic-
ular, for any fixed A > 0, for y-almost all x € R? such that |f(z)| > ), there
exists a sequence of cubes {Qy}; centered at x with £(Qy) — 0 such that

1 A
lim su / dpu > ———.
b 1(2Qk) >
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3.2. Calderén-Zygmund decomposition.

Lemma 3 (Calderén-Zygmund decomposition, [To3]). Assume that u sat-
isfies (1). For any f € L*(p) and any A > 0 (with X > 2| f|l 110 /|l if
|l < o0) we have:

(a) There exists a family of almost disjoint cubes {Q;}; (i.e., Y, x0, <C)

such that ) \
M(QQz‘)/Qlf|du>2d“7 (6)
1 A
H(QWQ‘)/Q [fldp < Sgg - forn>2, (7)
v/ InQi
[fI <A ae uoan\UQi. (8)

(b) For each i, let R; be a (6,6""1)-doubling cube concentric with Q;,

with [(R;) > 41(Q;) and denote w; = EXQi . Then, there exists a
K XQp

family of functions ¢; with supp(p;) C R; and with constant sign

satisfying
[ oedn= /Q fus d, 9)

ZI%‘I < BA (10)

(where B is some constant), and

lpill e (ou(R) < C /Q £l dp. (11)

Proof. (a) Recall that, by Remark 2, for y-almost all z € R? such that
|f(z)] > A, there exists some cube @, satisfying

1 A
M(2Qw)/@|f|d#>2d+1 (12)

and such that if Q/, is centered at z with I(Q",) > 2I(Q), then

1 A
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Now we can apply Besicovitch’s covering theorem (see Remark 4 below) to
get an almost disjoint subfamily of cubes {Q;}; C {Q.}. satisfying (6), (7)
and (8).

(b) Assume first that the family of cubes {Q;}; is finite. Then we may
suppose that this family of cubes is ordered in such a way that the sizes of
the cubes R; are non decreasing (i.e. [(R;11) > l(R;)). The functions p; that
we will construct will be of the form ¢; = a;x4,, with o; € R and A; C R;.
We set A; = Ry and 1 = a1XR,, where the constant «; is chosen so that

Jo, fwrdp = [ o1dp.
Suppose that ¢1,...,¢r_1 have been constructed, satisfy (9) and

k—1
=1

where B is some constant which will be fixed below.

Let Ry, ..., Ry, bethe subfamily of Ry, ..., Rx_1 such that Ry, NRy # 0.
As I(Rs;) < I(Rg) (because of the non decreasmg sizes of R;), we have
R, C ?;R;€ Taking into account that for i =1,...,k — 1,

/\soildué/ |fldp
Q:

by (9), and using that Ry, is (6,6"1)-doubling and (7), we get

;/Isasjldugzjjésj \f] dpe

<c / ldi < CM(6Ry) < CoMa(Ry).
3Ry

Therefore,
Rk
{5 s, | > 20o0} < M),

So we set
A = R 0 {Xles; | < 2020},

and then p(Ay) > p(Rg)/2.
The constant ay, is chosen so that for ¢ = arxa, we have fgak dp =
ka fwg dp. Then we obtain

1 / 2
] < A fdus—/ fldu < CsA
ol = 20y Jo 1= ey Jy g M= O
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(this calculation also applies to k = 1). Thus,

|k +Z|<st < (202 4+ C3)A.

If we choose B = 2C5 + Cj5, (10) follows.
Now it is easy to check that (11) also holds. Indeed we have

el an(h) < Clodu(4) = | | pusau] < [ if1an

Suppose now that the collection of cubes {Q;}; is not finite. For each
fixed N we consider the family of cubes {Q;}1<i<n. Then, as above, we
construct functions ¢, ..., N with supp(p) C R; satisfying

/@fvdu:/ fw; dp,
Q

N
> e < BA
=1

and

loN [ (o a(R <C/|ﬂ@

Notice that the sign of ¢ equals the sign of J fw; dp and so it does not
depend on N.

Then there is a subsequence {¢¥}res, which is convergent in the weak *
topology of L>(u) to some function ¢; € L>(u). Now we can consider a
subsequence {5} ez, with Is C I; which is also convergent in the weak *
topology of L (u) to some function ¢o € L*°(p). In general, for each j
we consider a subsequence {(p?}ke 1, with I; C I;_; that converges in the
weak * topology of L>°(u) to some function ¢; € L>(p). It is easily checked
that the functions ¢; satisfy the required properties. O

Remark 4. Recall that Besicovitch’s covering theorem asserts that if 2 C
R? is a bounded set and for each = € § there is a cube Q,, centered at z, then
there exists a family of cubes {Q, }; with finite overlap, that is >, xo, < C,
which covers Q.

In (a) of the preceeding proof we have applied Besicovitch’s covering the-
orem to Q = {x : |f(x)] > A}. However this set may be unbounded, and the
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boundedness property is a necessary assumption in Besicovitch’s theorem
(example: take = [0,4+00) C R and consider Q, = [0, 2z] for all z € Q).

We can solve this problem using different arguments. Let us sketch a
possible solution to this little trouble. Consider a cube Qg centered at 0 big
enough so that 247 f[|,1(,,)/1(Qo) < A. So for any cube @ containing Qo
we will have

2| Fll gy /(@) < A (13)

For m > 0 we set Q,, := (%)on. For each m we can apply Besicovitch’s
covering theorem to the annulus Q,,, \ @mn—1 (we take Q_; := ), with cubes
Q. centered at x € supp(p) N (Qm \ @m—1) as in (a) of the proof above,
satisfying (12).

In this argument we have to be careful with the overlapping among the
cubes belonging to coverings of different annuli. Indeed, there exist some
fixed constants N and N’ such that if m > N’, for x € supp(u)N(Qm\Qm—1)
we have

Qw C QerN \ meN- (14)

Otherwise, it is easily seen that ¢(Q,) > %K(Qm), choosing N big enough.
It follows that Qg C 2Q, since £(Qy) < ¢(Q.,) for N’ big enough too. This
cannot happen because then 2@Q), satisfies (13), which contradicts (12).

Because of (14), the covering made up of squares belonging to the Besi-
covitch coverings of different annuli @, \ @m—1, m > 0, will have finite
overlap.

Notice that in this argument, it is essential the fact that in (12) we are
not dividing by p(Q), but by u(2Q.).

In the next lemma we prove a very useful estimate involving non doubling
squares which relies on the idea that the mass y which lives on non doubling
squares must be small.

Lemma 5. If Q@ C R are concentric cubes such that there are no («,)-
doubling cubes (with 8 > a") of the form o*Q, k > 0, with Q C o*Q C R,
and xq stands for the center of @, then

1
/ ————du(z) < C1,
R\Q |z — 2q]

where Cy depends only on «, B, n, d and Cjy.

Proof. Let N be the least integer such that R C aV Q. For 0 < k < N we
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have p(a*fQ) < u(a™Q)/BN~*. Then,

1 N 1
0 - du(x)
/R\Q |z — $Q|n zz:/kc;)\ak 1 |7 — 20|

N

- akQ

I A

| /\

k

N
<CZ Bk N NQ)

alk—N) ng OéNQ)

aNQ i( )

<C.

O

4. WEAK (1,1) BOUNDEDNESS OF CALDERON-ZYGMUND OPERATORS

Theorem 6. Let pu be a Radon measure on R satisfying the growth con-
dition (1). If T is an n-dimensional Calderdn-Zygmund operator which is
bounded in L*(u), then it is also bounded from M(R?) into LY (u). In
particular, T), is of weak type (1,1).

The preceding result was first obtained in [NTV2], although a previous

proof valid only for the Cauchy transform appeared in [Tol]. The proof
below is from [To4].
Proof. We will show that T}, is of weak type (1,1). By similar arguments,
one gets that 7' is bounded from M (R?) into L (). In this case, one has
to use a version of the Calderén-Zygmund decomposition in the lemma above
suitable for complex measures (see the end of the proof for more details).

Let f € L*(u) and A > 0. It is straightforward to check that we may
assume A > 2971 £l /llull. Let {Q;}; be the almost disjoint family of
cubes of Lemma 3. Let R; be the smallest (6,6""!)-doubling cube of the
form 6*Q;, k > 1. Then we can write f = g + b, with

9=Ffxany,q. + %

and

b_Zb szf i),
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where the functions ¢; satisfy (9), (10) (11) and w; = %.
k
By (6) we have

w(U20) <53 [ i< S [ irian

So we have to show that
C
p{z e R\U20: et @) >0 < 5 [17ldn (9

Since [ b;dp = 0, supp(b;) C R; and [|b]|r1(u) < C [y, [f]dp, using con-
dition 2 in the definition of a Calderén-Zygmund kernel (which implies
Hormander’s condition), we get

[ itldnzc [ildasc [ fn
R4\2R; Qi

Let us see that

IT,.obil dp < C / fldu, (16)
2R;\2Q; Qi

too. On the one hand, by (11) and using the L?(u) boundedness of T' and
that R; is (6,6"1)-doubling we get

1/2
/ |Tu,e@i‘ dp < </ |T,u,590i|2 du) N(QRi)l/Q
2R; 2R;
1/2
<o 1ol an) uro?

<c [ \fldn
Qi

On the other hand, since supp(w; f) C @y, if € 2R; \ 2Q;, then

Iy

|Ty,e(wi f)(z)] < C W

Qi

and so

1
2R:\2Q; 2R:\2Q;

L= in|n

du(fﬂ)/@_ |fldp.
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By Lemma 5, the first integral on the right-hand side is bounded by some
constant independent of Q; and R;, since there are no (6,6"!)-doubling
cubes of the form 6*Q; between 6Q; and R;. Therefore, (16) holds.

Then we have

/ |Tu,eb| dp < Z/ ‘j—ju,,gbil du
RANU, 2Qk — JRN\U, 2Qk

sczij/@ﬂdusc/ucw.

Therefore,
d C
u{x e R\ [ J2Q; : [Ty, cb(x)| > A} < [ [fldu. (17)

The corresponding integral for the function g is easier to estimate. Taking
into account that |g| < CA, we get

pfo e RNU2Qis Lol >3} < 55 [loPdu< S [lalde 19)

Also, we have

Igldué/ |f| dp + /Imdu
/ R, Qi Z

i

s/|f|du+z/@|f|du
<c [I1dn

Now, by (17) and (18) we get (15).

If we want to show that 7" is bounded from M (R?) into L%*°(y), then in
Lemma 3 and in the arguments above f du must be substituted by dv, with
v € M(R?), and |f|du by d|v|. Also, condition (8) of Lemma 3 should be
stated as “on R?\ \U; @i, v is absolutely continuous with respect to p, that
is v = fdv, and moreover |f(z)| < X a.e. (u) x € R\ |J, Q;”. With other
minor changes, the arguments and estimates above work in this situation
too. |
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5. COTLAR’S INEQUALITY

This inequality involves some maximal operators which we proceed to define.
The centered mazimal Hardy-Littlewood operator applied to v € M(R?) is,
as usual,

1
M,v(x) :supi/ dlv|.
. r>0 M(B(x,T)) B(z,r)

A useful variant of this operator is the following:
M,v(z)

1 / d+1
=Ssupy ———— div|:r >0, u(B(z,5r)) < 5T w(B(x,r)) ¢.
{,u(B(x,r)) B(x,r) }
The non centered version of ]\Zt is
N,v(z) = sup{i/ d|v| : B closed ball, x € B, u(5B) < 5d+1,u(B)}.
w(B) Jp

For f € L} (1) we set M,f = %H(fdu)7 Muf = Mu(fdu), and N, f =

N, (fdp). The operators M,, and M,, are bounded in LP(u), and from M (R?)
into L1'°°(y). This fact can be proved using Besicovitch’s covering theorem

for M, and ]\Z“ and Vitali’s covering theorem with balls B(z, 5r) in the case
of Ny.

If T is a CZO, the mazximal operator T is

T.v(z) = sup |Tov(z)| for v € M(RY), z € RY,
e>0

and the d-truncated mazimal operator Ty 5 is

T.sv(z) = sup |T.v(x)| for v € M(R?), = € R
e>4

We also set T), . f = Tu(f dp) and T), .5 f = Ti5(f du) for f € L ().

loc

Theorem 7 (Cotlar’s inequality). Let u be a positive Radon measure on R?
with growth of degree m. If the T is an n-dimensional CZO bounded from
M (R?) into LY*°(p), then for 0 < s < 1 we have

T ov(@) < Cy((Mu(ITsv1) @)/ Muv(@)) for v e M(R?), @ € RY, (19)
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where Cy depends only on the constant Cy in (1), s, n, d, and the norm of
the Ts from M(R?) into LY (u).

If we assume that that there exists Tv defined in a reasonable sense (for
instance, as a principal value, or as a some kind of weak limit), then we get
the more classical version of Cotlar’s inequality

Tov(z) < C, ((1\7#(|TV\S)(30))1/5 + Mﬂl/(x))

Cotlar’s inequality with non doubling measures is due to NAZAROV, TREIL
and VOLBERG [NTV2], although not in the form stated above, which is from
[To2].

To prove Theorem 7 we will need some lemmas. The first one is Kolmo-
gorov’s inequality whose proof can be found in [Ma2, p. 299, for example.

Lemma 8. Let 1 be a positive Radon measure on R and f: R¢ — C a
Borel function in LY*°(u). Then for 0 < s < 1 and for any p-measurable
set A C R with u(A) < oo,

1 N el e
<u<A>/A'f' d”) SA=am T

Also, we will need the following result (notice the resemblances with
Lemma 5).

Lemma 9. Let 0 < r < R, with R =57, and take 8 > 5". If
Bu(B(z,5%r)) < w(B(z,5* 7)) fork=1,...,N —1,

then we have

(B(z, R))

I Trv(z) — Tov(z) < & e Muv(a),

for each v € M(R?).
Proof. We set By, = B(z,5"r). Then,

/ k() dv(y)|
r<|y—z|<5Nr

N
S Z/S L dvity)  (20)

k=lp<|y—z|<5kr ‘y - 1-|n

[Trv(z) = Trv(2)| =

x>
=

A
WE

V(B -~ p(Br)
(5kr)n S’; (Skr)"M“ ().

b
I

1
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We have ) )
w(Bi) < BM(BQ) <-- < WM(BN)
e (B,) (By) N1 u(By)
u(B1 5" 2 5"\N-1 u(Bn
oy SFEr s <(F)

Since 2 ﬁ <1, we get

AP _ o B)

k:l (5kr)n (

and the lemma follows from (20).

O

Combining Lemma 9 with the usual arguments we are going to prove

Cotlar’s inequality (19).

Proof of Theorem 7. Let ¢ > § and € R% Since p has growth of

degree n, there exists some k > 1 such that

u(B(x,5™e)) < 5T pu(B(x, 5™ 'e))

(21)

(see Subsection 3.1). We assume that m is the least integer > 1 such that

(21) holds. Set ¢’ = 5™¢e. By Lemma 9,

|Tev(x) — T jsv(w)| < CMyv(x).

Also, it is straightforward to check that |1/ /sv(z) — Tov(z)| < CMyv(x).

Therefore,
|T.v(z) — Tov(z)| < CMuv(x).

Thus it only remains to show that

Tov(z)| < C, ((Mu(\T(;yP)(a:))l/s + M,ﬂ/(m)).

Since
M(B(x7 5/)) < 5d+1/"(B($> 5//5))7

(22)

(23)

we can apply the usual argument, as in [Ma2, pp. 299-300], to prove (22).

We set
dvy = XB(z,e”) dv, dvy =dv —dv.
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For y € B(x,e'/5), since €’ > 5§ we have T va(x) = Tsve(x) = Tre(x) and
Tsva(y) = Tra(y). Using (1) it is easy to check that |Tsva(y) — Tsva(z)| <
CM,v(z). Therefore,

[Terv(a)| = |Tsva(2)] < |Tsva(y)| + CaMyv ()

< T ()] + [Ts(y)| + oMy (). o

Assume first s = 1. If Tov(z) # 0, let 0 < A < |Tov(z)|. For y €
B(x,€'/5), by (24) either CoM,v(x) > A/3 or |Tsv(y)| > A/3 or [Tsvi(y)| >
A/3. Therefore, either

A < 3CyM,v(x),

or

B(z,¢'/5) = {y € B(z,&'/5) : [Tsv(y)| > \/3}
U{y € B(x,€'/5) : |Tsvi(y)| > \/3}.

‘We have

3
wly € B(x,e'/5) : |Tsv(y)| > \/3} < X/ |Tsv|du
Bla.e'/5)

< ;M(B(x,s’/S))MM(T(SV)(JU)a

and by the boundedness of Tj from M (R?) into L1>°(x) and (23),

[l

ply € B(,2'/5) [Ty (y)] > A3} S 12
(B )
A
u(Bz,'/5))
< EES 2 M),

In any case we obtain A < 3MH(T§V)($) + CM,v(z). Since this holds for

0 <\ < |Tov(z)|, (22) follows when s = 1.
Assume now 0 < s < 1. From (24) we get

Tev(@)]* < Tsi(y)I® + [Tsv(y)]” + CMv(z)°.
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Integrating with respect to p and y € B(x,€'/5), dividing by u(B(z,€’/5))
and raising to the power 1/s we obtain

1 1/s
rn = [ )
T | GB@ /) oy

1 / 1/s
+ | = T(;l/sd,u> +ML1/:17}
(87757 Jor w12)

By (23), the second term on the right-hand side of (25) can be estimated
by M, (|Tsv|*)(x)'/*. On the other hand, the first term is estimated using

Kolmogorov’s inequality, the boundedness of Tj from M (R?) into L' (),
and (23):

(25)

__ . WTsvnllzr ooy
(M(B(I7€//5)) /B(a:,e’/S) |T§ 1| d’u) ~ ,U(B(IZ?,&"/5))
B L1
™ u(B(x,e'/5))
S Myv(x).

Now (22) follows. O

As in the classical doubling case, a direct consequence of Cotlar’s inequal-
ity and Theorem 6 is the following result.

A

Theorem 10. Let p be a Radon measure on R% of degree n. If T,

an n-dimensional CZO bounded in L?*(u), then T), . is bounded in LP(p),
p € (1,00), and from M(R?) into LY ().

Proof. By Theorem 6, interpolation, and duality, T}, is bounded in LP(u),
p € (1,00), and from M (R?) into L:*°(p1). Then, by Cotlar’s inequality it is
clear that T} 5 is bounded in L”(u), p € (1, 00), uniformly on § > 0. Hence,
by monotone convergence, T is also bounded in LP(u), p € (1,00). The
boundedness of T, from M (R?) into L'*°(u), as in the classical doubling
case, requires some additional work. By monotone convergence, it is enough
to show that

p{z : T sv(x) > A} < @ (26)
By Cotlar’s inequality (19) for s = 1/2, we have for A > 0

A
2T < :
ple Ty sv(x) > A} < y{x M,v(x) > 201/2}

+,u{x; (M#(|T51/|1/2)(w))2 > 26?;/2}'

(27)
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The first term on the right-hand side of (27) satisfies
A v
Mt > 2} <l
“{”” wv(z) > 2C,,) =7 A
by the boundedness of M,, from M (R?) into L1>°(1). To estimate the second
term on the right-hand side of (27) we introduce the non-centered restricted
maximal Hardy-Littlewood operator INV,, introduced above. Obviously,

~ 2 A
wlo (LT @) > 5o

ve 28)

(2C1)2)1/2
Recall that, by the doubling condition on the balls B(y,r), the operator

N, is bounded from M (R?) into L1>°(y). In fact, for any o € M(R?), the
following sharper condition holds:

< ,u{m : N#(|T51/|1/2)(9C) >

1
pl{z : Nyo(z) > A} < CX dlo|. (29)
{z:Nyo(z)>A}

This inequality follows from the usual arguments, using the 5r-covering the-
orem, as in [Ma2, pp. 40-42]. Notice that an estimate such as (29) does not
hold for the centered operator M , in general.

Now, if we denote

)\1/2
(201/2)1/2}’

applying (29) to g = |T5v|'/? and by Kolmogorov’s inequality, we obtain

1
H(A) < Cm / Ty] /2 dp

A={o: Nu(Tov]/2) (@) >

(V2| Tov]| e,

C/\l/zﬂ L1,00(
CA1/2M(A)1/2||V||1/2.
Therefore,
sl
and by (28),

[

i 1/2 2 A
ol (T (@) > 55—} < 075,

and so (26) holds. O
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6. THE T(1) THEOREM, RBMO, AND H!

Let us introduce some notation and definitions. Given p > 1, we say that
f € L}, (1) belongs to the space BMO,(p) if

loc

1
Sgpw/cg|f—mQ(f)|dM< o0,

where the supremum is taken over all the squares in R¢ and mq(f) is the
p-mean of f over Q).
A Calderén-Zygmund operator T, is said to be weakly bounded if

’<TM,€XQa XQ>’ < Cu(Q) for all the cubes Q € R?, uniformly on & > 0.

Notice that if T}, is antisymmetric, then the left-hand side above equals zero
and so T}, is weakly bounded.
Now we are ready to state the T'(1) theorem:

Theorem 11. Let yu be a Radon measure on R? of degree n, and let T' be
an n-dimensional Calderdn-Zygmund operator. The following conditions are
equivalent:

(a) T, is bounded on L?(p).

(b) T, is weakly bounded and, for some p > 1, we have that T, (1),
Ty (1) € BMO,(p) uniformly on e > 0.

(¢) There exists some constant Cs such that for all € > 0 and all the
cubes Q C R?,

I Tyexqll 2 < Csu(@)?  and  ||T) xqllr2(uq) < Csu(@Q)Y2.

The classical way of stating the T'(1) theorem is the equivalence (a) < (b).
However, for some applications it is sometimes more practical to state the
result in terms of the L? boundedness of T}, and T'; over characteristic func-
tions of cubes, i.e. (a) < (c).

Theorem 11 is the extension of the classical T'(1) theorem of DAVID and
JOURNE to measures of degree n which may be non doubling. The result was
proved by NazAROV, TREIL and VOLBERG in [NTV1], although not exactly
in the form stated above. An independent proof for the particular case of
the Cauchy transform was obtained simultaneously in [Tol].

Let us remark that the boundedness of 7, on L?(u) does not imply the
boundedness of T}, from L (u) into BMO(p) (this is the space BMO,(u)
with parameter p = 1), and T}, (1), T}; .(1) ¢ BMO(p) uniformly on € > 0,



CALDERON-ZYGMUND THEORY 237

in general. On the contrary, one can show that if 7, is bounded on L2(u),
then it is also bounded from L*°(y) into BMO, (), for p > 1, by arguments
similar to the classical ones for homogeneous spaces. However, the space
BMO,(1t) has some drawbacks. For example, it depends on the parameter
p and it does not satisfy the John-Nirenberg inequality. To solve these
problems, in [To3] a new space called RBMO(u) has been introduced. The
precise definition is the following: we say that f € RBMO(u) if it belongs
to BMOs(p) (i.e. satisfies (30) with p = 2), and moreover, for all (2,29+1)-
doubling cubes @ C R,

imqf —mgrf| < CrKqQ R,

where
1

K ,R:1—|—/ —— du(x).
@ or\Q [T — zq|"

Let us remark that the definition of RBMO(u) does not depend on the choice
of the parameter p = 2. Moreover, RBMO(p) is a subspace of BM O, () for
all p > 1, and it coincides with BMO(u) when p is an AD-regular measure.
Further, RBMO(u) satisfies a John-Nirenberg type inequality, and all CZO’s
which are bounded on L?(j1) are also bounded from L (1) into RBMO(p1).
For these reasons RBMO(u) seems to be a good substitute of the classical
space BM O for non doubling measures of degree n.

One can also show that the statement (b) in Theorem 11 is equivalent to

(b’) T, is weakly bounded and we have that 7}, .(1)T}; .(1) € RBMO(p)
uniformly on ¢ > 0.

See [To3] for all the details.

The predual of RBMO(u) is a Hardy type space, which we proceed to
define. For a fixed p > 1, a function b € L}, (u) is called an atomic block if
1. there exists some cube R such that supp(b) C R,

2. / bdu =0,
3. there are functions aj, as supported on cubes @1, Q2 C R and num-
bers A1, A2 € R such that b = A\ja; + A2as, and

—1 .
llajll oo < (1(pQ;)Kq, r) for j =1,2.

We denote
bl () = A1) + [A2]
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(to be rigorous, we should think that b is not only a function, but a ‘structure’
formed by the function b, the cubes R and @Q;, the functions a;, etc.). Then,
we say that f € H!(u) if there are atomic blocks b; such that

i=1

with 7, |bilg1(u) < 0o (notice that this implies that the sum in (31) con-
verges in L'(p)). The H(u) norm of f is

£l oy = 1nf D> 1bil a1 (),

where the infimum is taken over all the possible decompositions of f in
atomic blocks.

One can check that the definition of H'(u) does not depend on the con-
stant p > 1. The H'(u) norms for different choices of p > 1 are equivalent.
As mentioned above,

(H' ()" = RBMO(n).

Moreover, it is not difficult to show that if an n-dimensional Calderén-Zyg-
mund operator is bounded in L?(y), then it is also bounded from H*(u)
into L' (). See [To3] for the detailed arguments and other related results,
such as an interpolation theorem between the pairs (L°°(u), RBMO(u))
and (H'(u),L'(n)). Let us also remark that the space H!'(u) admits a
characterization in terms of a grand maximal function. See [To5].

Many more results on Calderén-Zygmund theory with non doubling mea-
sures have been proved recently. For example, several T'(b) type theorems
have been obtained in [DM], [Dd4], [NTV3], [NTV4], [NTV5]. There are also
results concerning weights [GCM1], [HY], [MM], [OP], [To13]; commutators
[CS], [HMY3], [MY], [To3]; multilinear commutators [HMY1], [HMY?2]; frac-
tional integrals [GCM2], [GCG1]; Lipschitz spaces [GCG2]; maximal singular
integrals [HMY4], and more on Hardy spaces [CMY]; etc.

7. THE CAUCHY TRANSFORM

Recall that the Cauchy transform is the CZO on C originated by the kernel

1
k(.f,y) = xaye(c
y—x
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It is denoted by C. That is to say,

C(o)i= [ ——duly). € C\supp(n).
As is well know, the Cauchy transform plays a fundamental role in complex
analysis, because of Cauchy reproducing formula. When p is fixed, we set
Cul(f) = C(f dp).

Of course, the results and techniques of Calderén-Zygmund theory ex-
plained in the preceding sections apply to the Cauchy transform (with the
parameters n = 1, d = 2). Moreover, because of the relationship of the
Cauchy kernel with Menger curvature, discovered by MELNIKOV [Me], some
results (such as the T'(1) theorem) are easier to prove for the Cauchy trans-
form than for general CZO’s.

In this section we will describe in detail the relationship between the
Cauchy transform and Menger curvature, and using this, we will give a
rather simple proof of the T'(1) theorem for the Cauchy singular integral
operator, i.e. for C,.

7.1. The curvature of a measure. Given three pairwise different points
x,y,z € C, their Menger curvature is

1

c(x,y,2) = W7

where R(x,y,z) is the radius of the circumference passing through z,y, 2
(with R(z,y,2) = oo, c¢(z,y,2z) = 0 if x,y,2 lie on a same line). If two
among these points coincide, we let ¢(z,y,z) = 0. For a positive Radon
measure (, we set

@) = [[ @2 dutw) dutz),

and we define the curvature of 1 as

) = [ @ dute) = [[[ vz duto) dutyy dutz). 32

The notion of curvature of measures was introduced by MELNIKOV [Me]
when he was studying a discrete version of analytic capacity, and it is one
of the ideas which is responsible of the big recent advances in connection
with analytic capacity. The notion of curvature is connected to the Cauchy
transform by the following result, proved by MELNIKOV and VERDERA.
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Proposition 12. Let p be a Radon measure on C with linear growth. We
have

ICotl gy = 5 (1) + O(H(E)), (33)

where c2(p) is the e-truncated version of ¢*(u) (defined as in the right-hand
side of (32), but with the triple integral over {z,y,z € C : |z — yl|, |y — 2|,
|z —z[ > €}), and [O(u(C))| < Cu(C).

The identity (33) is remarkable because it relates an analytic notion (the
Cauchy transform of a measure) with a metric-geometric one (curvature). It
played a key role in many of the recent results on analytic capacity.

Proof. We have
2

Q”;W:/U;DE ()| du(z)
/ / / 0 (z == ) dnlz) dp()

/ / /d; ﬂii (ﬂ) du(y) du(z) du(x) (34)

ly—=|>e

/ //“’ g};g (Z =) du(y) du(z) dp(z)

ly—z|<e

= I]_ + IQ.

Consider first the integral I;. By Fubini, permuting z, vy, z, we get,

///Z (26y — 25,) (Zag — Zsl)d“(zl)dﬂ(@)d#(zs),

s€S3

where S3 is the group of permutations of three elements. An elementary
calculation shows that

1
Z s = *(21, 22, 23).

S€Ss Zé1)<zé’3 - Zsl)

So we get
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To estimate the integral I5 in (34), notice that, by the conditions in the
domain of integration, the side with vertices y, z is the shortest in the triangle
formed by the vertices x,y, z. Thus, |z — y| = |z — 2|, and so

nis /[ e [ O ) ).

ly—z|<e

Integrating with respect to z, by the linear growth of u, we derive

1
1255// ———du(y) du(x).
‘ | |z—y|>e |y7£8|2 ( ) ( )

Using again the linear growth of p, splitting the domain {y : |z — y| > €}
into annuli, it is easy to check that

1 1
duly) < -
/y|w y|>e ‘y ‘2 €

Thus we get,

and the proposition follows. O

Lemma 13. Let p be a Radon measure on C with linear growth and let
f € L*(n) be a non negative real function. Then we have

tf1cdPdn= [[[oyoe 206 £0) dute) duty) dut2)

|x—z|>€
ly—z|>e

—2Re/( WC (T f dp+ O(| f 2,

The proof is similar to the one of Proposition 12. We leave it as an exercise
for the reader. Otherwise, see [Ve2, Lemma 1] for the details, for example.

7.2. The T'(1) theorem for the Cauchy singular integral opera-
tor. We will prove the following version of the T'(1) theorem for the Cauchy
singular integral operator:
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Theorem 14. Let i be a Radon measure on C with linear growth. The
following conditions are equivalent:

(a) C, is bounded on L*(u).
(b) For alle > 0 and all the squares Q C C,

HcmsXQ”L?(u\Q) < C#(Q)l/z,

with C' independent of €.
(¢) For all the squares Q C C,

) < OuQ).

To prove this theorem we will exploit the relationship between the Cauchy
transform and Menger curvature, and we will use a good A inequality, as
in the proofs of the same result in [Tol] and [Ve2]. The proof below is
new although it has some resemblaces with the ones in the references just
mentioned, especially with [Ve2].

Notice that the equivalence (b) < (c) follows by a direct application of
(33) to the measure pq, for all the squares @ C C. So we only have to prove
(b) = (a). To this end, we need the following key lemma:

Lemma 15. Let i be a finite measure with linear growth on C, that is,
w(B(z,r)) < Cor for allz € C,r > 0.

Suppose that ||C5,uH%2(H) < C1u(C) for all e > 0. Then there exists a subset

G C C with u(G) > u(C) /4 such that Cp, ., - L*(ma) = L*(we) is bounded
with norm bounded above by some constant depending only on Cy and Ci.

Proof. From the assumptions in the lemma and Proposition 13, we deduce
(n) < Cop(C).
Given C7 > 0, let
A.:={z e C:|Cu(z)| < C7 and ci(x) <C?y.
Since [ ¢ (x)du(x) = *(p) < Cou(C) and [ |Cepl?* du < Cu(C), we infer
that p(A.) > p(C)/2 if C7 is chosen big enough, by Chebyshev.

We want to show that the Cauchy integral operator C,, , .. is bounded on
L? (#14.). To this end we introduce an auxiliary “curvature operator”: for
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z,y € A., consider the kernel k(z,y) := [ c(z,y,z) du(z), and let T be the

operator
) = / (e, 0) F(0) din().

By Schur’s lemma, 7" is bounded on LP(u4_) for all p € [1,00], because for
all x € A,

/k(%y) dpa_(y) =/k(y,x) dpa_(y)

=/ A (x,y, 2) du(y) du(z) < ¢ (x) < C3.
YyEA.

Recall that given a non negative (real) function f supported on A., by
Lemma 13 we have

tf1e P dn= [[[ooyoe 20 £0) i) duty) dut2)

|x—z|>e
ly—z|>e

—2Re/( wCe(f dp) f dp + O f1I72)-

Thus,

J1ets anlau < 1/ s.0)|+ 5 [1€C. du | du+ Ol (39

To estimate the first term on the right side we use the L? (14, ) boundedness
of T (recall that supp(f) C A.):

(TF D] <ITFllell fllzgy < ClFIZ2g0-

To deal with the second integral on the right side of (35), notice that |C.u| <
C7 on the support of f, and so

/|(C5U)Ce(.f dﬂ’)f’ dp < 07/‘Ce(fd,u)f| dp < C7HCE(f dﬂ)HLz(H)HfHLQ(,u)

By (35) we get

C
IC(f di) %2y < CIF L2y + %lle(fdu)llm(m||f||L2(ﬂ),
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which implies that ||Cc(f dp)llz2(u) < Cllfllz2()-

So far we have proved the L?(u4,) boundedness of C,, , . If A, were in-
dependent of €, we would set v := j1)4_ and we would be done. Unfortunately
this is not the case and we have to work a little more. We set

G. :={z € C:|C..u(z)| < Cs and ci(m) < 6'82},

where Cg is some constant big enough (with Cg > C7) to be chosen below.
By Theorem 10 and the discussion above, we know that C . is bounded from
M(C) into L (44, ) (with constants independent of €). Thus,

Cu(C
M{x € AE : |Cs,*:u(x)| > 08} < %
If Cs is big enough, the right-hand side of the preceding inequality is
< u(C)/4 < pu(Ac)/2. Thus, p(Ge) = p(C)/4.

We set
G .= ﬂ Ge.

e>0

Notice that, by definition, G. C G5 if € > § and so we have

W(G) = lim j(G) > Tu(C).

By the same argument used for A., it follows that Cmcgaf is bounded on
L?(u@.) (with constant independent of ¢), and thus C, , is bounded on

L (pc)- 0

Proof of Theorem 14. As remarked above, we only have to prove (b) =
(a). We will use a good A inequality: we will show that there exist some
absolute constant n > 0 such that for all & > 0 there exists 6 = J(g) > 0
such that

p{z: Cpf(x) > (14 2)A, Myf(z) < 0N}

<U-mple Cut@ >y

for f € L'(u) (with compact support, say). It is easy to check that this
implies that C,, is bounded in L*(p), by standard arguments.
To prove (36), consider a Whitney decomposition of the open set

Q= {z:Cpuf(x) > A}
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into a family of dyadic squares {Q); };cr with disjoint interior such that 5Q; C
Q) and 20Q; N Q5 # 0 for each ¢ € I, and so that, moreover,

Z X5Q; S CQXQA . (37)
iel
That is, the family {5Q);};c; has bounded overlap.
Consider a square Q;, ¢ € I. We claim that if z € Q; satisfies C,, . f(z) >
(14+¢e)A and M, f(x) < A, then
Cu (X2, f)(x) > €A/2, (38)

assuming that § is small enough. To show that this holds, take z € 20Q;\Q»,
so that C, . f(z) < A. Since z,z € 200Q);, using the linear growth of u, by
standard arguments it follows easily that

|Cu (Xe\200: f) (@) = Cu (X\100, f) (2)| < CM,. f ().

By straightforward estimates, since x € @), it is also easy to check that
Cux(Xa00,\20, f)(x) < CM, f(z). Therefore,

Crx(Xc\20, /) (%) < Cux(Xa00:\20, f) (@) + Cp s (Xc\a00, f) ()
< Cpue(X00:\20, ) (%) + Cpe (Xe\100, f) (2)
+ | Cn (Xcr10Q, ) (@) — Cpun (Xer200, F) (2)|
<CM,f(x) + X+ CM,f(zx) < (14 Ciod)A,
and thus

Cux (X2 ) (@) = Cpu f (1) = Cpun(Xer20, /) () > (1 4+ €)X = (1 + Crod) A

So the claim follows if we choose C19d < £/2.
Now, since for all ¢ > 0 we have ||C,(xq,)

|%2(MQ,) < Cu(Qi), by
Lemma 15 applied to the measure pq,, there exists some subset G; C
Q; with u(G;) > p(Q;)/4 such that the Cauchy transform is bounded in
L*(p,)- By Theorem 11, we infer that C, . is bounded from M(C) into
LY (pg,). Together with (38) this implies that

plr € Gy : Cpuuf(x) > (1 +e)N, Muf(z) <A}
< p{w € Gyt Cuulxaq. f)(@) > eX/2}

C
< ngXzQifHLl(#)-
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Notice that, if ); contains some point & such that M, f(z) < A, then

i < / fldp
B(x,20(Q5))

< u(B(,20(Q:))) My f ()
< u(5QZ)M#f($)
< 6Au(5Q;).

HX2Qif

Thus,

Cnod
9

plr € Gy Cpuuf(x) > (L +e)N\, M, f(x) < oA} < 1w(5Q;).

Using the preceding estimate for all the squares @Q;, i € I, and the fact
that u(G;) > u(Qq)/4, we get

p{z: Cpnf(x) > (14 e)A, M, f(z) < A}
<Y w@i\G)+ Y p{w € GiiCuuf(a) > (1+)A Muf(z) < oA}

el el
3 C110
<D @)+ Y~ n(5Q:)
iel el

By the bounded overlap (37), we obtain

CyCh10
3

p{z: Cpuf(x) > (1+e)A, M, f(z) < oA} < %u(QA) + w(2y).

Therefore, if we choose § < Cy 1C1_115/8, the right-hand side is bounded
above by Zu(€2)), and so (36) follows with 1 = 1/8. We are done. O
8. ANALYTIC CAPACITY

8.1. Definition. The analytic capacity of a compact set £ C C is

V(E) = sup|f'(c0)],

where the supremum is taken over all analytic functions f : C\ E — C with
/] <1on C\ E, and f'(00) = lim, 0 2(f(2) — f(00)).

The notion of analytic capacity was introduced by AHLFORS [Ah] in the
1940’s in order to study the removability of singularities of bounded analytic
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functions. A compact set £ C C is removable for bounded analytic functions
if for any open set {2 containing F, every bounded function analytic on Q\ F
has an analytic extension to 2. AHLFORS showed that E is removable if and
only if y(E) = 0.

Painlevé’s problem consists of characterizing removable singularities for
bounded analytic functions in a metric/geometric way. By AHLFORS’ result
this is equivalent to describe compact sets with positive analytic capacity in
metric/geometric terms.

VITUSHKIN in the 1950’s and 1960’s showed that analytic capacity plays a
central role in problems of uniform rational approximation on compact sets of
the complex plane. Many results obtained by VITUSHKIN in connection with
uniform rational approximation are stated in terms of . See [Vi2], or [Vel]
for a more modern approach, for example. Further, because its applications
to this type of problems he raised the question of the semiadditivity of ~.
Namely, does there exist an absolute constant C' such that

YEUF) <CH(E)+~(F))?

This was shown to be true in [To8].

Proving the semiadditivity of analytic capacity is out of the scope of these
lecture notes. However, below we will show that the so called capacity v
is semiadditive. The semidditivity of the analytic capacity ~ follows then
from the comparability of v and +y;, as shown in [To8]. As we will see,
the Calderén-Zygmund theory with non doubling measures that we have
developed in the previous sections will play a fundamental role.

8.2. Basic properties of analytic capacity. One should keep in mind
that, in a sense, analytic capacity measures the size of a set as a non remov-
able singularity for bounded analytic functions. A direct consequence of the
definition is that
ECcF = ~(E)<~(F).
Moreover, it is also easy to check that analytic capacity is translation invari-
ant:
v(z+ E)=~(E) forall z €C.

Concerning dilations, we have
Y(AE) = |Alv(E) for all A € C.
Further, if E is connected, then
diam(F)/4 < v(E) < diam(FE).
The second inequality follows from the fact that the analytic capacity of a

closed disk coincides with its radius, and the first one is a consequence of
Koebe’s 1/4 theorem (see [Ga, Chapter VIII] for the details, for example).



248 XAVIER TOLSA

8.3. Relationship with Hausdorff measure. The relationship between
Hausdorff measure and analytic capacity is the following:

o If dimpy(E) > 1 (here dimpy stands for the Hausdorff dimension), then
~(E) > 0. This result follows easily from Frostman’s Lemma.

e v(E) < H'(E), where H! is the one dimensional Hausdorff measure,
or length. This follows from Cauchy’s integral formula, and it was
proved by PAINLEVE about one hundred years ago. Observe that, in
particular we deduce that if dimy(F) < 1, then v(E) = 0.

By the statements above, it turns out that dimension 1 is the critical
dimension in connection with analytic capacity. Moreover, a natural question
arises: is it true that v(E) > 0 if and only if H'(E) > 07

VITUSHKIN showed that the answer is no. Indeed, he constructed a com-
pact set in C with positive length and vanishing analytic capacity. This set
was purely unrectifiable. That is, it intersects any rectifiable curve at most
in a set of zero length. Motivated by this example (and others, I guess) Vi-
TUSHKIN conjectured that pure unrectifiability is a necessary and sufficient
condition for vanishing analytic capacity, for sets with finite length.

GuYy DavID [Dd4] showed in 1998 that Vitushkin’s conjecture is true:

Theorem 16. Let E C C be compact with H'(E) < co. Then, v(E) = 0 if
and only if E is purely unrectifiable.

Let us remark that the “if” part of the theorem is not due to DAVID (it
follows from CALDERON’s theorem on the L? boundedness of the Cauchy
transform on Lipschitz graphs). The “only if” part of the theorem, which is
more difficult, is the one proved by David. See also [MMV], [DM] and [Lé]
for some preliminary contributions to the proof.

Theorem 16 is the solution of Painlevé’s problem for sets with finite length.
The analogous result is false for sets with infinite length. For this type of sets
there is no such a nice geometric solution of Painlevé’s problem, and we have
to content ourselves with a characterization such as the one in Corollary 23
below (at least, for the moment).

8.4. The capacity v; and the Cauchy transform. The capacity v, of
a compact set £ C C is

V+(E) := sup{u(E) : supp(u) C E, [|Cpl[r=(c) <1} (40)

That is, 4 is defined as 7 in (39) with the additional constraint that f
should coincide with Cu, where p is some positive Radon measure supported
on E (observe that (Cu) (00) = —u(C) for any Radon measure p). To be
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precise, there is another little difference: in (39) we asked ||f||z~c\r) < 1,
while in (40) [|f||ze(c) < 1 (for f = Cp). Trivially, we have v, (E) < v(E).

The following lemma relates weak (1,1) estimates for the Cauchy integral
operator with L™ estimates (which in its turn are connected with v and ).

Lemma 17. Let p be a Radon measure with linear growth on C. The fol-
lowing statements are equivalent:
(a) The Cauchy transform is bounded from M(C) into LY (u).
(b) For any set A C C there exists some function h supported on A, with
0 < h <1, such that [hdp > C~*u(A) and ||Co(hdp)||p=(c) < C
for all e > 0.
The constant C' in (b) depends only on the norm of the Cauchy transform
bounded from M(C) into LY*°(u), and conversely.

This lemma is a particular case of a result which applies to more general
linear operators. The statement (b) should be understood as a weak substi-
tute of the L>°(x) boundedness of the Cauchy integral operator, which does
not hold in general.

We will prove the easy implication of the lemma, that is, (b) = (a). For
the other implication, which is due to DAVIE and @KSENDAL [D{] the reader
is referred to [Ch, Chapter VII] and [Tol].

Proof of (b)=-(a). It is enough to show that for any complex measure
ve M(C) and any A > 0,

p{z € C:Re(Cov(x)) > A} < CHZ/H
To this end, let us denote by A the set on the left slde above, and let h be a
function supported on A fulfilling the properties in the statement (b) of the
lemma. Then we have

u(A) < C/hdu < %Re(/((ﬁsu)hdu)
—Re /c (hdya) d) C”””

O

Remark 18. Notice that if £ supports a non zero Radon measure p with
linear growth such that the Cauchy integral operator C, is bounded on
L2(u), then there exists some nonzero function h with 0 < h < yxg such
that ||Cc(hdp)|| L (cy < C uniformly on €, by Theorem 6 and the preceding
lemma. Letting ¢ — 0, we infer that |C(hdu)(z)] < C for all z ¢ E, and so
~v(E) > 0.

A more precise result will be proved in Theorem 19 below.
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9. THE PAINLEVE PROBLEM AND THE SEMIADDITIVITY
OF ANALYTIC CAPACITY

9.1. Semiadditivity of «; and its characterization in terms of cur-
vature. We denote by X(F) the set of Radon measures supported on F
such that u(B(z,r)) <r for all z € C, r > 0.

Theorem 19. For any compact set E C C we have

V+(E) = sup{p(E) : p € B(E), [|Copll ooy < 1 Ve > 0}
~ sup{u(E) : p € B(E), [[CopllF2(y < n(E) Ve > 0}
~ sup{p(E) : p € B(E), () < p(E)}
~ sup{u(E) : p € B(E), [ICull L2 (), L2(u) < 1}-

In the statement above, ||C,||z2(),22(,) stands for the operator norm of
C. on L2(p). That is, [|Cpull£2(u),02() = SUPeso [Crse | L2(1),12(1)-
Proof. We denote

S1 = sup{p(E) : p € X(E), [|Ceptll ooy < 1 Ve > 0},

Sy = sup{p(E) : p € B(E), ||Cepl|72(,y < u(E) Ve > 0},
S3 = sup{u(E) : p € B(E), (n) < u(E)},

Sy = sup{u(E) s € X(E), ICullz2(w),12(n) < 1}

We will show that v (E) <51 <52 &= S3 < Ss S v (E). We will give two
proofs of S3 < S4. One uses the T'(1) theorem and the other not (and so it

is more elementary).

Proof of v, (E) < S1. Let p be supported on E such that ||Cpull ey <1
with v (E) < 2u(E). It is enough to show that p has linear growth and
ICeptl| oo () < € umiformly on € > 0.

First we will prove the linear growth of u. For any fixed z € C, by Fubini
it turns out that for almost all r» > 0,

1
/ o Tr=a] du(z) < .

For this r we have
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Now the linear growth of u follows easily.
To deal with the L () norm of C. we use a standard technique: we
replace C. by the regularized operator C., defined as

Cepla) = /rg(y — ) du(y),
where r. is the kernel
if |z| > ¢,

re(2) =
if |z] <e.

Q| e

Then, C. p is the convolution of the complex measure p with the uniformly
continuous kernel r. and so C.p is a continuous function. Also, we have

I x
()=t e

where x. is the characteristic function of B(0,¢). Since p is compactly
supported, we have the following identity:

-1
Copp = = % XeTE™ 5 1 =
z

* Cl.

Tve?

This equality must be understood in the sense of distributions, with Cu
being a function of L{ (C) with respect to Lebesgue planar measure. As a

loc -
consequence, if [|Cpl| L (cy < 1, we infer that ||C.pl|e(,y < 1 for all € > 0.
Since p has linear growth, we have

Conte) —Centw) = | [ @rman] <o

and 5o ||Ccpt| oy < C uniformly on e > 0.
Proof of S; < S5. Trivial.
Proof of Ss ~ S3. This is a direct consequence of Proposition 12.

Proof of S3 < Sy using the T'(1) theorem. Let u supported on E with
linear growth such that ¢?(u) < p(E) and S5 < 2u(E). We set

A= {xEE:cz(aj) < 2}
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By Chebyshev u(A) > u(E)/2. Moreover, for any set B C C,
Fmpen) < [[[ e duw)dnt)dn(z)
r€EBNA
[ e duta) < 2u(B)
r€EBNA

In particular, this estimate holds when B is any square in C, and so CM A s
bounded on L?(y4), by Theorem 14. Thus Sy = pu(A) ~ Ss.

Proof of S3 <S4 using Lemma 15. Take u supported on FE with linear
growth such that ¢?(u) < u(E) and S3 < 2u(FE). By Proposition 12, we
deduce that ||C€,uH%2(u) < Cu(E) uniformly on & > 0. By Lemma 15, there

exists G C E with p(G) > pu(E)/4 and such that C,, , : L*(ma) = L*(1a)
is bounded with norm bounded above by some absolute constant. Thus,
the measure v = p g is supported on E, has linear growth, and satisfies
I/(E) 2 /L(E)/4 and ||CV||L2(V),L2(V) S C.

Proof of Sy < ~v4+(FE). This is a direct consequence of Lemma 17 and the
fact that the L?(1) boundedness of C,, implies its boundedness from M (C)
into L:°°(u), as shown in Theorem 6. O

From the preceding theorem, since the term

sup{u(E) : p € S(E), |Cyll 2y 22 < 1}
is countably semiadditive, we deduce that ~, is also countably semiadditive.

Corollary 20. The capacity v+ is countably semiadditive. That is, if E;,
i=1,2,..., is a countable (or finite) family of compact sets, we have

Y+ <[j Ez) < CiVJr(Ei)'

i=1
The semiadditivity of v, and its characterization in terms of curvature
were proven in [Tol], via the T'(1) theorem for the Cauchy transform.
Another consequence of Theorem 19 is that the capacity 4 can be char-

acterized in terms of the following potential, introduced by VERDERA [Ve2]:

Uu(x) = sup wB@,r) + ci(m)lm, (42)
r>0 r

The precise result is the following.
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Corollary 21. For any compact set E C C we have

Y4+(E) = sup{u(E) : p € B(E), Uy(x) <1V € C}.

The proof of this corollary follows easily from the fact that

v4+(E) = sup{u(E) : p € X(E), (n) < u(E)},

using Chebyshev. The details are left for the reader.

Let us remark that the preceding characterization of 4 in terms of U,
is interesting because it suggests that some techniques of potential theory
could be useful to study vy. See [To7] and [Ve2].

9.2. Comparability between v and ;. In [To8] the following result
has been proved.

Theorem 22. There exists an absolute constant C' such that for any com-
pact set E C C we have

V(E) < Cry(E).
As a consequence, v(E) ~ v+ (E).

An obvious corollary of the preceding result and the characterization of
~4 in terms of curvature obtained in Theorem 19 is the following.

Corollary 23. Let E C C be compact. Then, v(E) > 0 if and only if E
supports a non zero Radon measure with linear growth and finite curvature.

Since we know that 7, is countably semiadditive, the same happens
with :

Corollary 24. Analytic capacity is countably semiadditive. That is, if E;,
i=1,2,..., is a countable (or finite) family of compact sets, we have

7(@1 EL> < Civ(Ei)-

Notice that, by Theorem 19, to prove Theorem 22 it is enough to show that
there exists some measure p supported on E with linear growth, satisfying
w(E) ~ v(E), and such that the Cauchy transform C, is bounded on L?(u)
with absolute constants. To implement this argument, the main tool used
in [To8] is the T'(b) theorem of NAzZAROV, TREIL and VOLBERG [NTV3].
To apply this theorem, one has to construct a suitable measure p and a
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function b € L () fulfilling some suitable para-accretivity conditions. The
construction of u and b is the main difficulty which is overcome in [To8], by
means of a bootstrapping argument which involves the potential U,, of (42)
and an induction on scales.

Let us remark that the comparability between v and «4 had been pre-
viously proved by P. JONES for compact connected sets by geometric argu-
ments, very different from the ones in [To8] (see [Pa, Chapter 3]). On the
other hand, the case of Cantor sets was studied in [MTV1]. The proof of
[To8] is inspired in part by the ideas in [MTV1].

Corollary 23 yields a characterization of removable sets for bounded an-
alytic functions in terms of curvature of measures. Although this result
has a definite geometric flavour, it is not clear if this is a really good geo-
metric characterization. Nevertheless, in [Tol1] it has been shown that the
characterization is invariant under bilipschitz mappings, using a corona type
decomposition for non doubling measures. See also [GV] for an analogous
result for some Cantor sets.

9.3. Analytic capacity, the Cauchy transform, and rectifiability. In
this subsection we will give a brief summary of the relationship between the
Cauchy transform, analytic capacity and rectifiability.

A set is called rectifiable if it is H!-almost all contained in a countable
union of rectifiable curves. Recall that H' stands for the 1-dimensional Haus-
dorff measure. On the other hand, it is purely unrectifiable if it intersects
any rectifiable curve at most in a set of zero length.

DAvID and LEGER [Lé| proved the following nice result:

Theorem 25. Let E C C be compact with H'(E) < co. If cZ(H‘lE) < 00,
then E is rectifiable.

The proof of Theorem 25 in [Lé] uses geometric techniques, in the spirit
of the ones used by P. JONES in [Jo] and by DAVID and SEMMES in [DS].

As a corollary of the preceding theorem, using Proposition 12, one in-
fers that if the Cauchy transform is bounded in Lz(’H‘lE), then E' is rec-
tifiable. A more quantitative version of this result proved by MATTILA,
MELNIKOV and VERDERA [MMV] asserts that if E is AD-regular (i.e.,
HY(E N B(z,r)) = r for x € E and 0 < r < diam(E)) and the Cauchy
transform is bounded on Lz('HllE), then E is contained in an AD regular
curve I'.

Recall that David’s Theorem 16 (the solution of Vitushkin’s conjecture)
asserts if £ C C has finite length then, y(F) = 0 if and only if F is purely
unrectifiable. To prove Vitushkin’s conjecture, DAVID proved a suitable
T(b) type theorem valid for non doubling measures (using a preliminary



CALDERON-ZYGMUND THEORY 255

result from [DM]). Using this theorem, he was able to show that if E has
finite length and positive analytic capacity, then it contains a subset F' with
positive length such that the Cauchy transform is bounded in L? (Hip) As
noticed above, this implies that F is rectifiable.

9.4. Other capacities. In [To9], some results analogous to Theorems 19
and 22 have been obtained for the continuous analytic capacity «. This
capacity, introduced by VITUSHKIN (see [Vi2]), is defined like « in (39), with
the additional requirement that the functions f considered in the sup should
extend continuously to the whole complex plane. In particular, in [To9] it
is shown that « is semiadditive. This result has some nice consequences for
the theory of uniform rational approximation on the complex plane. For
example, it implies the so called inner boundary conjecture.

VOLBERG [Vo] has proved the natural generalization of Theorem 22 to
higher dimensions. In this case, one should consider the Lipschitz harmonic
capacity instead of the analytic capacity (see [MP] for the definition and
properties of Lipschitz harmonic capacity). The main difficulty arises from
the fact that in this case one does not have any good substitute of the no-
tion of curvature of measures, and then one has to argue with a potential
very different from the one defined in (42). By combining the arguments in
[To9] and [Vo] one can prove the semiadditivity of the so called C! harmonic
capacity, introduced by PARAMONOV [Par| because its application to prob-
lems of C! harmonic approximation (see [RT]). See also [MT] and [To14] for
related results which avoid the use of any notion similar to curvature.

The techniques in Theorem 22 have also been used by PRAT [Prl], [Pr2],
and MATEU, PRAT and VERDERA [MPV] to study the capacities 7, associ-
ated to a-dimensional signed Riesz kernels with o non integer:

y—z

k(x,y) = o — ot
In [Pr2], it is shown that these capacities are semiadditive and comparable to
their positive versions 7, +, analogously to analytic capacity. However, there
are some big differences between the behavior of analytic capacity and the
capacities 74, a & Z. For instance, in [Prl] it is shown that sets with finite a-
dimensional Hausdorff measure have vanishing capacity v, when 0 < o < 1.
Moreover, for these a’s it is proved in [MPV] that ~, is comparable to one
of the non linear Wolff’s capacities. The case of non integer a with o > 1
seems much more difficult to study, although in the AD-regular situation
some results have been obtained [Prl]. The results in [Prl] and [MPV] show
that the behavior of v, with a non integer is very different from the one
with « integer.
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