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Abstract

In the contribution we present a problem of shape optimization of the cooling cavity
of a plunger that is used in the forming process in the glass industry. A rotationally
symmetric system of the mould, the glass piece, the plunger and the plunger cavity is
considered. The state problem is given as a stationary heat conduction process. The
system includes a heat source representing the glass piece that is cooled from inside
by water flowing through the plunger cavity and from outside by the environment
surrounding the mould. The design variable is the shape of the inner surface of the
plunger cavity.

The cost functional is defined as the squared L2 norm of the difference between
a prescribed constant and the temperature on the outward boundary of the plunger.

1. Introduction

This work deals with the optimal design of the shape of a plunger cavity that
controls the cooling of a glass piece during the manufacturing process. The aim of
the optimization is to find such a shape of the inner plunger cavity that allows for
cooling in such a way that a constant distribution of the temperature is achieved
across the surface of the moulding device at the moment of separation of the plunger
from the moulded piece.

2. Formulation of the problem

We rotate the system to the horizontal position to be able to describe the opti-
mized plunger cavity surface by a function of one variable.

We define . 0 for ze€l0,x

2 (7) = { f&(x) for x € x5, 1] ’ (1)
where x5 € [Smin, 1] (Smin > 0 is a fixed constant given by the minimal thickness
of the plunger wall), f5 € CO:1([z5, 1]), f5(25) = 0 and 0 < f5(x) < f1() — Swmin,
|f¢'(x)| < Cp for x €]z5,1], where f; is a fixed function. Further we assume that
a < f§(x) — sg for x € [x§, 1], where a > 0 represents the radius of a supply tube and

174



0%, (Plunger)

€ e €T
5 5 1

Figure 1: Scheme of the plunger with the optimized part of the boundary.

s9 > 0 is the minimal admissible split width between the inner wall of the plunger
cavity and the water supply tube, and z§ €|z, 1] is the deepness of the insertion of
the tube.

Further we define the set of admissible functions as

0 for z €0, z§]

f&(x) for xzelxs, 1]

5 € [Sminy 1], Smin > 0, f5 € CON([5, 1]), f5(x5) =0,

0 < f5(z) < fi(x) = Smin, |f5' (x)] < Cp for x €]af, 1],

fl givena a < f2€(l,) — 82 for z € ["L‘feb 1]7 a > 07 So > Oa "L‘Zeﬂ 6]1‘27 1]}a

¢ =1{ Fy(z) € COY([0,1]); Fy(z) = {

where the function Fy describes the technological constraint for the inner cavity
surface.

We assume the region 9%, that depends on the design function Fs(z), and that
is defined by the formula

Q% ={(z,r) € R?; F§(x) <r < fi(z), for z €[0,1]} .

Denote by © the set of all admissible regions Q%, C R?, i.e., regions characterized
by Fy € Ug,. Let us define the convergence on the set ©. Since each )%, is uniquely
related to F, we can say that a sequence (2}, € © converges to a region 2%, € ©
if and only if the sequence of functions "Fs (x) converges uniformly in [0, 1] to the
function F§(x) that defines Q5.

Let us consider the union of four planar regions €2 = 4, U Qg U 0%, U QF, that
represents the planar cross section of the mould, the glass piece, the plunger and the
cooling channel of the plunger (see Figure 2).

Furthermore, we denote by I'; the boundary between the plunger 2%, and the
moulded piece Q¢ and I'§ the boundary between the plunger Q%; and the plunger
cavity €1¢,. We denote by I's the part of the boundary connecting the mould, the
moulded piece and the plunger with the presser, by I'y a part of the axis of symmetry
(see Figure 2), by I's the part of the boundary formed by the tube. 4 is the notation
for the part of the boundary between the moulded piece €2 and the mould 2,4
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Figure 2: Scheme of the mould, the glass piece, the plunger, the cavity of plunger
and the supply tube.

and I'; is the outward boundary of the mould, which is surrounded by an external
environment. I';, denotes the part of the boundary, where the cooling water comes
into the cooling channel of the plunger, and I',,; stands for the part of the boundary,
where the water exits the channel.
In the three dimensional region G, which is created by the rotation of €%, around
the = axis, we assume an incompressible potential water flow that is rotationally
symmetric with respect to the z axis. We split the boundary 0G¢, into the union of
four parts as

oGS, =T3PuriPuri?ur? (2)

out

where T3P T3P T3P and T2 denote the respective parts of the boundary of G,
created by the rotation of I'g, I's, I';,,, and I',,; around the z axis.
The potential ® describing the water flow is given as a solution of the Neumann

problem

AP =0 in & ) (3)
)
g—n =g on 0Gg, , (4)

where g € L*(0GE,), representing the normal component of the water flow velocity
at the entrance to and the exit from the plunger cavity, is in the form

0 on D3P UTE |
9= fglo on FZBT?’ (5)

out 3D
hvelo on Fout’

is the normal velocity at the entrance '3 (hi?, < 0) and h%% is the normal
30 Further we assume

out*
/F ey 945 =10 (6)

out

f}rélo
velocity at the exit
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The variational formulation for the potential function has the form:
We look for the function ® € H'(GE,) such that

0D dp 0D Jp AP Dy
d
/Gec‘a<ax1 axl * 81'2 81'2 + 81'3 a{L'3> V=

/ gpdS Vo€ HYGS,) . (7)
FSDUFSD

out

In the cavity G§,, the flowing water velocity field u = (uy, ug, u3) is given as
u=grad ® . (8)

Theorem 1. (ezistence and uniqueness of the wvelocity field) Under the assump-
tion (6) there exists a unique velocity field of the form (8) satisfying

lesllzzcey < ¢ (Il iaramy + 10225 s )
where
lullc,) = |yt + a3 + 3 (10)
L2 Ge
Proof. See [3]. O

Let us consider the union of four regions G = Gy, U G U Gp; U G, that is
created by the rotation of the union Q = (2, U Q¢ U Q% U Qg, around the z axis.
We split ¢, the searched function representing the distribution of the temperature,
into four functions

V=1 + 01 + Iy + V3, (11)
where |
. 19Gi in Gl -
ﬁi—{o in G\ G for i=0,1,2,3, (12)

(GO = G%’l? G1 = GGl, G2 = chw G3 = GMO)‘
Further we denote by ¥;|sp the trace of the solution ¥; on the boundary I' ;’-D if
J
%P is a part of the boundary of G; for i = 0,1,2,3, j =1,2,3,4,5,6,7,8,9
([P =157, T3P =T30).
By virtue of the rotational symmetry of both the state problem and the func-
tion 1, the state problem can be formulated variationally in two dimensions. We

define the operators

00, 09
Energy?f”(9, w, ) = ¢,0 (— + 22y ) grdQ,  (13)
2/§2€Ca oz 1 or ?
09 0 0 0
Energy&™ (9, ) = ko/ <8x0 81} + 87"0 817%) dQ) + (14)
09, 0¥ 99, O
Q
+ kl/sm(&c 8x+ or 87") st +
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009 Oy Oy O
—~ 4y QO
+ kQ/an(ax 8x+8r 87">Td +

00500 9030
+k3/9 ( 3900 3—w>rdQ,

Ox dr ' Or or
Environmentgq (9, ) :/ ads|p,rdl (15)
I'7
Sourceq (1) = gl/ qrdQ (16)
Qe
Coeffq (1)) = /F Buapr dT + /F Ber dT + /F adgprdl (17)

where ¢, is the specific heat capacity per unit volume, o, is the density of glass,
02 is the density of water, wy, wy are the water velocity field components expressed
in cylindrical coordinates, kg, k1, ko, k3 are the coefficients of thermal conductivity,
« is the coefficient of heat-transfer between the mould and the environment, 9, is
the temperature of the environment, [3;, B¢ are the average power conversion of the
unit volume of the glass body (see |4, page 128]) and ¢ is the density of heat sources.
Further we denote by

Aa(0, w, ¥) = Energyy"(d, w, ¥) + Energyg™(¥, ) + (18)
+ Environmentgq (¥, ¥)

and

Fo (1) = Sourceq (1)) + Coeffq(v)) . (19)

We introduce the weighted Sobolev space H!(€);) (see [2]) provided with the norm

o\ o\’
ol = ( | K%) . <8_> L

(QO = Q?yl, Ql = QGla QQ = Qeca, Q3 = QMO)’
Further we introduce

2
rdQ) i=0,1,2,3, (20)

H(Q) = { ¥; ¥ defined in (12), 0; € H}(Q;) for any i =0, 1,2, 3,
V3|rs = V1lre, V1lr, = Yolry, Jolrg = Va|re}

where ’l9i|1"]. denotes the trace of the function ¥; on the boundary I';.
We define the norm in H () as

1
191 5 = (196113 .00 + 191113 .00, + 1192113 .0, + 195113 .05) - (21)

Theorem 2. The set H(Q)) with the norm (21) is a Hilbert space.
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We denote by H*(2) the dual space to the space H(f)) with the norm

AQ(%’wﬂ/f)
|| = = sup =022 20
H* =00 el

We define the sets
QH:QUF:gUFZ'nUF(mt

and
NP = {v e C%(Qu); vlrsuri,urp, =0}

Let Hy(f2) be the closure of the set “H?P in H(S).

We assume the existence of a function 9§ € H(2) such that

9, =288  on Di, (22)
19%|Fout = hgut on FOUt’ (23)
I, = hs on I, (24)

where hy € C(I'3) is a given function representing the steady temperature on the
boundary I's (see Figure 2) and h¢,, € C(I',,) is a given function representing the
temperature distribution on the cavity output I',,;.

We use the variational formulation of the energy equation to formulate

The State Problem:
We look for the function ¥ = J(Fs) € H(S2) such that

Aﬂ(ﬂa ,we’ 1/}) = Fﬂ(w) WJ € HO(Q) ) (25>
9 — 95 € Ho() | (26)

where Fy € US,; and we is the corresponding flow pattern given as the gradient of
the solution to (7).

Remark. The state problem is solved in two steps. First, the potential ® of the
water velocity is found as a solution of the problem (7) in the region G¢,. The
components of the velocity field w are computed from (8), transformed to cylindrical
coordinates and substituted into (13). Then the distribution of the temperature
in the whole system (2 is found as the solution of the state problem (25), (26).

Theorem 3. (the existence and uniqueness of the solution of the state problem)
The state problem (25), (26) has a unique solution V(F§) for each Fy € U, and
the associated flow pattern w® obtained as the gradient of the unique solution of (7),
moreover, there exists a constant C' > 0 such that

1OEN i < CllFall g+ - (27)

Proof. 1t is sufficient to verify the assumptions of the Lax-Milgram Theorem (see [3]).
O
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We formulate the problem of the optimal design for the plunger cavity shape:
We define the cost functional as

THES) = [9(F)ley =T l5,r, (28)

where J(F¥)|r, is the I';-trace of the solution J(F¥) of the state problem (25), (26)
in the region 2%;,, where T, is a given constant representing the known optimal
temperature of the plunger surface. We look for the optimal design Fp,: € U,
such that

T (Fow) < TS(F§) ¥ F§ € Uy . (29)

Theorem 4. The optimal design problem (29) has at least one solution.

Proof. We refer to Theorem 2.1 [1, page 29], see [3]. O

Remark. A sensitivity analysis can be performed on the basis of temperature
evaluation along the boundary I'y. Let us introduce a homeomorphism between the
outward plunger boundary I'; and the plunger cavity boundary I'§ defined by the
gradient lines of the temperature field in the plunger. In the parts of I'y where we
need to decrease the temperature, we narrow “the wall” by moving the points of I'§
along the gradient lines to locally achieve more intensive cooling. On the other hand,
in places of I'; where we need higher temperature, we increase “the wall thickness”
to locally decrease the intensity of cooling. By the term “the wall thickness” we
understand the length of the temperature gradient line that connects the related
points of I'; and I'.
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