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SEMINAR UNIFORM SPACES 1975-76

Atoms and proximal fineneas
Je. Pelant and J. Reiterman

We are going to continue an investigation of uniform
atoms on « . The same effort is a feature of [S]1 in thia
volume, 80 the reader can find there all needed details;
see also [PR].

In relation to problems concerning products of proxi-
mally fine spaces, M. HySek raised the question whether

here is an otom which is proximally fine. The snswer 1s
ffirmetive »nd we tried tc characterize these atoms. We
hall not give a compléte characterization. However, we ho-
pe that the partial results, especlally relations between
atoms and ultrafilters that appear in the following, are
not withoat any interest.

Definitions. All uniform spaces are assumed to be Haus-

dorff. Let (X,%) be a uniform space.
1) (X,%) is an stom 1if the only uniformity which is stric-
tly finer than (X,%) is the uniformly discrete one.
2) (X,%) is proximally fine if each uniformity inducing
the same proximity is coarser than (X, %).
3) (X,%) is proximally diccrete if it induces a proximal-

disecrete proximity, i.e. if it contains all finite covers
(equivalently: all partitions into two sets).
4) Let ¥ be a filter on w =40,1,2,...%, let X = w X

. 40,1% . Denote S(F) = (X,%(F)) the uniform space such

t .at the base for U(F ) is formed by all covers of the
f m 44<n,0) ,<{n,1>%; neF3 u{L4ix%; xeX? where Fe¥.

Remark., By LPR], an atom on a countable set is proxi-
mally non-discrete iff it is uniformly homeomorphic to S(F")
f r some ultrgfilter % . Further, a proximally rine atom

st be proximally non-discrete (proximsl discreteness and
proxinal fineness imply uriform discreteness). Thus, we re-
strict ourselves to investigation of the S(F ) ’s.
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Consider the following properties of an ultrafilter

on w -

(PF) = S(# ) is proximally rine;
(OPF) = S(F ) 1s proximally fine w.r.t. O-dimensional unif
mities;
(Sel) = & 1is selective;
(R}) =1t £, 88 & —> @  are two mappings such that £F =
= g% then there is Fe F  with £/7 = g/F;
(P) =12 f, gt @ — @ are two one-to-finite relations
(i.e., for every n € @ , fn and gn are finite sets), suc
that fFn gF£0 for every F e F  , then either there is ¥
such that fnngn#0 for every neF or there is n with £ *r
U g‘ln €cF ;
(Z) = I £, 8 ) —> w are 8s in (P) then either there
mappings £'c £, g'c g with £ 7 =g’ , or there is n wi
tinuegtn e 7.

As for the above filter theoretical properties, we ha
the following relations:

Propoasition 1. (P)X=> (Sel).
Proof. (P)==> (Sel). Given F with {P), take a partf
tion D =14D,} of @ . Suppose that D n F =@, Denc

~s the equivalence defined by & and put

21 =4233u42j+1; i>J and 1i~§¢,

gl =421 + 1%udi2j; i3 end 1~57.

Then,f, g sre one-to-finite relstions such that fingi =0
for each i. By (P) there is Fe & with fFngF = @. But

t e definitions of f, g force that | FnD, | £ 1 for each n
Thus, ¥ 1s selective.

(Sel) > (P), Let £: @& —> @ be an one-to~finite ™
lation. Then 4 r'ln; ne wj 1is a point finite cover. W2
£ F 18 selective then, by LL 1, either tlne & for s
n or there is Fo& 7  such that lf-lnan\ £ 1 for every
Now, if £, g are as sbove (see (P)), we shall asuppose that
latter case takes placs (other cessea are essy). Thern for =z
neFen P, we bave fanfm = @ and gnngn = B provided m<r.
may suppose that the laat two equalities held for each cou
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m, n € w , m¥n. Then {f-lgn; ne ¢ is a point finite
cover consisting of finite sets. Using the selectivity of &
once more, we get F; € 3 such that |Fjn t™len 121 for
every n. In other words, if m, ne F}, m4n, then fnA ga = @,
Thus, denoting F =4ineF); fnngn¥P¢t od F =F - F, we
have £F'n gF =@ so that F’'¢ & . Then Fe F . The proof
is finished.

Remark. We do not know which ultrafilters are characte-
rized by the property (Z). However, the following is obvious:

Proposition 2. (P)->(R) and (R+ Z)=P 2»2.

Remark. (R) does not imply (P). Indeed, Alain Louveau
kindly informed us that it is well known that, under CH, the~
re exiats an ultrafilter ¥ on @ wth the following pro-
perty: There is a partition &), of « such that each other
partition is F -equivalent either to ., or to D) = {w§
or to @2 =44{n% ; ne @ , while D, 18 F =equivalent
neither to o0 nor to &), (two partitions ere & -equiva-
ient if there is Fe &F su¢h thst their traces on F coinci-
de). Note that the ultrafilter constructed in the proof of
Theorem 2 in £SJ] has the above property. It is clear that
suck en ultrafilter has (R) but 4s not selective.

If G 1is a filter on «w , denote g.A the filter on
W > o whose base consists of sets GxG -~ A( A being
the diagonal in @ < @ ) where G & G -

Proposition 3, An ultrafilter & has not (R) iff it
admits an image o« F  under a mapping £ @ —> @ x @
refining some G2 .

Proof. Easy: Take projections py:@xa@ -— @ , py:
* W< —>» @ and consider the obvious relastions between
mappings of ! @ —> @x @ and couples £, g X -—>» ©
{pyec = £, pyx = g).

Theorem. (Sel)&=> (P)==> (PF)==> (OFF)&=>R.

Proof. (0OPf)=—> (R}. Suppose that F has(OPF) but has
ot (R), i.e. there are £, £: @ —» <© such thet £F = g F
nd, without losa of generality, fn%gn for every n € < .
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Define an equivalence relation ~» on X = @ x<L 0,13 as
lows:

(N0~ <m0y 1iff fn = fm,

{n,0 >~ <{ml) iff fn = gm,

{ngl A< ml7 1ff gn = gu.

Then ~ induces a decomposition &) of X. Clearly, D&
86 that thzs uniformity %’ whose subbase 18 p(F ) u { I,
(where p denotea the praecompact modification) i3 not con
le with 2 (F). On the other hand, %’ is O-dimensional
induces the same proximity = a contradiction with (OPF),

(R) » (OPf)s Let F have the property (R) and let
be a8 O-dimensiongl uniformity which iaduces the same prox
ty as U (F). Then esch partition D e %’ satisfies:
following condit ion:

If Foy Fy e F  then there are xy<& F; such that
<xo,0 >~ <K xl,l> where ~~ denotes the equivalence def!
by D .

It is sufficient to prove that P « % (F). To do't
denote D = 4 D, § and define f, g: @ —>» @ by

fm = n iff {(m0>€ D, gm = n 1tf <m,1> ¢ D.

Now, by (R) there is Fe F such that £/F = g/F, 1.8, su
that for each me¢F, <m,02,<m,l>e D, for sore n. Thus,
cover 44{{(m,0) ,(mlY3 ; meF3u{Lx$; xeX$ refin
D and so D e U(F). The proof 1s finished.

(P) = (PF). Remember that esch uniformity on a cow
able set has a base consisting of point finite covers [ V],
LPRj. Now, the proof is quite analogous to that one of
(R) => (OPF): replace only the partition &£ by a point fin
cover, 8o that £, g defined above are one-to=finite relati

Remark. We do not know whether (OPF) » (PF) or
(PF) => (P} holds. Of course, according tc the last remari
these implicatione cannot hold simultaneously. Observe als
that if ¥ has (Z) then (P), (PP), (OPF) are equivalent.
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