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INFINITE STRIP IN PLANE THEORY OF ELASTICITY
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(Received August 7, 1967)

1. Introduction. Biharmonic problems can be solved effectively by reducing them to
a Hilbert problem which can be solved by using MUSKHELISHVILI’S [1] method. But
it is difficult to have a solution from this method when the region under consideration
is multiply connected or an infinite strip. Starting with Muskhelishvili’s general
equation a method was developed by SHERMAN (c.f. [1], § 102) to solve the plane
elastic problem in a multiply connected region. Later MILNE-THOMSON [2] further
extended Muskhelishvili’s method to solve biharmonic problems in a region bounded
by concentric circles. BUCHWALD [3] used Milne-Thomson’s idea and applied it
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to infinite strip. He also mentioned in this paper in detail the references of the work
investigated by different authors. The strip problem can also be solved by using Fou-
rier Integral method. HOWLAND [4] used this method under different boundary
conditions. A useful account of the Fourier method can be had in SNEDDON’s [5]
book.
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In the present paper we have developed Sherman’s and Milne-Thomson’s idea
to solve a Hilbert problem, the solution of which depends on the solution of a dif-
ference-differential equation which can be solved by using Fourier transform in
a complex plane. In the last part of our work we have applied this method to solve
strip problem under three types of different boundary conditions.

2. In this section we shall discuss some elementary properties of the reflection
principle. Let S be the region bounded by the lines y = +1 the lines y = 1 and

= —1 are denoted by L; and L, and they do not belong to the region S. These
lines are the boundaries of S. Here we also define two regions SV and Sfby 1 < y < 3
and —3 < y < —1 respectively.

A function ¢(z) is given to be homolorphic in S. From this function a function
¢"(z) can be constructed for z in SV by the following manner:

@.1) o) = 9z1) = 3z - 2)

where z, is the reflection point of z by the line y = 1 and these two points are related
by the equation

(2.2) z— 7 =2
Further as z moves in SY, z, generates the region S. The function ¢Y(z) defined by

2.1) is holomorphic in SY, in fact
( p

q)(zl) = u(x’ yl) - iv(x, yl)
=u(x,2 —y) —iv(x,2 — y)
uy(x, y) + ivy(x, y)

Il

ouy _Ou_ v
ox 0x 0y,
_ _Gnlny) o
9yy ady
Similarly
0
dy 0x

It is also clear from (2.1) that as z — t on L, from SY, ¢"(z) and @(z — 2i) approach
the same boundary value (provided such value exists), this former from SY and the
latter from S. Conversely if ¢Y(z) is a function holomorphic in SY and a function ¢(z)
defined in S by

o(z) = Y(z — 2i)

for z in S is a holomorphic in S.
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In a similar manner in the region S™ a function ¢’(z) may be defined by
(2.3) o"(z) = @(z + 2i)

The function ¢’(z) defined by (2.3) is holomorphic in S* provided ¢(z) is holomorphic
in S. Clearly, part played by ¢™(z) and ¢(z) can be interchanged.

3. Basic cquations in plane theory elasticity are given by (cf. [1], p. 451).

(3.1) X+ Y, = 20(2) + 9(2)]
(3.2) Y, — X, + 2iX, = 2[Z ¢'(z) + ¥(2)]
(3.3) 2u(u + iv) = % ¢(z) — z m - W(z—)

where &(z) = ¢'(z), ¥(z) = y'(z) are functions holomorphic in S. In this discussion
it will be assumed that the resultant vector (X, Y) of the external forces acting on the
boundaries are finite and that the stressed and rotation vanishes at infinity. Under
these assumptions for large |z|

(3.4) ®(z) = + o(1)2)

35) ¥(z) = — 12 + o(1/22)

(3.6) ¥(z) = y;’ + o(1/z)

(3.7) ¢(z) = ylogz + o(l) + const .
(3.8) Y(z) = y'logz + o(1) + const.

where o(1/z) and o(1) are quantities such that
lo(l/z)l < e/|z[ R [0(1)[ <e

where ¢ depends on ‘zl and tends to zero as |z| — oo. From (3.1), (3.2) and (3.3) it
can be shown that

(3.9) Y, — iX, = &(z) + #(z) + z&'(z) + ¥(z)
and
(3.10) 2’ + iv') = % d(z) — B(z) — z &(2) — ¥(2)
where,
)
T T

If the resultant forces X = Y = 0, theny = ' = 01in (3.4) and (3.6).
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The function &(z) is holomorphic only in S and is not defined in SV and S*.
Thus &(z) can be defined in SY and S* in an arbitrary manner but here we shall
adopt the Muskhelishvili’s approach to define &(z) in SV and S viz. #Y(z) is the ana-
Iytic continuation of &(z) across the boundary L, for the unloaded portion of the

boundary provided such boundary exists.
Considering (3.9) one can define #Y(z) in SV by the following equation

(3.11) oY(z) = —d(z + 2i) — z D'(Z + 2i) — V(Z + 2i)
= —@(z — 2i) — z ®'(z — 2i) — ¥(z — 2i)

Now if we assume that z is in S, then Z + 2i is in SY and the above expression can

be written as

PU(z + 2i) = —&(z) — (Z + 2i) D'(z) — ¥(2)

= —@(z) — (Z + 2i) ¢'(2) — ¥(2)
Taking complex conjugate of both sides of the above equation we get
(3.12) ¥(z) = —d(z) — (z — 2i) D'(z) — &Y(z — 2i)
It is clear from (3.11) and (2.1) that ®Y(z) is holomorphic in SY. Complex conjugate
of (3.12) and (3.9) give
(3.13) Y, — iX, = &(z) — ®Y(Z + 2i) + (z — Z — 2i) D'(2)
Similarly from (3.10) and (3.12) we have
(3.14) 2u(u’ + iv') = % &(z) + @Yz + 2i) — (z — Z — 2i) (2)
The above reasoning can be applied to the region S™ to define &*. In the region S*,
&"(z) can be defined as _
PNz) = —d(z — 2i) — z d'(Z — 2i) — ¥(z — 2i)

Hence

(3.15) P(z) = —d(z) — (z + 2i) D'(z) — &z + 2i)

and proceeding as before, from (3.9) and (3.10) we get

(3.16) Y, — iX, = &(z) — &4z — 2i) + (z — Z + 2i) ¥(2)
(3.17) 2u(u’ + iv') = % B(z) + Oz — 2i) — (z — Z + 2i) D(2)

Since stresses and displacements given by (3.13), (3.16) and (3.14) and (3.17) are
identical. ¥(z) given by (3.12) and (3.15) must give the same holomorphic function

in S.
(3.18) YUz + 2i) — 4z — 2i) +4id'(z) =0
The above difference equation was obtained by Buchwald [3].
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4. Application. The result obtained in section 3 will be applied in this section. Here
we shall discuss the first and the second fundamental problems of the infinite strip
and a third type of problem in which stresses are given in L; and displacements are
prescribed in L,.

(a) First fundamental problem. Let
(4a.1) Y, — iX, = fy(x + i) on L,
(4a.2) = fy(x — i) on L,

Here it will be assumed that the real and imaginary part of f,(x + i) and fo(x — i)
satisfy Holder condition on L; and L, respectively, including the point at infinity
and they vanish at infinity like (3.4) when stresses are given on the finite part of the
boundaries and if #; (j = 1, 2, ..., n) be the end points, then near the points ¢;,
\ A
|o(z))| < ——, 0=a<1

ERET ¥

and A is a constant. Further on L; and L,
lim (z e 2i) <D'(z) -0
yo1

and

lim(z — z +2))®'(z) > 0

y=-1

Equations (3.13) and (3.16) with the help of (4a.1) and (4a.2) can be written as

(4a.3) O(x + i) — @Y(x + i) = fi(x + i) on L,
and
(4a.4) B(x — i) — OYx — i) = fo(x — i) on L,

Here the problem is to find the holomorphic function &(z) which satisfies the boundary
conditions (4a.3) and (4a.4) on L, and L, respectively and on S it satisfies the differ-
ence-differential equation (3.18). Our method of approach will be to solve the non-
homogeneous Hilbert problem (4a.3) and (4a.4) first and then to determine the un-
known holomorphic function we shall use (3.18).

Now, solution of (4a.3) is given by

@as)  om) == DD g b i) 4 a2 for zin S,

2l Jp x+i—z

(4a.6) PY(z) = —2_—1 'f‘_(:c—-}-l) d(x + i) + @,(z) for zin SY
m),x+i—z
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where &,(z) is holomorphic in S + L; + S but may not be continued analytically
across the boundary L,.

Similarly the solution of the Hilbert problem (4a.4) can be written as

- L fz(x—l)d(x—l)+q52()forvm5

(4a.7) cb(z) 3
mi g, x—i—

(4a.8) o'(z) = ij‘ ){ZSX: ), d(x — i) + ®,(z) for z in S*

where @,(z) is holomorphic in S + L, + S” but may not be analytic across L.
Since &(z) given by (4a.5) and (4a.7) are identical, we can write

@as) () = [ LEFD gy L fz(" i) | d - i) + )

2ni Jp, X +i—z 2ni Jp, x — i —

forzin S,

(4a.10) @Y(z) = -1 Md(x + i) + — ! Ll _’) d(x — i) + f(z)

2ni Jp, x4+ i—z 20 Jp, X — i

for zin SV,

(i) oi) = L[ LD gy L[ AE=D gy g

2ni Jp, x +i—z 2mi Jp,x — 11—

for zin St

where f(z) is holomorphic in SV + L, + S + L, + S* Now in (4a.9), (4a.10) and
(4a.11) excepting the only function of f(z), the remaining expressions are known.
To determine this unknown holomorphic function f(z) we substitute (4a.9), (4a.10)
and (4a.11) in (3.18),

f(Z + 2i) — f(Z — 2i) + 4i f'(2) = X(2)
where X(Z) is a known function of Z. The above expression can also be written as
(4a.12) flz + 2i) — f(z = 2i) + 4if'(z) = X(2)

where z is in S. Now f(z) is regular in the strip —3 < y < 3and |f(z)| - 0 uniformly
as |z| — oo inthe strip —3 + & < y < 3 — ¢ where ¢ is an arbitrary positive number,
f(z) can be determined from (4a.12) by taking Fourier transform of (4a.12) in the
complex plane (cf. NoBLE [6]). Let

ict oo

(4a.13) R = o, )m j 1) e ds
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for a given ¢, —3 < ¢ < 3 and any given real «, then we have

(4a.14) f(z) = nl fm F() € da

Hence from (4a.12), we get

) F(o) (e7%* — %) — F(—«). 40 = —2X,(a)

—1 ict+m e
Xl((x) = ’2‘(—2—].[?/-2"' X(Z) e dz

is known. o

The above expression can be written as
(4a.15) F(o) sinh 200 + F(—a) . 20 = X ()
Taking complex conjugate on both sides and replacing o by —a« we have
(4a.16) F(—o)sinh 20 + F(a) . 20 = —X,()
Elimination of F(—x) between (4a.15) and (4a.16) yields

X (o) sinh 20 + Xy(—e) . 20 _ 1 X,(2) + X,(~0) + 1X(o) = Xy(=)

F(o) =

sinh? 200 — 4a? 2 sinh 20 — 2o 2 sinh 2a + 2
Therefore
(4a17) f(:) = # i F(OL) eizaz do = 1 Xl(a) + X 1('-05) eize do
@n)'*]) - 22m)Y/2 J_,  sinh2a — 24

N 1 Xq(e) — Xy(—0a) 5 dy
2(2n)"% ), sinh2a + 2a

Thus &(z) is completely known from (4a.17) and (4a.9). Consequently ¥(z) can be
determined from (3.12), (4a.9), (4a.10) and (4a.17). Hence the problem is soluble
in case of first fundamental boundary value problem for infinite strip.

(b) Second Fundamental Problem. Let
(4b.1) 2u(u’ + ') = g4(x + i) on L,
(4b.2) =g,(x — i) on L,

where g, and g, satisfy same conditions on L, and L, respectively as f; and f, do.
Moreover the order and behaviours of @(z) and ¥(z) will be same as before. Now
(3.14) and (3.17) with the help of (4b.1) and (4b.2) can be written as

(4b.3) OY(x + i) + x P(x + i) = g,(x + i) on L,
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and
(4b.4) x ®(x — i) + OH(x — i) = g,(x — i) on L,

Solutions of (4b.3) and (4b.4) are given by

.
(4b.5) V() = 5% %ﬁ’) d(x + i) + ®4(z) for zin SY,
J L B
(4b.6) —x d(z) = 2:” i’f:’)’ d(x + i) + ®4(z) forzin S
and
(4b.7) x®(z) = —21— M d(x — i) + ®,(z) forzin S,
i), x—i—z
4b.8 — Pz =-]— gz(x dY—l + @4(z) for zin S*
o
i )\ -1 —

LY

where @(z) is holomorphic in S and SY including L, and &,(z) is holomorphic in S
and S" including the boundary L,. Strictly speaking ®;(z) and ®,(z) are not analytic
across the boundaries L, and L, respectively. Comparing (4b.6) and (4b 7) we can
write

(4b.9) = ¥(z) = _—1‘[ M d(x + i) + %J gZ(LQ dx — i) + g(z)

2ni Jp, x + i —z ,X—i—z
forzin§,

(4b.10) @Y(z) = J’ DD g4y - e '[ S =D g _ i)~ o)

2ni Jp X +i—z ,X—i—2z
for zin SY .

(4b.11) ¢L(:)=—1~f ﬂ‘(’°—+i)d(x+i)—~lfjl —g—z—(i;—-i)—d(x—i)—g(l)

2ni Jp, X +i—z 2ni Jp,x —i—2z
for z in S*

where g(z) is holomorphic in S, SV and S* including the boundaries L, and L,.
This unknown function g(z) can be found out by substituting (4b.9), (4b.10) and
(4b.11) in (3.18) and the required difference-differential equation is
4;
—g(z + 2i) + g(z — 2i) + — §'(2) = X,(2)
%

where X,(Z) is a known function of Z. The above expression can be written as

(4b.12) —g(z + 2i) + g(z — 2i) + — (z) X,(2)
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Multiplying both sides of (4b.12) by e~ "% and integrating we get

(4b.13) 6(a) (2 — ¢™2%) — G(—2) 4_: = 2X,()

where

1 ict o i
G(a) = WJ g(z) e” " dz
and

1 ict oo i
2X3((1) = -(—i;[-‘)*”—zj XZ(Z) e **dz

ic—w

which is a known function of «. The path of integration here is same as before.
(4b.13) can be written as

(4b.14) G(«) sinh 20 — G(—0) . 2 X ()
%
complex conjugate of (4b.14) is
(4b.15) (o) sinh 2 — G(z) 2% = —Xo(—a)
%

The above two equations give

@19 o= KOTXED 1 =X
sinh 20 + = sinh 20 — -~

% %

29(2) = 1 Jw Xle) + Xo(=) e g ! r Xa0) = Xl=) g g
1/2 1/2
(27) ~® sinh 2 + 2 (2m) sinh 20 — 2
% %

- o0

Hence in this case also the problem is solved completely.

(c) Stresses are given on one boundary and the displacement on the other.

Let
(4c.1) Y, — iX, = f3(x + i) on L,
(4c.2) 2u(u’ + iv') = gs(x — i) on L,

The corresponding Hilbert problems are
(4c.3) O(x + i) — ®Y(x + i) = f(x + i) on L,
(4c.4) w®(x — i) + ®H(x — i) = gs5(x — i) on L,
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Solutions of the above equations are

(4c.5) o(z) = ! j / 3(" + ’) d(x + i) + Po(2) for zin SV,
(4c.6) P(z) = J‘ f3(x + l) d(x + i) + &4(z) forzin S,
and

(4c.7) % ®(z) = ! j‘ fsixl—_l)z d(x — i) + P4(z) forzin §,
(4c.8) —-olz) = —2 d(x — i) + ®s(z) for zin S-.

2m L, X —i—
(4¢.6) and (4¢.7) show that
(4c9)  @(z) = -t f3(x + ) d(x + i) + — 1 J M d(x — i) + h(2)
X +i—z 2mix Jp,x —i—z
forzin S
Therefore (4¢.5) and (4c.8) can be expressed as
_q .
(4c.10) @Y(z) = — EE GRS S : ! f galx = 1) d(x — i) + h(z)
mix

2ni Jp, x+i—z LX—i—z

for zin SY
and
(Uein) oiz) = 2 [ St | d ) - g5(x = ) ) ax = ) = 0(2)

2mLx+l 2ni X —i—
for z in S™
The corresponding difference-differential equation is
(4c.12) h(z + 2i) + » h(z — 2i) + 4i '(2) = ¥,(2)
where ¥,(Z) is the known function of z
(4c.13) H(x) (xe** + e72%) — 4o . H(—0) = ¥,(a)
where
ict o .
"0 )”2 G,

ict oo
7 = )1/2 f S
complex conjugate of (4c.13) is given by

(4c.14) H(—o) (e** + xe™?") + 4. H(x) = ¥y(—0)
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Eliminating H(—«) between (4c.13) and (4c.14),

¥o(x) (e2* + xe™2%) + do. ¥,(—a)

H(a) =
( ) (821 + xe~2a) (e—za + xeza) + 160(2

Therefore,

©

1 )
4c.15 h(z) = —— H(a) et da
(4e.15) ()= G |1
Thus, @(z) and ¥(z) are determined by using (4c.15). The procedure is the same as
in case (a) and therefore does not need further explanation.
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Konec anglictiny a nemciny — nasleduje cesky souhrn od vsech clanku
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Souhrn

NEKONECNY PAS V ROVINNE TEORII ELASTICITY

PRASANTA KUMAR CHAUDHURI

V ¢ldnku je feSena prvd, druhd a smiSend Gloha teorie rovinné pruzZnosti na neko-
ne¢ném pdsu S, ohrani¢eném pfimkami y = +i. Pomoci analytického prodlouzzni
hledanych funkci @, ¥ do pdsii symetrickych s S podle pfimek y = + pfevddi se
uloha na feSeni specidlni Riemann-Hilbertovy tilohy pro funkci ¢. Pomoci Fourierovy
transformace se pak najde explicitni vzorec pro nezndmou holomorfni funkci, figuru-
jici v obvyklém feSeni hotejsi okrajové tilohy pomoci Cauchyho integrdlu a tim se
dostdvaji explicitni vzorce pro @, ¥ a tedy X, Y,, X,,.
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