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SVAZEK 14 (1969) APLIKACE MATEMATIKY &lsLo 3

NUMERICAL INTEGRATION WITH WEIGHT FUNCTIONS cos kx, sin kx

ON [O, gf:l, t=1,2,...
t

JozEF MIKLOSKO
(Received December 9, 1967)

1. INTRODUCTION

Many theoretical and applied problems lead to the computation of integrals with

the weight function
w(kx) = {cos kx}

sin kx

(k — integer) appearing in the integrand, i.e.

(1) f :f(x) w(kx) dx

where T = 2nft, t = 1,2, ...

With increasing k in (1), the frequency of the subintegral function increases along
with the difficulties of numerical computation by current methods. In this paper
a specific interpolation method for computation of (1) is described, its convergence
is investigated, some weight coefficients (further only coef.) of this method are
tabulated, and a method of computation of (1) is suggested on the basis of their
properties. The results are demonstrated on numerical experiments. The paper is
a continuation of [2].

2. DESCRIPTION OF THE METHOD
Consider the quadrature formula

() rf(x) w(2nkx) dx =i§OA[,~"]f(x$")) + R,(f),
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coef. 4™ being chosen at given knots of integration x(» & [0,1] in a way that formula
(2) be accurate for f(x) = 1, x, x%, ..., x", i.e.

® Sy = Wil m=o L,
i=0 A

1
W, 1 Y c?s 2nkx dx
s 0 sin 2mkx
From systems of equations (3) there follows [2]:
w

where

1. the existence and unicity of coef. A

2. the coef. 4} calculated for [0,2n] are equal to the coef. computed for an arbi-
trary interval [2Im, (21 + 2) n]; they differ in signs from the coef. for [@l+ 1),
(21 + 3) n], I integer,

3. the coef. A% are equal in each interval where w(kx) have p-period, p = 1,2, ...,
e.g. A¥ for [0, 2n/p], p = 1,2, ... are equal. Thus, when k = 7. p . d then coef. A

for [0, 2n] are equal to A% for [2n(l — 1)[td, 2xl [1d], 1 = 1, 2,...,d.

It is not possible to carry out the accurate computation of 4! for greater n by
solving system (3). Coef. A%! have been therefore calculated from well-known rela-
tions for interpolation quadrature, i.e. from

1
(4) IO ) _\omkx)dx, i=0,1,...n
wn(x) Jo x — x{

where w,(x) = [] (x — x{).
j=0
For computing of (1) by means of (2) there holds

Theorem 1. Let AL’ be coef. (4) calculated for w(2npx), let x{ = (2z[td) (I — 1 +
+ x{") where x are the knots from (2), d is the number of equal subintervals [0, T],

T=2nlt,t=1,23,...,k=1t.p.d. Then
! & ¢ [p] f( L1 [d1
(5) ff(x) w(kx) dx = o YooY AP f(x) + R (f) -
0 I=1 i=0

If f(x)e C"* 1[0, T] and |f@* 1 (x)| £ M, x &[0, T] then

MT" 14 max !w,,(x)l

d [0,1]
(6) lR’[‘ ](f)| —_<‘ tdn-i—l(n + 1)[
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Proof. Substituting dtz = x we get
T d  pa & e
f f() wkz)dz =3 j f(2) wpdtz)dz = — ¥ j f 3) w(px) dx
0 =1 Ja,_, td 151 ) 30— td
where [a,_,, a;] = [(2n/td) (I — 1), (2n/td) I].
If we use (2) for the last integrals we get (5) in which
d
RYEY(f) =zZ1Rl

and

M R—- j " e = A (= ) (2 = 2 w(ke) for O(E) de
n “Jaroy

where zt, ¢, € [a,_ 4, a)].

Knots z{"! were obtained by transforming the knots of w,(x), i.e. x(m into [a,_4, a,]
2 = (Zn/td) (l — 1 + x{"). Assuming that for z € [a,_y, a,] lhere is |[f"0(2)| <
§ My, 1= 1,2, ..., d then after substitution z = (2r/td) (I — 1 + x) we get from (7)

lRl, * (td> n+2 (—‘%‘1)1‘[ lw(zn:px) (x)l dx .
Since [§ |w(2npx)| dx = 2/r there is

n+1 (x)[
R|< () —wn "7 g1 4.
t td"”(n + 1)!
If ek M, = M then estimate (6) holds. (It is obvious that max lo,(x)| < 1 always
ro
holds.)

The minimizing of estimate (6) is possible by the choice of x{, i =0, 1,.
in w,(x), (x{" + x{”, i % j). If we choose for knots x{" the roots of Chebyshev
polynomials after transformatlon into [0, 1] then max Iw (x)l = 1/22"*1, while any
11

other choice of x! o,(x)| below this limit.

0,11
The estimate in this case will be
TC"+ 1M
2n—-2dn+1tn+2(n + 1)|

IR(f)| =

which justifies the great accuracy of method (5) especially for greater k by using
Theorem 1. For practical reasons, equidistant knots are often advantageous.
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3. CONVERGENCE OF FORMULA (2)

Consider the Newton-Cotes quadrature formula with the general weight function
w(x)

®) .[ 76 Wx) dx = A + R()
where

1 e, .
) A = w;(x‘i"))f_l xw—(i)&” W(x)dx, i=0,1,....n

and o,(x) = [T(x — x{"), xPe[-1,1].
j=0

It is known that in order to make the interpolation quadrature process (8) at
n=0,1,2,... converge for cach f(x)e C[—1, 1] i.e.

n—ow i=0

lim 3 A, f(x) = j 1 169 ) d

it is necessary and sufficient (Polya, Steklov) that there exists such K that the in-
equality

(10 5 14) <&

is satisfied, n = 0, 1, 2, ... It has been proved (Kuzmin) that the coef. of quadrature
(8) with equidistant knots do not satisfy (10).

Prove now that for (8) there holds

Theorem 2. Let W(x) satisfy on [—1, 1] these assumptions: W'(x) exists, is
integrable and W'(x) has bounded variation. If x{™ in (8) are roots of the Chebyshev
polynomial T, (x) then (10) holds, i.e. (8) converges for each f(x)e C[—1, 1],

Proof. Let in (9)

(1) L) = )

oy x{") (x — x{")

where x{"’ = cos ¢; are roots of T, ((x), ¢; = ((2i + 1)[2(n + 1)) 7, i =0,1,2, ...
..., n. For (11) it holds that [1]

1 2 i
12 Lycos ¢) = —— + cosmp;cosmep, i=0,1,...,n
( ) ( (p) n+1 n+1m§=:1 ? ?
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since L(cos @) = 1, L{cos ;) =0, j=01,,i—1,i+1,....,n — 1, n. Substitu-
ting x = cos @ in (9) we get

(13) 4; = J Ly(cos ¢) sin  W(cos ¢) do .

0

Substituting (12) into (13) we have

n
14 A, = ——S,(o;
(14) o= 1Sl
where

T n 2 T .
(15) S.(p) = lf sin ¢ W(cos ¢) dp + Y ~J sin @ W(cos @) cos m¢p de cos mg;
T m=1T |

is the Fourier series on [0, 7] of the function F(¢p) = sin ¢ W(cos ¢) at the point ¢
Coef. (14) can be estimated by

(16) , e

n+1m=

where c,, are Fourier coefficients of F(¢) in (15). After double integration of c,, by
parts we get for m > 0

¢ = EJ"F(q)) cos mo dg = n—fn;[(—l)"‘“ W(—1) — w(1) - an"(w) cos me dq)]

T Jo 0

and thus by using the properties of W(x) we obtain |c,| < 2C[nm? where
(17) C = |w(-1)| + [w()| + Ig(F’).

Since W(x) satisfies on [ —1, 1] Lipschitz’s condition, it has bounded variation there,
i.e. F'(¢p) is the function of bounded variation, too. As |W(x)| < M we have for (16)

2 "1
| < —=— cy —
|A,|gn+1<M+ ) 2)

m=1Mm

and thus (10) is satisfied for

2
K =2oMm 4+ €.
3
Remark: Since it holds
(18) sin @, W(cos @) = S,(¢:) + R())
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where

(19) R(p;) = 2 Z f sin ¢ W(cos @) cos me d¢ cos me,

T m=n+2 Jo
we can write (14) as

20 A‘-=r~7-(~—sin ; W(cos ,-—~-E—~R ;) -
() n+ 1 ad (p) n+1 ((P)

Since the Fourier series of F(¢p) converges uniformly, we get from (20) an
asymptotic expression for A;

4
21 A; % ——— sin @; W(cos ¢;
( ) n+1 ’ ( )

i.e. it holds from sufficiently high n
sign 4; = sign W(cos ¢;), i=0,1,...,n.

Quadrature formula (8) in this case reads
1 n

(22) J f(x) W(x) dx = —E—l Y. sin @; W(cos ;) f(cos ¢;) + R,(f)
1 n i=0

where

(23) R(f) = R(f) -

n n [ee)
P i;) mz;rzf(cos @) Cp COS MP; .

4. COMPUTATION OF COEF. A

Let ,(x) = x"*' + a;x" + ... + a,x + a,,, have real roots x; € [0, 1] (instead
of x{™ we write x;). Computation of coef. 4¥! was carried out from

1 " c
A = —— N p.W,_, , i=0,1,...,n,
(24) g(x,-) j;o J J{s} 1 , 1, n
whereby in w,(x)

lr—l n
a,=—=2as_;, S=9x, r=1,2....n+1
ri=o i

where x; are
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a) roots of Chebyshev polynomials T, (x) = (1/2") cos [(n + 1) arccos x] for
[0, 1] ie.

(25) xn_i=§(cos’—i£‘l5~n+1>, i=mn—1,..1,0
n +
b) (26) X; = L i=0,1,..,n respectively.
n

For the function g(x) there is

%):‘“” szf.

c
For the moments W, {

} we get from their reccurent relations
s

(27) Wo(e) = Wy(c) = 0, m@:%p-m_nm4m,m=1y“

and m(S) = ——— Wuii(c)

where g = 2nk.
We have the following estimate of moments

(28)

Algorithms for the computation of W, {C
s

arithmetics in (27) for k = 1 the inequality (28) is satisfied only up to m = 29.
At m = 49 is |W,o(c)| > 0-32.10'°. In double precision arithmetics (28) is satisfied
up to m = 43 while |W,o(c)| > 0-17.. 10°.

The following assertion holds on coef. (9):

} are very unstable. E.g. in single precision

Theorem 3. Let A; be Cotes coef. with the weight function W(x) i.e. (9). If W(x) is
even (odd) on [—1,1] and x; = —x,_;, i =0,1,...,n then there holds A; =
= An—i(Ai = _An-'i)’ i= 0, 1, 2, <., R

Proof. Consider the expressions A; F A,_;. Since w,(x,-;) = (—1)" w(x)),
1
A F Apey = —,i-—j W(x) P(x) [x — X,—; F (—1)"(x — x;)] dx
wn(xi) -1
where P(x) = w,(X)/(x — x;) (x — x,-y)-
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Consider further a) n even, b) n odd number. Since x; + x,_; = 0 there is

1

J— . 1
Ay Ay =5 [ o) P dx, A+ 4, M%_j W(x) x P(x) dx
w(x)) Sy wn(x) J 1
b)
2 ! xX; — X [*
Aj— A= —— W(x)x P(x)dx, A;+ A4,_; =="—""=L| W(x)P(x)dx
Ull(xl -1 ( ) -1

respectively.

Function P(x) is on [ —1, ] odd in case a), even in case b). Function x P(x) has
the reverse property. If W(x) is even then A; — A,_; = Oi.e. 4; = A,_; in both cases.
If W(x) is odd then similarly holds A; = —A4,_;, i =0,1,..., n.

A constant step of integration enables us to make certain simplifications in practical
computation. The symmetry of coef. A¥ allows in (5) to use the values f(x) already
calculated in the boundary points of subintervals. In case W(x) = cos 2mkx the
total number of knots is N = dn + 1, if W(x) = sin 2nkx then N = d(n — 1) + 2
(for n even there is N = d(n — 2) + 2 since the subintegral function in (4) is odd on
[0, 1] and consequently 4%} = 0).

Coef. A% for knots (25) and (26) for W(x) = cos 2nkx(A¥ = 4™)) and W(x) =
= sin 2nkx(A¥ = —AM), k = 1(1) 20, 50, 100, n = 2(1) 20 have been calculated,
for k = 1,2, 3, 5 and for given n they are tabulated in Table 5. The given number of
decimals was checked by the computation of all equations (3) for m =0, 1,2, ...
..., n + 1. Formula (2) — similarly as all quadratures of Newton-Cotes type — yields
precise results at n + 1 odd for the polynomial of the n + 1-st degree, at n + 1
even for the polynomial of the n-th degree.

5. NUMERICAL EXAMPLES

We show now some numerical experiments which point out the possibilities of
using formula (5).

Let us introduce the conception of the so called characteristics (further only char.)
of formula (5). It will be the symbol (n.t.p.d) consisting of the parameters of formula

(5) (k = t.p.d).

Example 1. For coefficients (further cff.) a,, b, of the development of a given
function into the Fourier series holds

2n 2n
(29) a; = lj f(x)cos kxdx, b, = lf f(x) sin kx dx
TJo TJo
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Table 3

k = 4pd
‘ - § - S
’ v 4 | 8 12 | 16 | 20
| | |
" 10 36.1077 x| 79.1077 22.1077 | 17.1077 ! 12.1077
15 19.107% % | 12.107% % | 80.107'° % 26.107° | 19.107%
i 20 14,107 *i 28.107% x| 44.107° x| 40.107% x| 90.1077
* |
| L \

For k = 1, 10, 50, 100(100) 500 integrals (29) were computed for functions a) f(x) =
= ¢, b) f(x) = €* cos x with char. (12.1.p.d). Table 1 givés the absolute errors of
computation if the knots (25) and (26), respectively, are used. Instead of the char.
only (p.d) is given.

We see that method (5) achieves good results especially for high k, knots (25)
giving less error than (26). In char. we can choose n, p, d in various ways. Thus e.g.
at f(x) = e* for a,qo by char. (12.1.p.d) let (p.d) = (100.1), (50.2), (20.5), (10.10)
respectively. Absolute errors in these cases at knots (25) are (in the parentheses stays
the actual number of knots of integration N): 2-39.107°(13); 5-84.107%(25);
528 . 10711(61); 3-28 . 1071°(121).

Example 2. For coef. ¢, of the development of a given function f(x) into the series
by means of Chebyshev polynomials holds

2 T
(30) ¢ == j f(cos x) cos kx dx .
T Jo
Table 4
d
p n 1 2 j 3 4 ! 5
6 1-3.1073 2:0.107° 87.1078 10.1078 19.107°
1
10 7-8.1078 34.1071° 2:5.107 10 22.10710 1-5.1071°
6 2:7.1072 61.10773 28.107° 3-5.1077 7-1.10"8
2
10 14.10° 36.10710 1-0.1071° 4-0.10710 1-5.10710
, 6 30.1072 7:3.1073 3-3.107° 42.1077 85.1078
10 2:0.1075 12.107°
S 6 7-7.1073 2:0.1073 9:8.1077 12.1077 22.10"8

10 2:6.107° 2:3.1071°
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Integrals (30) were computed with knots (25) for functions a) f(x) = (x + 3)7',
b) f(x) = €, r = 10, 15 with char. and errors given in Table 2 (d = 1(1) 8). For
|ck| > 10* we give relative errors (marked with =), otherwise the absolute errors.

Example 3. For modified Bessel functions of the first kind I,(r) (k-even integer)

the relation
n/2
(31) L(r) = (= 1)"? %j ch (r sin x) cos kx dx
TTJo

holds. For k = 4(4) 20, r = 10, 15, 20 integrals (31) were calculated (d = 1(1) 5)
with knots (25) and char. (12.4.1.d). The results are in Table 3. Relative errors () are
again in Table for |I,(r)| > 10°.

Example 4. Let us compute cff. b, of function f(x) =xcosx forp=1,23,5;
d = 1(1)20, i.e. k= 1(1)20, 2(2) 40, 3(3) 60, 5(5) 100. Absolute errors of results
obtained with char. (6.1.p.d) and (10.1.p.d) are given in Table 4.

First 30 Fourier cff. b, of this function were obtained with char. (12.1.1.d), d =
= 1(1) 30 with the absolute error 6:09.107° at b, and with the maximal error
5.107'% at b, k = 2(1) 30. In the computations carried out no symptom of any
unstability of the computation process was observed when increasing p and d in (5).

Method (5) is also applicable on the Fourier method of solution of boundary value
problems for partial differential equations, for computation of Fourier cff. of more
variables [2] and for Fourier transformation.

All calculations were carried out by the Danish computer GIER in GIER-ALGOL
IIT in double precision arithmetics.

Acknowledgement. The autor wishes to thank PETR PRIKRYL for his careful
attention to the manuscript and valuable suggestions.

d
6 7 [ 8 9 10 11...20

30.1071° <1-1071°

30.1071°% | 1:3.1071° <1.1071°

1-8.1078 48.107° l 25.107° 1-2.1071° { 40.10710 <1.1071°
<1-10710

22.10°8 77.107° ‘3~0.10‘9 [ 111.107° [ 50.1071° <1.1071°
<1-1071°

67.107° 23.107° 80.1071° ‘ 40.10710 <1.1071°
<1-10"1°
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NUMERICKA INTEGRACIA S VAHOVOU FUNKCIOU cos kx, sin kx

NA <O, 23> t=1,2,...
t

Jozer MIKLOSKO

Cldnok opisuje numerickt metédu vypodtu integralov s vdhovou funkciou cos kx,
sin kx, (k celé), skiima jej konvergenciu a odhad zvysku. Su tabelované niektoré vého-
vé koeficienty tychto formul a ich pouzitie je demonstrované numerickymi experi-
mentami.
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