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MATRIX SCALAR FACTOR
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INTRODUCTION

In Part I the problem of control and numerical stability of computation of the
best linear unbiased estimation of the regression parameters was considered. The
aim of this part is to solve an analogous problem in estimation of an unknown
covariance matrix scalar factor.

Let us have the general regression model (Y, 1, X, mBm.1> 6°V,,) (see Part I). Let
the random vector Y have a normal distribution. In this case we can obtain the
unbiased estimation of the unknown parameter o* in several different ways.

a) Inthe “PANDORA-BOX” matrix

0 (o) =€ <)

it holds that
(2) 67 = ———hlﬁ— YC,Y = ! Y'C, Y
R(V: X) — R(X) TrvC,

is an unbiased estimation of ¢ . R(V : X) is the rank of the matrix (V : X), Tr VC,
is the trace of the matrix VC, (The proof see in [2] p. 298 and p. 294.)

b) If (X')ncv) is an arbitrary minimum V-seminorm g-inverse of the matrix X’
(transpose of the matrix X), V™~ is an arbitrary choice of the g-inverse of V then
1
3) 6F=—o— (Y = X[(X)on ' Y)Y V(Y = X[(X)on]' Y
O 7= 0 oo ¥~ Xl YV = XO00] )

is an unbiased estimation of o (see [3], p. 149).
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¢) The general model (Y, XB,0?V) can be transformed into a regular one
(Y, = F(I = X(N'X)™ N') Y, Py, ¢’), where N is a matrix of order n x (n — R)(X)
with rank n — R(X), so that X'’Z = 0 holds, V = JJ' (i.e. R(V) = R(J) and J is
of order n x R(V)) and F' = (J'J)"' J'. P is a matrix of full rank (for details see
Part I), If the dimension of the vector Y, fulfils dim Y, > dim v, then

@ Bm (v Py (Y - ) =

1 min
= — Y, — Py)Y (Y, — Py),
dimY; —dimy vy ( ! y) ( ! y)

where 9 = P'Y, is an unbiased estimation of o (see [3], p. 141).

d) If B is the solution of the consistent system of normal equations

(5). X'MXp = XMY
where

M = (V + XUX)™ + K,
(6)  R(XMX)=R(X), u(V:X)=p(V+XUX)=puV+XUX),
VK'X =0, XKX=0,

then the BLUE (p'B)” of any estimable function p'f is p'B (see [1] and [4]), u(V : X)
is the vector space spanned by the columns of the matrix (V : X). Here a natural
question arises, what are the necessary and sufficient conditions for the matrices U
and K in order that

(7) o

1

"R ix) - Ry TP

might be a suitable unbiased estimation of ¢2.

Namely, the estimations (2), (3) and (4) are always unbiased and (7) is unbiased
under some additional assumptions on the matrices U and K. From the view point
of checking and numerical stability of computation procedures, a serious question
is if and when these estimations are identical in almost every realization (see Part I).

We shall show that (2), (3) and (4) are identical in almost every realization and the
necessary and sufficient conditions that (7) is the same unbiased estimation of ¢*
in almost every realization as (2), (3) and (4) are (6) and Z’V(K + K') VZ = 0,
where Z is a matrix of order n x (n — R(X)) with rank n — R(X), such that X'Z = 0
holds.
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THEOREMS ON EQUIVALENCE

Lemma 1. In the regression model (5, AJ, O‘ZI), where the random vector ¢ has
a normal distribution with the mean value E() = Ad and the covariance matrix

2 .
o’l,

aim ¢ — Ra) " T AR A

is an unbiased estimation of ¢°, it has (a*/(dim & — R(A))x? distribution with
dim & — R(A) degrees of freedom and does not depend on the choice of (A'A)".

The proofisin [3] p. 142 and Lemma 2.2.6.

Let us have the general model (Y, Xp, an). If we take an arbitrary but fixed
(N’X)~, then the random vector Y, = F'(I — X(N'X)™ N’) Y has a normal distribu-
tion with the mean value PAQ'n, n € Z™. P, A and Q are matrices of full rank satis-
fying

F'X(I — (N'X)” N'X) = PAQ’,
PP =Q'Q =1, A is a diagonal matrix (see Part I). The covariance matrix of the
vector Y, is ¢*I. Lemma 1 implies that the random variable

A2 1
®) ot = — :
dim Y, — R(F'X(I — (N'X)~ N'X))
Y {I = PAQ[(PAQ) (PAQ)] QAP'} Y, =
- Y yia—ppy,
dim Y, — R(F'X(I — (N'X)~ N'X))

is an unbiased estimation of ¢ and has(1/(dim Y, — R(F'X(I — (N'X)” N'X)))) x>
distribution.

Lemma 2. For
B={NX)" N + (I—-(NX)” NX)QA 'P'F(I - X(N'X)" N)} Y
it holds with probability 1:
min (F'Y — F'XB) (F'Y — F'’XB) = (Y — XB) FF(Y — Xj).
B:N'Xp=N"Y
Proof. First we shall show that f§ and a suitable A solve the equations
9) X'FF'Xf + X'NA = XFF'Y
N'XB = NY.
From Lemma 1 Part 1 we see that it holds Y = Xa + Vb, ae #™, be %" with
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probability 1. From the proof of Lemma 4 in Part I we conclude that
(N'X)" N + (I — (N'X)” N'X) QA™'P'F'(I — X(N'X)™ N)
is one choice of [(X')uv)]" and we easily see that § solves the second equation in (9).
Further,
X'FF'Xf + X'NA =
= XFFX{(N'X)" N + (I - (N'X)” N'X) QAT'P'F'(I — X(N'X)™ N')}.
(Xa + Vb) + X'NA = X'’FF'Xa + X'FF'X(I — (N'X)” N'X) QA'P'F'Vb +
+ X'Ni = XFF'Y — X'F(F' — F'X(I — (N'X)" N'’X)QA™'P'’F') Vb +
+ X'NA = X'FF'Y — X'F(I - PAQQA™'P)F'Vb + X'NA = X'FF'Y —
— X'F(I = PP')F'Vb + X'Ni.
From the equation
(I = (N'X)" N'X)y XF(I = PP')F'V = QAP'(1 — PP')F'V = 0
we .see that
(10) u(X'F(I = PP')F'V) = p(X’FF'[I - X(I — (N'X)”" N'X) QA 'P'F']V) <
< Ker{(I — (N'X)” N'X)'} = u(X'N),
where
Ker{(I - (N'X)" N'X)} = {y: (1 = (N'X)”" N'X)'y = 0} .
The relation (10) shows that to every b e #" there exists a 2 € 2" ®Y) such that the
equation X'FF'Xf + X'Ni = X'FF'Y holds. Therefore f§ and 2 are solutions of 9).

Let now f* be an arbitrary vector such that N'’Xf* = N'Y is true. Then
(Y — XB*) FF'(Y — Xp*) — (Y — XB) FF'(Y — Xf) =
= —2(p*, X'FF'Y + (B*) X'FF'X* + 28 X' FF'Y — BXFF'Xf =
= —2(B*)X'FF'Y + (p*) X FF'Xp* + FX'FF'X} +
+ 2(B*) X'NA = (B* — By XFF'X(p* - )= 0.
The proof is complete.

Lemma 3. For an arbitrary choice of V™ and (X' nvy) it holds with probability 1:

(Y — XB) FF'(Y — XB) = (Y — XB) V(Y — Xj) =
= (Y = X[(X)aew] Y) V(Y = X[(X),] Y).
Proof. According to Lemma 1, Lemma 4 and Theorem 1 in Part I

Y - XB =Xa + Vb — X[(X)nv,] (Xa + Vb) = (1 — X[(X)mevy]) Vb

426



with probability 1, and this equation does not depend on the choice of (X))
Hence an arbitrary matrix (X'),v, fulfils

(1) (Y = X[(X)men ] Y) VY = X[(X )] Y) = (Y = XB) V(Y = XB).
But Y — Xf € p(V) with probability 1 and (11) does not depend on the choice of V™.

One choice of V™ is FF’ and the proof is complete.

Lemma 4.

min ('Y — F'XB) (F'Y — F'XB) =

BIN'XB=N"Y
= Y{{I — PAQ(QAP'PAQ')” QAP'} Y, = Yi{I — PP’} Y, .
Proof. According to [3] p. 24 we have |
min  (F'Y — F'’Xg) (F'Y — F'XB) =
BIN'XE=N"Y ,
=min(F'Y — FX[(N'X)" N'Y + (I - (N'X)” N'X) 5]y (F'Y —
o i
- FX[(NX)" N'Y + (I = (N'X)~ N'X)s]) =
= min (F'(I — X{(N'X)” N') Y — PAQ'§) (F'(I — X(N’X)“ N)Y — PAQ'S) =
o
= (YI - PAQI(PAQ/);(U Yl), (Yl - PAQ’(PAQ’),_“).YI) =
= {(I — PAQ(QAP'PAQ’)” QAP)Y,}".
A(I = PAQ(QAP'PAQ')” QAP) Y,} =
= Y'{I — PAQ(QAP'PAQ')” QAP'} Y,

from the definition of the least-squares inverses (PAQ’),_U) and their properties (see
[2] (1c. 5.3)). The proof is complete.

Lemma 5.
R(V) — R(F'X(I — (N'X)” N'X)) = R(V : X) — R(X).

Proof. It is easy to see (e.g. (1.b 6) in [2]) that

R(F'X(1 — (N'X)” N'X)) = R<<11:> X> ~ R(N'X) =
— R(X) — R(N'X) = R(X) — R(ii) +R(V) =
= R(X) — R(V: X) + R(V)
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and we have
R(V) = RIN'X(I — (F'X)” N'X)) = R(V i X) — R(X).
The lemma is proved.
We have
dimy = R(F'X(1 — (N'X)~ N'X))

for y in ¢) which yields the following result:

Corollary 1.

Azzwvl_‘_w B AT oy (Y o ~
% = v ix) = Rpg (Y Xy VY = XX ) =
1 , ,
= Y — ’ n— ’ —
~ dim Y, — REEX( = (NX) N'X)) i{l — PAQ(QAPPAQ')” QAP Y,
=62 = ____I__J Yi (I _ PP') Yl _ 6’;

~dimY, — dimy
holds with probability 1.
The corollary is evident if we mention that
(QAPPAQ’)” = (QAAQ)~ = QAT 'ATIQ".
Lemma 6. If C, is defined in (1), then

(Y - X[(X,);(V)]I Y)’ V_(Y - X[(Xl)r;(v)]/ Y) =Y'CY
is true with probability 1.

The proof follows from the properties of the matrix (1), see [2] 4i.

Corollary 2. It is true that

=6 =4
with probability 1 and we proved the equivalence of estimations (2), (3) and (4)
in realizations.

Let us return to the problem d). We want the estimation (7) to be numerically

equivalent with the estimations (2), (3) and (4) with probability 1.
Lemma 7. An arbitrary matrix U with
u(V + XUX') = a(V + XU'X') = p(V : X)
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satisfies the relation
(Y = X[(X)un] Y)Y V(Y = X[(X)pwy]' Y) =
= (Y = X[(X)aw)] Y) (V + XUX)" (Y = X[(X)nw]' Y)
for any choice of (V + XUX')™ with probability 1.
The proof is easily obtained (if we notice that Y = Xa + Vb = (V + XUX')u
with probability 1) from the properties of (X)u(v) (see Part I).

Lemma 8. The relation
(Y = X[(X)uw] Y)Y M(Y = X[(X)pw] Y) =
= (Y = X[(X)uy ' Y) V(Y = X[(X)ow] Y)
holds with probability 1 iff
(Y - X[(X');(V]' Y) K(Y - X[(X')r;(vﬂl Y)=0,
where M and K are defined in (6).

The proof is an easy consequence of the definition of the matrix M and Lemma 7.
As Y = Xa + Vb holds with probability 1, we get for the matrix K from Lemma 8,
(6) and from the properties of (X'),v, (see Part I) the condition

(12) b'(VKV — VKV(X'),v) X) b =0
for every be #".

In order to find a necessary and sufficient condition for the matrix K to fulfil (12)
we need another lemma.

Lemma 9.

WAu =0 forevery u iff A+ A" =0.
The proofis easy and is omitted.

In this way we have obtained for the matrix K from (12) the n.a.s. condition
VKV — VKV(X')nwy X' + VK'V = X[(X)mv)] VK'V =0,
or, equivalently,
(13) (I = X[(X)uwy]) V(K + K) V(I = (X)) X) = 0.
Lemma 10. Let Z be a matrix of order n x (n — R(X)) with rank n — R(X)
such that X'Z = 0, then
2(22)" 2 = (1= (X) nwX)
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for any choice of (X')pcv)-
Proof. An arbitrary element u fulfils
2(ZZ) " Zu = Z(ZZ) ' Z(Pyzt + Pyez0) =
=Z(ZZ)y ' ZZv = Zv
where P, is the projection operator onto u(Z).

X (I = (X)mewy X) =0 implies (I — (X)mv, X') € n(Z).

R(Z) = n — R(X - — (X)) N =
R G ) - n R § =0~ (050 X) = 42

and thus
Ker Z' = Ker(1 — (X)) X') .
We have the identities
(T = (X)mwy X)u = (I = (X)) X) (Puzytt + Pyerz:u) =
= (I = (X)uery X) 2 + (I = (X)nv) X) Pceri=xpmenxy U=2Z,

because of the relation X'Z = 0. The proof is complete.

Lemma 11. The relation
(Y - X[(X');(V)]l Y) M(Y = X[(X)nv)] Y) =
= (Y = X[(X)eny ] Y) V(Y = X[(X)nwy] Y)
holds with probability 1 iff
(14) ZV(K + K)VZ =0.
Proof. From (13) and Lemma 10 we have
Z(ZZ)"'ZV(K + K')VZ(2zZ)"' Z = 0,
which is equivalent with (14). The lemma is proved.

Corollary 3. The n.a.s. condition for p'p to be the BLUE for any estimable function
p'p and

6;=063=26=06{=28>
with probability 1, where B is the solution of (5), is that (6) and (14) hold.
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CONCLUSIONS

The aim of this part was to show the numerical equivalence of the basic estimation
algorithms for the covariance matrix scalar factor. The main results are Corollaries
1,2 and 3.
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Sahrn

PROBLEM EKVIVALENCIE V LINEARNYCH
REGRESNYCH MODELOCH

GEIZA WIMMER

V pripade vSeobecného regresného modelu, tj. ak ani matica planu, ani kovarianéna
matica nahodného vektora nie su plnej hodnosti, existuje niekolko réznych spdsobov
uréenia nevychyleného a zdruZene efektivneho odhadu odhadnutelneho linearneho
funkcionalu neznamych regresnych parametrov a tieZ nevychyleného odhadu ne-
znameho skalarneho faktora kovarianénej matice. V prvej Casti prace sa ukazalo,
ze vSetky dané odhady linedrneho funkcionalu st numericky tie isté skoro iste,
a v druhej Casti sa zase ukazalo, Ze vSetky dané odhady skaldrneho faktora kova-
rian¢nej matice za urcitych podmienok st numericky totozné skoro iste.

Author’s address: RNDr. Gejza Wimmer, CSc., Ustav merania a meracej techniky SAV, Dubrav-
ska cesta - Patronka, 885 27 Bratislava.
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