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SVAZEK 25 (1981) A P L I K A C E M A T E M A T I K Y OSLO 6 

ON WEIGHTED ENTROPY OF TYPE (a, fi) 
AND ITS GENERALIZATIONS 

GUR DIAL, INDER JEET TANEJA *) 

(Received October 11, 1979) 

1. INTRODUCTION 

Consider the following model for a finite random experiment S, 

(1.1) (ai,a2,...,aH\ lA\ 

S = I Pi, P2> --->Pn I = [P J-
\wuw2, ...,wj \wj 

where A = (ax, a2, ..., an) is the alphabet. P = (pl9 p2, ..., pn) the complete proba
bility distribution and W= (w1,w2,...,wn) is the utility distribution, where w/s 
are non-negative real numbers. 

Belis and Guiasu [1] introduced the function 

(1.2) H(P; W) = - £ Pkwk log pk, wk^0, 2 > * = - . 
k = l k=l 

which they considered a satisfactory measure for the average number quantity of 
valuable or useful information provided by a source letter. 

The measure H(P; W) is additive in the following sense: 

(1.3) H(P*C; W*V) = VH(P; W) + WH(Q, V), 

m 

where Q = (ql9 ..., qm), 0 < Oy ̂  1, ~] q} = 1, and V= (vl9 ..., vm) is the utility 
1 = i 

n m 

distribution associated with Q, W = ]T pfcwfc, V = ]T v7g7-, 
/c = I 7 = 1 

W*V_ {w^/w.-e W, VjE V} , 

P*Q = {PiqjjPieP, qjEQ}. 

*( Supported by CNPq 
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In this paper, we introduce and characterize a weighted entropy of type (a, j8) 
given by 

(1.4) //„(P;^;a,/?) = (2 ,-'-21-")"1i;^(rf-pD. a * P > «./» > ° • 
k = l 

Some interesting properties of this measure and its further generalizations are also 
presented. 

2. CHARACTERIZATION OF WEIGHTED ENTROPY OF TYPE (a, /3) 

n 

Let a function Hn(P; W; a, j8) for all P = (pl9 ..., pM), pfc ^ 0, J ] P k = l « * f t 
fc=l 

a, j8 > 0, satisfy the following axioms: 
(I) Continuity: Hn(pl9 ...9 pn; wl9 ..., w,,; a, j8) is a continuous function of its 

arguments. 
(II) Symmetry: Hn(p1, ..., pn; w1,...,wn; a, j8) is symmetric with respect to the 

couples (p*, wk), k = 1, 2, ..., n. 
(Ill) Generalized Branching: 

If 
p V + p"w" 

P,. = V' + V" , Wn = 
P + P 

then 

-%,+ i(Pi>--> Pn-uP\p"\ wi> ..., w„. l 9 w', w"; a, j8) = 

= H„(p1? . . . ,p„; w l 7 . . . , wn; a9 p) + 

-4„ 

-4, - Á 
KH2(P'IP,V P"\Pn\ w'> w"; a, 1) + 

+ - 7 ^ 7 vlH2(p'\pn, p"\pn; w', w"; 1, j8) , 
^/> ~ ^ a 

where Aa = (21"* - 1), A^ = (2 1 - ^ - 1), a 4= j8, a, £ > 0. 
(IV) Uniformity: 

n 

Hn(\\n9 ..., 1/w; w1? ..., w„; a, j8) = £ (wk/n) a(n; a, j8). 
fc=i 

(V) Normality and Decisivity: 

a(2; a, j8) = 1; H2(l, 0; w1? w2; a, j8) = 0. 

Theorem. The function satisfying the above axioms (I) —(V) is given by 
n 

(2.1) Hn(pl9 ..., pn; wl9 ..., wn; a, j8) = (Aa - Ap)~* £ wk(pl - pf) , 
/ c = l 

w/ien? Aa = (2 1 _ a - 1), Ap = (21 - / J - 1), a =*= jS, a, J8 > 0. 
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Before proving the theorem, we shall prove some intermediate results. 

m m m 

R e s u l t 1. If qj ^ 0, j = 1, 2, . . . , m, £ q, = p/c > 0 and w* = £ qjUjj £ ^ 
1=1 7 = 1 J=l 

then 

(2.2) H„+w-i(Pi, •-., Pjk-i, qi, •-., qw, P„+i, .- . , p„; w1? . . . , wfc_ t, ui9 . . . , um , 

w/< + 1 , . . . , wn; cc,p) = Hn(px, . . . , pn; wl9 . . . , w„; a,/?) + 

A 

+ - — - — plHm((iilPk> •••> qm/P*; " i , • ••> w«; a, 1) + 
Aa - A£ 

+ 7 — ^ 7 - />*#-. (q iM' • • •> qm/P*; «i> • • •>",; i> A) • 
Afi — A„ 

This result can be easily proved by induction (cf. [4]). 

Resu l t 2. If 
mk 

_*/ = °> j = 1, 2, ...,mk, Y,akj = Pk>0, k=l,2, . . . , w, 
7 = 1 

X E1* = - > w* =-
aкlUкl + •.• + Чkmк

Ukmк 

Pk 

then 

( 2 . 3 ) Hw, + ... + w „ ( q l l> ql2> •••> qlmx; •-.; qnl> qn2> • • •> q,.W„ 5 

"ii> " 1 2 , ..., uiWl; . . . ; unl, un2,..., unmn;oc9p) = 

= H„(Pi> •••>/>*; w l 5 . . ., ww; a, p) + 

A " 
+ - - — - - — __ plHmk(<ikJPk> • • •> _ft«k/Pfc;

 w*i>...»w*m ; c; a, 1( + 
Aa - A^ * = 1 

A " 
+ - — ~ - __ PkHmk(qkJpk,..., _*Wfc/_v "u> •••> "*«„; l, /?). 

A^ - Aa*=i 

P r o o f follows from Axiom (III). 

Resu l t 3. 

(2.4) fl(#i; a, /?) = — ^ — a(n: a, 1) + — - - - * — a(n; 1, fi), 
^a ~ Ap Ap — Aa 

where 

(2.5) G.(n;a, 1) = A ; 1 ^ 1 ^ - 1) , a + 1 f 

and 

(2.6) fl(»;l,/») = _ 4 ^ 1 ( / i 1 " / r - - ) * 0 * j • 
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Proof. In (2.3), put m, = m2 =*=.-• = m» = ™ a n d qfcj = ]//7/"> fc = 1, 2, ..., n; 
m 

/ = 1, 2, . . . , m, then we get pfc =-* 1/f* a n d wk = £ w*//m> k = 1, 2, . . . , n, hence 
j= I 

(2.7) H„m(1/nm, . . . , l/nm; mi , iii2. •••> wnm; a, /]) = 

= H„(i//i, ..., l/#i; Wi,..., *«;«,/*) + 

+ — - I s — f.(\lnfHj^hh .-., 1/m; I I M , ..., MjkM; a, 1) + 
Aa - A^ fc=i 

+ - A — J (i/ny» H„(l/m, ..., 1/m; ufcl, ..., ufcm; 1, 0). 
Ap - Aa fc=i 

By Axiom (IV), (2.7) reduces to 

n rfl W, 
(2.8) д(иm; a, j8) Г £ - ^ = я(л; a, / ? ) £ - * + 

fc*i j^i иm fc=i и 

. n m 

+ — ^ — I (i/"ľ я(»»;a> i) I " * > + 
Aa-Aŕ*=i J = I 

. n m 

+ —^— I(i/»M«;L/D_-W'и 
Aд — Aa fc=i 1=1 

or 
A 

„(nm; a, )8) = a(«; a, j&) + — - — (l/")*"1 a(m; a, l) + 
^ a ~~ Ap 

+ ^ ^ - ( l / n ) " - 1 a ( m ; l , i S ) . 

By symmetry, 

(2.9) fl(»/n; a, fi) = a(m; a, )8) + — - ^ — (l/m)""1 a(n; a, 1) + 
^ a — Ap 

+ — - ^ — (l/my-- _<#•; 1, ^) . 
AP Aa 

Putting m = 1 in (2.9) and using Axioms (V) and (III), we get (2.4). 

Also from (2.8) and (2.9), we have 

(2.10) a(m; a, /J) + - A _ _ (l/m)"""1

 a(n; a, 1) + — 4 - — (1/m)^ 1

 fl(n; 1, /?) = 

= a(n; a, /?) + - A — (!/«)«"1 a(m; a, 1) + — A - ( l/n)^ 1 fl(m; 1, j8) . Aß Aoc 
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The expression (2.10) together with (2.4) gives 

(2.11) Aa{a(m; a, l) [1 - (1/n)*"1] + [(l/m)*-1 - 1] a(n; a, 1)} = 

= A,{[1 - (1/n)"-1] a(m; 1, /,) + [(l /m)""1 - l ] a(n; 1, /?)} . 

Put n = 2 in (2.11), then 

(2.12) AX{(1 - 2 1 - a )a (m;a , 1) - (1 - m1"") = 

= Ap{(l - 21"") a(m; 1, p) - (1 - m1-")} = C (say). 

For m = 1, (2A2) gives C = 0, which immediately gives (2.5) and (2.6). 
(2.4) together with (2.5) and (2.6) gives 

(2.13) a(n; a, /J) = — - * - + - — « - = 
^a -^0 *̂a A/? Aa Ap 

nl-«„nl-P 
= , a + jS . 

Aa - Ap 

Resu l t 4. 

(2.14) H2(Pl9 p2; wl9 w2; a, j8) = ( 2 l " a - 2 1 ^ ) " 1 £ wfc(/O* - p j ) , a 4= j8 , 
k = i 

for all pl9 p2 e [0, 1] with p1 + p2 = 1. 

Proof. In (2.3) set n = 2, mx = r, m2 = s ~ r, qkj = l/s, fc = 1, 2; j = 
= 1, 2, ..., m, 

m' r r s - r 
Pi = £ Pkj = £ Pfej = - , P2 = , 

7 = 1 j=i s s 

i m\ \ r 1 s ~ r 

wi = — £ quмu = - £ uu , w2 = £ w2/; 
p! У = l Г j = l S - Г 7 = 1 

then 

(2.15) Hs(l/s, ..., 1/s; uíl9 ..., ulr, u21, ..., u2)S_r; cc, ß) = 

= H2(pup2; wl9w2; cc,ß) + 

^ 2 

+ ~ -—" £ PІHmк(qkx\pь ..., qkШk/рfc; ufci, .-., WfcWk; a, 1) + 
Лz - Aß * - i 

4̂ 2 

+ -—^— £ PkHmк(<łkiІPк> ••., qfcшJPfc; w*i, • ••> "fc«k; i , ß) = 
^ti - Л* fc=i 

= H2(plfp2; wlђ w2; a,ß) + 

+ т ^ т W / г - ' ^ ; " i i — "iг; ^ 0 + Aa Aд 
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+ _»_/_,_,(_/(_ - r), ..., l/(í ~ r); «2i. •••> "2,,- r ; «, 1)] + 

[p?H r (l/r,. . ., l / r ; « u , . . - , «i ř; 1,/J) + 
^ j S ^ а 

+ P.Яs_r(l/(5 - r), ..., 1/(5 - r); и 2 1 , . . . . и 2 , s _ r ; 1, /»)] , 

r s - r 

X > i . + E м 2 _ 
I!2(P„ P 2 ; w1 ; w2; a, /?) - - ^ J - ' — и(s; a, )8) -

Ы í (uJr) ű ( r ; a ' 0 + ň'Ù»гjl(s - r)) a(s - r; a, 1)] -
H J=i J = 1 

s —r 

J~- Ы Z ( " i » ű ( r ; l> ß) + P- I Ы ( s - г ) ) a ( s - r ; ^ #- = 
A0 - Aa j=i 

Oís; a, B) r / \ ,_, -1 
" L l - Lrwi + (5 ~ r) w2j 

5 

-4„ 

^ a -4/ï 
[pïwiű(r; a, 1) + p > 2 a ( s ~ r ; a> 1)] ~ 

_ _ _ i _ _ _ [p_ W l _(r; 1, /J) + p{w2a(s - r; 1, /J)] . 
4̂/i ^*a 

The expression (2.15) together with (2.4), (2.5) and (2.6) gives (2.14) for rationals. 
By Continuity Axiom (I), the above result is valid for all reals pi and p2 e [0, 1]. 
With the help of Axiom (III) it is easy to prove that 

Hn(pu>>, Pn\ Wi, ..., wn; a, p) - (A a - A^1 £ (pj - pf) wk , a * 0 , 
fc= I 

which completes the proof of Theorem. 

3. PROPERTIES OF H„(P; W; a, p) 

1. Nonnegativity: Hn(P; W; a, 0) _> 0 for a, )3 > 0. 

2. If wx = w2 = . . . = w.. = w, then 

fl„(P; W; a, /?) = w(2' - - 21 "*)"» __ (pi - pi) = Hn(P; a, /?), 
fc= 1 

which is an entropy of type (a, p) (cf. Sharma and Taneja [3], Taneja [4]). 

3. 

Hn + 1(Pu ..., P„, 0; wx, ..., w„, w„+ l ; a, 0) = #-(?_, . . . , pn; wi9 ..., w„; a, 0) 

whatever the weights w1? ..., w„, wn+1 and the probabilities px , ...,/?„ are. 
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4. The measure H„(P; W; oc9 f$) is a convex f] function of the probability distribution 
(pl9 ..., pn)9 provided one of the parameters a and fi (>0) is greater than unity and 
the other is less than or equal to unity, i.e., either a > 1, 0 < ft ^ 1 or fi > 1, 
0 < a ^ 1 (cf. Sharma and Taneja [3], Taneja [4]). 

5. Linearity: For a, fi > 0, the function H„(P; W; a, /?) is linear with respect to 
the utilities W9 i.e., if W'eR +

 9 W"eR +
 9 Xx e R +, A 2 e P + , then Hn(P;XtW' + 

+ X2W"; a, p) = AAHn(P; W'; a, /?) + l2Hn(P; W"; a, /i). 

4. GENERALIZED MEASURES OF WEIGHTED ENTROPY 

The measure H(P; W) satisfies the additivity in the sense 

(4.1) H(P*Q; W*V) - FH(P; W) + WH(Q; V), 
n m 

where W = £ w*pfc, F = X ^gj-
/C = 1 7 = 1 

In general, regard W and V as functions of probabilities and utilities and consider 
the generalized additivity in the sense 

(4.2) H(P*0; W*V) - G(Q; V) H(P; W) + G(P; W) H(Q; V), 

where P, Q9 W\ V, P*Q and U*Vhave their usual meaning. 
Write 

(4.3) H(P; W) = t h(pk9 wk), G(P; W) = £ g(pk9 wk), 
k = 1 fc = 1 

where /? and g are continuous real functions defined on the set [0, 1] x [0, 1]. 

The expressions (4.2) and (4.3) together give 

n m n m 

(4-4) X I h(pkqj9 wkVj) = X. I g(fe wt) % ; , v,) + 
fc = 1 j = 1 fc = 1 j = 1 

n m 

+ E I #(gj> »i) HPki wk) • 
fc=l7=1 

Real continuous solutions of the functional equation (4.4) (cf. Sharma and Gupta 
[2]) are the following three sets of solutions: 

(i) h(p9 w) = pawp(c1 log p + c2 log w), g(p9 w) = pawp
9 

(ii) h(p9 w) = (1/2k)(1rV - pV), g(p, w) = i(p*wP + j r V ) , and 

(iii) h(p, w) = (1/P) p"wfi sin (y log p + (5 log w), 

^(p, w) = p7wp cos (y log p + 3 iog w), 

where a > 0, /? *•> 0, y, O", c l s c2, k and P are real constants. 
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Now take c2 = 0 in (i), /? = S in (ii), S = 0 in (iii), only for the function h, and 

introduce the boundary condition h(l, ^) = 1. Then the above three sets of solutions 

with regard to (4.3) reduce to 

(4.5) H{P; W)= -2*~ > tplwl log Pk, 
fc=l 

(4.6) HP{P;W)= (2l-'-2l-"yit<(pl-d), «*V, «, y > 0, 
fc=l 

(4.7) HS(P; W) = - - — X pjwf sin (y log pk) , y + 0 . 
s iny fc=i 

The limiting case of both the measures (4.6) and (4.7) when y -> a in (4.6) and y —> 0 

in (4.7) is the measure (4.5). Thus, (4.5) is the weighted entropy or useful information 

for a = p = 1. 

These measures (4.5), (4.6) and (4.7) are the measures parallel to that studied 

earlier by Sharma and Taneja [3]. A more detailed study of these measures will 

appear elsewhere. 
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S o u h r n 

ENTROPIE TYPU (a, p) S VAHOU A JEJÍ ZOBECNĚNÍ 

GUR DlAL, INDER JEET TANEJA 

Belis a Guiasu studovali zobecnění Shannonovy entropie, tj. entropii s vahou nebo 
užitečnou entropii. V tomto článku je definována a charakterizována entropie typu 
(a, p) s vahou a jsou studovány její vlastnosti. Je pojednáno též o dalších zobecněních, 
která zahrnují entropii s vahou s více parametry. 
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