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SVAZEK 28 (1983) APLIKACE MATEMATIKY &isLo 1

EUCLIDEAN SPACE MOTIONS WITH AFFINELY
EQUIVALENT TRAJECTORIES

ApoLF KARGER

(Received November 5, 1981)

Let a Euclidean motion g(r), t € I, of the moving space E; in the fixed space E3
be given. Let us choose orthonormal frames %(t) and %(t) in E; and E,, respectively,
in such a way that g(t) %(1) = (1) for all t € I. The pair (%, ) is called a moving
frame of the motion g(r). Let us denote

glz,@z//,%’=,%(p,(p—[//:a), (p+l//:’7'
If the moving frame is changed, we get new matrices @ and 7 instead of w and 7,
where
& =h"oh, §i=h"9h + 20",

where h = h(r) is the matrix of the change.

Let us write
(0’ O )
w = ,
(1)0, (01

where w, is a 3-column and w, is a 3 x 3 skew-symmetric matrix, and similarly for #,
¢ and y.

In what follows we shall suppose that w, + 0 for all zel. (It means that the
instantaneous motion is not a translation.) If this is the case, then ® can be given
the form
, 0,

0, —1), v=0
, 1, 0

0
Wy = ’ w1="0
0

S O <

by a suitable choice of the moving frame and the pai‘ameter t of the motion.
In order to simplify some of the computations we shall use the following identifica-

tion for 4 x 4 matrices of a special form:

0, 0, O, 0
a0, A11, @ a 0, 0, 0
100 Q115 Q125 13 .
do ani S hadl TE ajy, ajp +1ay3
20> @21, U225, TU32 . . .
: azo + 1439, dzy + 143y, a3, + 143,

d3p, d315 32, Q32
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Then

0,0,0
(1) w=1|v, 0,0
0,0, i
and
1,0, 0
H=1{40,0 , AL aeR,
0, 0, exp (i)

is the group of all changes of the of the moving frame which preserve w. Let us
further denote
0, 0, O
n=1M 0, —ny |, where nymyeR, nyneC.
N25 M21s M2z

Changing the moving frame from H we get

a1 = EXP(_i“) Hats Tl = exp(—ioc} (’12 + ;1'721)«
Now we have two cases to consider:

a) n,; #+ 0. This is the case of a general space motion, axoids are not cylinders.
We can change the moving frame in such a way that#,, > 0,5, = 930, 721, #130 € R.
The moving frame is then fixed.

b) 15, = 0, n, # 0. This is the case of a cylindrical motion, axoids are cylinders
and the motion preserves one direction. We have 7, = exp (—ia) N2 My =y + A
We can change the moving frame to get 7, = i3, §30 € R, 130> 0, #; = v. The
moving frame is fixed up to a constant translation along the 1°* axis.

Remark. If n,, = 5, = 0, we get n = 0 in a suitable moving frame. The motion
is any space motion with fixed axis. We leave this case out as a trivial one.
In accordance with the usual notation we shall write

) 0, 0, 0 0, 0, 0
@ = | M O? —H*1 ], ‘// = la27 0, _ﬁl s
iy, %y, %y iy, %y, 1%,

 all entries being real.

Then %, = %, py = fi;, ¥, — %, = 1, u, — fi, = v. In the general case a) we
have %, > 0, for cylindrical motions in case b) we have %; = 0, u; > 0, p, =
=v (@, = 0).

Let us suppose for a moment that the matrices ¢ and  are written without the
use of complex numbers. The operator Q, of the k-th derivative of the trajectory
of a point X € E; is defined by X® = 2Q,X, where X = ZX. For Q, we have (see
[2]) :

(©) Qi1 =0 — QY+ Q, Q=

|
e
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If we write
0, 0
Qk B (‘9k5 Hk) ’
we get

(4) Ser = @19 + 0o + 8, Oy = 0,0, — Oy + 0;.

Unfortunately, formulas (3) and (4) do not preserve their form in the case of a gene-
ral motion if we use the complex number identification mentioned above. On the other
hand, we have

Lemma 1. Formulas (3) and (4) remain valid in the cylindrical case if the nota-
tion from (1) and (2) is used.
Proof. In the cylindrical case w, ¢ and ¥ have the form
0, 0,0
0=1{a, 0,0],
b, 0, ¢

where a € R, b, ¢ € C. Such matrices form an associative algebra over R and so our
lemma follows from the well known representation of complex numbers by

a +ib«—>(2: ‘Z)'

Definition 1. Let G be a Lie group. We say that a motion g(t) < G splits, if there
exist nontrivial subgroups G, and G, in G such that

a) G,nG,=e¢,
b) 9192 = 9,9, forall g,eG, and g,€G,,

c) g(1) = g4(1) 92(t), where g,(t) = Gy, g,(t) = G, .
We call g (t) the factor of g(1) in G, for i = 1,2.

Remark. The factors are unique for given G, and G,. If g(¢) splits, it belongs
to the direct product of G, and G,.

Lemma 2. Any cylindrical motion in E; splits into a Euclidean plane motion
and a translation.

Proof. The Frenet formulas for the moving frame split into two parts which
integrate separately as can be seen from the proof of Lemma 1.

The plane motion from Lemma 2 will be called the plane factor of the cylindrical
motion.

Definition 2. We say that all trajectories of a given Euclidean space motion
g(1) are affinely equivalent if there exists a space curve X(t) such that for any
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trajectory Y(t) = g(t) Y od Ye E; there is an affine mapping m of the space E
(m need not be regular) such that m[X(t)] = Y(¢) for all te .

Definition 3. A Euclidean space motion is called a 3-Darboux motion if all its
trajectories are affinely equivalent and at least one of them is not a plane curve.

Lemma 3. If g(t) is a 3-Darboux Euclidean space motion, then there exist unique
Sunctions at), i = 1,2, 3, such that

3
©) Q1) = i‘;l‘"i(’) Q).

Proof. The existence of functions o,(t) was proved in [2]. If those functions are
not unique, we get 0 = iﬁi(t) Q,(1) for some functions () and all trajectories are
plane curves. i

Lemma 4. Any 3-Darboux motion in E; is cylindrical. Moreover, if v % 0, then
(5) is also sufficient.
Proof. Direct computation from (4) gives

0, 0,
0,=0,0,=| 0, -1, 0],
—x, 0, —1
0, %y(1 - ;?2), %)
O3 = | #,(x, + 1), 0, i + 1), (@4 = =3 .
—, —x; -1, 0

This shows the impossibility of solving (5) for x, # 0. Further, let (5) be satisfied.
3

Then all trajectories are solutions of the differential equation Y'Y — Ya,(t) Y? = 0.
i=1

So if at least one of the trajectories is not a plane curve, all trajectories are affinely
equivalent. If all trajectories are plane curves, then (see [1]) either the motion is
the 2-Darboux motion and the functions oz,-(t) are not unique, or v = 0.

Lemma 5. Any Euclidean space motion which has infinitely many points with
straight line trajectories is a cylindrical motion.
Proof. From (4) we have

3 =wy, 9, = [v'\, where ¥ =x,0+ u,. Denote 93 = [a
1/ b
0 c

" Let x;, i = 1,2, 3, be coordinates in E; with respect to Z. Then the set of all points
in E; such that their trajectory has an inflexion point at a given instant is given by
the equation X' x X” = 0.
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Computation gives
2 2
(6) X5 + X5 4+ %xyx3 — Yx, =0,
Uy Xy + X3 + 0'x, + xyxx3 =0,
%yX3 + U'xy — 0x, + 0 = 0.
Let »,v & 0. Then (6) determines a curve in E; which can be parametrized by x:
Xy =0T (X3 + Uy F oY), xg = —o7 ke N(0'x, 4 oxs XX

As infinitely many points satisfying (6) have straight line trajectories, equations
X' x X" =0 must have infinitely many solutions satisfying (6). Two of these
equations are

(7) %y(%2 + 1) X%, — %1X;X5 + bxy + cx3 =0,

(1 = %) xpx5 + vy (%, + 1) x; + wix3 + (%7 + 1) vxs + axs + vb =0,
Now we substitute from (6) and look at the terms with the highest power in x;.
We get %, = —1 and %, = 1, which contradicts », — %, =1.

Let finally » = 0. From (6) we get x5 = 0, x,(x, — ¥) = 0. The equation X’ =
= —X, which is satisfied by any point of the moving space, implies
Xy = —%X; + %,X3.

This equation cannot have infinitely many. solutions for x; unless %, = 0. This
completes the proof. ‘ :
Denote by F the set of all points in E5 given-by

(8 XX X" = 0.

F is the set of all points such that their trajectory has ata given instant zero torsion.

Lemma 6. If a Euclidean space motion has the property that all points of F have
plane trajectories, then this motion is cylindrical. »
Proof. If all points of F have plane trajectories, then the equation

) X, X", x"=0

must be true for all points of F. oo .

Let %, # 0. As (8) contains the term »,(2 — 2,) x3 + »3(1 — 2%,) x;x,%; and
(9) the term —313x2x,, they both give cubic surface in E,, as can be shown by
computation. As each point of F must also satisfy (9), it must be true for their inter-
sections with the plane at infinity as well. Let x,, x,, x; denote the homogeneous
coordinates in the plane at infinity. The intersection of F with this plane has the
equation

«, [ix3 + %3(1 — 2,) x,] (x5 + x3) + 3xix, %33 = 0.
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(We get it from (8) by neglecting all lower degree terms). If this intersection is an
irreducible cubic curve then the intersection of (9) with the plane at infinity must be
the same and so the corresponding equation must be a multiple, but this is impos-
sible because of the term — 3x3x}x, which does not appear in (8).

In case the intersection of F with the plane at infinity is reducible, we get a contra-
diction with %, # 0 by considering all possible cases.

Remark. Any 3-Darboux motion has the property from Lemma 6 because
3
we have X"V = Y o, X and so X', X", X"'| = 0 implies |X', X", X"Y| = 0.
i=1 :
Lemma 7. Let g(t) be a cylindrical motion. Let us write

0, 0,0
Q. =la,0,0
bka 05 Cy

, a,€R, b,ceC.
Then
(10) @ =%, ¢ =1, by, =ixyh, — i*lu + bl k=1, by =0
~ 0, 0
Qo =1,
g <bk’ "k)
at the same time gives the k-th derivative for the plane factor of g(t).

Proof. We know that a; = v, by = 0, ¢; = i. The result follows from (3) by
computation using Lemma 1.

Lemma 8. The 3-Darboux Euclidean space motions are characterized by the exis-
tence of a function o,(t) such that

(1) -‘ pi(2%y 4+ 1) + pyxs

It

oc1#1(%2 + 1) s
1y — ol + %) = ogpf, .

"

vy + v

ay(v” + v),
where v = 0and %, + 1 = 0orv" + v * 0.
Proof. First we compute from (10):
by =0, by=py, by=p) +iu(e, + 1),
by = pi — py — oy + 1) + i[(2%‘2 + 1) uy + %]
Equations (5) have the form

"

V" = agd” + a0 4+ agv,

1= —io; — oty + i0g,
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B =y = ao(in + 1) = aauy + agpy
(2 + 1) i + #ouy = oy + 1)

From them we get o3 = «;, &, = —1 and this gives (11). Further, if v” + v = 0
and %, + 1 =0, then also yu; = 0 and «; is not uniquely determined. If v = 0 all
trajectories are plane curves.

Remark. The case u; = 0 was left out; %, + 1 =0, v" + v =0, u; = 0 gives
the 2-Darboux space motion.

Lemma 9. The plane factor of a 3-Darboux space motion is characterized by the
differential equation

(12) (1] = moea(l + )] ma(oen + 1) = pi[(20, + 1) pi + o] -
Proof. It follows from Lemma 8 immediately.

Remark. We get an interesting special case for %, = —1. Then yu, = const.
and the plane factor is the elliptical motion in plane and v can be chosen arbitrarily
provided v" + v + 0. For instance, if we choose v in such a way that v + v = 0
(x; = 0), we get a 3-Darboux motion with all trajectories affinely equivalent to the
helix. We also see that any cylindrical space motion which has the elliptical plane
motion as its plane factor is a 3-Darboux space motion (except the 2-Darboux

motion in space).
3

The plane factor of a 3-Darboux space motion satisfies the equation 3, = Zcxiﬁi
i=1
and if %, + 1 # 0, then the functions «a,, «,, o5 are uniquely determined. We shall
call such motions 3-Darboux plane motions. This means that equation (12) with the
condition %, + 1 # O characterizes all 3-Darboux plane motions.

The 3-Darboux plane motions have the following geometrical characterization:
For any 3-Darboux plane motion g(t) there exists a space curve K(t) such that any
trajectory of g(t) is an affine image of K(z). K(t) lies on a quadratic cylinder. To see
it, it is enough to notice that all trajectories of 3-Darboux motions satisfy the differen-
tial equation X" + X" = (X" + X).

Theorem 1. The 3-Darboux motions in plane are all plane motions with exactly
one straight line trajectory.

To prove Theorem 1 we shall need the following two lemmas:

Lemma 10. Let
(13) y:':‘fi(t’yj)> iaj=la--',n

be a system bf n ordinary differential equations and let F(t, y) be functions of

38



n + 1 variables such that

F(t,y)=0 for j=1,...,n implies aai + Y gFJf(t y) =0 for
i=1
j=1...,n
and rank (0F;/0y;) = n. Then any functions y(t), i =1,...,n, which satisfy
Fj(t, y(t)) = 0 for j = 1, ..., n, satisfy (13) as well.
Proof. Let Fj(t, yi(t)) = 0 for some y(). Then
<. OF,;

g y(t) ~ 0 and also 24 4 Z ’f,(t y(t) = 0.

Subtraction gives

i@

* [ = 76 y(0)] = 0 andso yi = (t,y).
i=10y;

Remark. Equations

4y O

fi=0
é‘t i= 1('7‘yL

will be called differential consequences of (13) and F; = 0

Lemma 11. Let g(t) be an affine motion in an affine space &,, let Q, be given
by (3). Let IX("), X| denote all subdeterminants of order 2 of coordinates of the
vectors X® and X in # for any point X € oZ,. Then for X' & 0 and k = 2 the
condition |X', X("“’] = 0 is the differential consequence of X' = —yX and
X, XD =0, j=2,..k

Proof. Let |X', XY = |Q,X,,Q;X| =0 for j=2,...,k. The differentiation
of |2,X, ©,X| and substitution from X’ = —y.X gives <

|21X — QuX, Q.X| + |2,X, 24X — QyX| =
= |2,X — 0Q,X, QX| + |2,X, Q1 X — pQX| =
= |2,X, QX| — [|02,X, QX| + |2.X, pQX|] + |2, X, &, X| =
= |2,X, @, X| = |X", X* Y|,

because Q,X # 0 and |2, X, 2,X| = 0 and |2,X, Q.X| =0 implies |2,X, 2,X| = 0
and |X', X®| = 0 implies |4X', X"¥| + |X’, AX®| = 0 for any matrix 4.

Proof of Theorem 1: Let g(7) be a plane motion with one straight line trajectory.
Then the point x = 0, where x = x, + ix3, cannot have a straight line trajectory
because we must have

(14) X = —ig; — i%,x
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and so x = 0 implies u; = 0. Equations |X’, X”| = |x, X”'| = |x’ le = 0 must
then have common nonzero solution. They are

(15) X3+ X3 = pxy =0,
Xopy + x3u1(x2 +1)=0,
X[y = mia(a + 1)] + x3[(2, + 1) gy + %iu,] = 0.

Equations (15) may have a nonzero solution oniy if the determinant of the second
and the third of them is zero, but this is (12).

Conversely, let a 3-Darboux motion in plane be given and so let (12) be satisfied.
We know from Lemma 11 that each equation in (15) is a differential consequence
of the preceding ones and (14). The common solution of the first two of them satis-
fies also the third one and so the assumptions of Lemma 10 are satisfied. This means
that this common solution satisfies (14) and so it gives a point in the moving plane.
The trajectory of this point consists of inflexion points only and sc it lies on a straight
line (x" = O for all ¢).

Remark. In the course of proof of Theorem 1 we have also proved the following
statement: If a plane motion has a inflexion point of order 3 (X’ + 0, IX’, X”‘ =
= |X’,X"| = |X', X"Y| = 0) for any ¢, then this point is fixed in the moving plane
and has a straight line trajectory.

Let us denote [%, dt = k. Then we have

Theorem 2. The 3-Darboux Euclidean space motions are characterized by

(16) v=Cycost+ Cysint + Cyexp ([tan k dr),
(17) py = Cyexp [[(, + Dtankdr], (ui = py(%, + 1)tank),
where in the case x, = —1, v may be any function such that v(t), cos t,sin t are

linearly independent. C,, C,, C3 and C, > 0 are real constants.

Plane motions with one straight line trajectory are characterized by (17) with
%, +1 % 0.

Proof. We substitute in (11) and (12).
Remark. a, in (11) is given by
oy = (2%, + 1) tan k + x5(, + 1)7".
Theorem 3. Trajectories of a 3-Darboux space motion are affinely equivalent
to a cylindrical curve. The plane factor of a 3-Darboux space motion has one
straight line trajectory. Conversely, for any plane motion with a straight line

trajectory there exist infinitely many 3-Darboux space motions having it as their
plane factors.
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Proof. The trajectory of any point can be written in the form X = A4, + f, cost +
+ fysint + fy fexp (ftan k df) dt, where 4, is a fixed point and f,, i=1,2,3,
are fixed vectors in E;. The rest follows from Theorem 2. ‘

Theorem 4. Euclidean space motions in Ey which have infinitely many points
with straight line trajectories and at least one non-planar trajectory are all 3-Dar-

boux space motions given by (14) and (15) with C; = C, = 0 (%, + —1)

Proof. Let a space motion have infinitely many points with straight line trajecto-
ries. Then it is cylindrical according to Lemma 5. Further, equations X’ x X" =
X' x X” = 0 must have infinitely many solutions. Computation gives

x =" x= v’ ,X”':U” ‘ .
ix Py — X py 4 (e + 1)y — ix
and we get the following equations: -

X3+ x5 = x, =0, ‘

[

vx; + U'x, =0,

vy — vx, + U'x; = 0 (from X' x X" = 0),

o + 1) x5 + pix, =0,

po(e, + 1) — (V" + v)x, =0,
vy + (0" + v)x; =0 (fromX’ x X" =0).
= 0 implies x; = 0 which gives

We immediately see from the first equation that x,
0 from (14). So we may suppose X, + 0. Now we shall consider all possible

cases:
a) %, + 1 = 0. Then pu}y = 0, v" + v = 0 and all trajectories are plane curves

b) %, + 1 % 0, v = 0. Trajectories are plane curves as well
c) %, +1 %+ 0,0 = 0. Then

x, = [0* + (V)] Pug, xy = =[P+ (V)] ooy,

and we get the following equations:

Vg%, + 1) = op) and (e + 1) [0* + (V)] = (" + v)v.

Denote o = v~ v'. Then we get
o= pi[pu(e, + 1)]7" and o' = (6% + 1) x,.

So ¢ =tank, v = Cyexp (ftan k dt) and p} = p,(x, + 1) tan k, which gives (17)

This proves the first part of the theorem.
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Conversely, let a 3-Daiboux motion with C; = C, = 0, C3 # 0 be given. Then
v = vtank, u; = py(%y + 1) tan k. Equation vx, + v'X; = 0 changes to the second
equation from (15). Similarly, u,v(x, + 1) = (v" + v)x, is a consequence of the
first two equations from (15). As X’ = —yX splits into x; = 0 and (14) and we have
got (15) with (12) satisfied, the statement follows from Theorem 1.

Remark. Points with straight line trajectories have coordinates x; = const.,
X, = ji; cos® k, x3 = —p, sin k cos k.

In the end we shall characterize all 3-Darboux motions as motions which have
as much plane trajectories as possible (nontrivially).

Theorem 5. The 3-Darboux Euclidean space motions are characterized by the
following property: F is not the whole space, each point of F has a planar trajectory
and each point not in F has not a planar trajectory.

Remark. The property just stated can also be expressed as follows: If any trajec-
tory has a planar point, then it is planar and there is at least one non-planar trajectory.

Proof. According to Lemmas 4 and 6 all motions in question are cylindrical.
Equation (8) for cylindrical motions is

(x3 + x3) (v + v) + x,[v'puy — pv” = vy + 2) ] + xs[opy + 00 + 1) ] +
+ opi(e, + 1) =0.

Let the motion have the property from the theorem. F is trivial for v = 0. So v = 0.
Then F is trivial only for v” + v = 0, %, + 1 = u} = 0, which gives the 2-Darboux
motion. So we may suppose that F is nontrivial. If each point of F has a plane
trajectory then (9) must be a consequence of (8), (9) is

(x3 + x3) (v + V') + x(v'a — pv” — bv) + xz(av + bv' + pyv) + vu b =0,
where
a=p] = py = pa(a + 1), b= (2%, + 1) py + %5, -

As F is nontrivial, (9) must be a multiple of (8) with some coefficient 4. If %, + 1 = 0,
we get A = b[u(%, + 1)]7* from the absolute term. Further,

av + v'b + vuy = [opy + 00, + 1) pe] s
which gives a + p, = Au} and this is (12). Finally, we have
v'a — po" — bv = Av'py — pv” — oy + 1) gy — vy,
which is satisfied, and v” + v’ = A(v” + v).

This means that the motion is a 3-Darboux motion in virtue of Lemmas 8 and 9.
Ifx, + 1 =0,wehave b = 0, uj = 0, a = —p, and the only equation is v + v' =
= Av" + v). The motion is again a 3-Darboux motion.
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Conversely, let a 3-Darboux motion be given. The trajectory X(t) of a point may
be written as in the proof of Theorem 3, so |X’, X", X"| = |fy, f2. f3| h(t) for some
function h(r) and the statement follows.

Example. Let us find all space motions which have trajectories affinely equi-
valent to the helix. We have two cases:

a) %, + 1 + 0. Then we see from the proof of Theorem 2 that exp [tan k dt =
= const. and so tank =0, k =0. We get », =0, ¥, = —1, p, = const., v =
= Cycost + C,sint + Cz. The plane factor is a cycloidal motion with the fixed
centrode a straight line, the moving centrode a circle. The expression of such a motion
may be written as

1, 0, 0, 0

g(t) _ Cicost + C,sint + Cjt, 1, 0, 0
r(t — sin 1), 0, cost, sin t
(1 — cos 1) 0, —sint, cost

b) %, + 1 = 0. This case was discussed above.
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Souhrn

EUKLIDOVSKE PROSTOROVE POHYBY
S AFINNE EKVIVALENTNIMI TRAJEKTORIEMI

ADOLF KARGER

V ¢lanku se studuji euklidovské pohyby v prostoru majici tu vlastnost, Ze trajek-
torie kazdého bodu je afinnim obrazem dané prostorové kiivky. Ukazuje se, Ze
vsechny takové pohyby jsou cylindrické tj. se rozkladaji se na pohyb v roving
a na translaci ve sméru k této roviné kolmém. Jejich trajektorie jsou cylindrické
kfivky a odpovidajici rovinny faktor md jednu pfimkovou trajektorii.

Diéle je dokdzdno, Ze prostorové pohyby majici nekoneéné mnoho pfimkovych
trajektorii jsou specidlnim pfipadem zkoumanych pohybl. UvaZované pohyby
jsou nakonec charakterizovdny jako pohyby s touto vlastnosti: Mad-li trajektorie
néjakého bodu plochy bod (nulovou torzi), leZi celd v roving a ne viechny trajekto-
rie jsou rovinné.
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