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Commentationes Mathematicae Universitatis Carolinae 

6, 2 (1965) 

A PRINCIPLE OF OTHOMOGENIZATION FOR EIGENVALUE 

PROBLEMS 

(Preliminary communication ) 

Ivo MAREK, Praha 

It i s shown that some eigenvalue problems can be redu

ced to sequences of unhomogeneous equations by using i tera

t ive methods of Kellogg's type. By means of this procedure 

the problem of the accuracy-order of approximations of eigen-

elements in Banach spaces i s investigated. 

1. Notation and definit ions. 

Let K be a real parameter 0 * Jt <. JvQ and l e t 

X 1 Xfa be Banach spaces. Symbols denoting norms in a l l * 

these spaces wil l not be distinguished. Let X^ a X be 

some subepaces such that X^ f X^ are isomprph. Let us 

denote this isomorphism by S^ . B y X f X^ the spaces 

of continuous linear forms on X and X$^ with the usual 

norm (see [3J) wi l l be denoted. If Y i s a Banach space, 

then by [ Y ] we shall denote the space of linear bounded 

mappings of Y into i t s e l f with the uniform topology (see 

[3 ) ) . Let Pjk be a projection of X onto X^ such that 

S ^ F ^ X - * X if A -+0t A € (0, A0 ) , 0 < A * £ +oo . 

It T i s a l inear, generally unbounded operator, then 

we denote the definition domain of T by the symbol &CT) 

and the range of T by 7LCT) respectively. 

x) The complete text will be published in the Czech .Math.Journ* 
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In the following text we shall denote the constants which 

do not depend of K by only one symbol c without any fur

ther distinguishing* 

Definition 1* Suppose that 7ft a X and T € L X J ) 

TjĴ  fi C X ^ 3 . if the relat ion 

U.i) II fk T * ~ TK %> * « * c Cx > ^ 

holds for each vector JC e 721, where ft* is a positive in

teger or zero, then we say that the "approximative" operator 

T^ has the approximation-order AV according to the opera

tor T on the set TPl • 

Let <y> € X be an arbitrary vector and let *fa * ^ y • 

By <w-f u> we shall denote the solutions of the equations 

<1.2> Tx~ <* , T^X^* sifa > 

Definition 2* Let the equations (1,2) have unique solutions 

AA1AAJV for <y, <y^ given. If the inequality 

holds for AJL ., AA*V , where K. is a positive integer, then 

we say that 7& has the accuracy-order ft with respect to 

T. 
The equations involved in the preceding definitions have 

been assumed uniquely solvable* Therefore these definitions -are 

not suitable for eigenvalue problems* 

Definition 3* Let (U>0 be an eigenvalue of an operator 

TeCX] and Xj, "*/•*.£ ; (t ^ +- OO ) f the corre3ponding 

eigenvectors* tie say that the operator 7 ^ has the accuracy-

order AX with respect to the eigenvalue (VL0 of the operator 

T , i f for each eigenvector XI, corre3ponding to (tLc there 

exis ts an eigenvalue £4,J of the operator 7Jt and nn o i -

genvector XJ corresponding to (Uj such that the in

equal i t ies 
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\<u,0 - (Uj I £ th 

hold for f m i7 • -' i t 0 

Let M 7 C be linear operators mapping the domains 

3)(M),$CC) into X and le t M^ ., C^ be corresponding 

operators mapping the domains 33 (M^ ) ; Sf(C^) into / ^ • 

The couple { M^ ; C^ } wi l l be called a scheme • 

Definition 4. A scheme { M^ , C^ / has the accuracy-or

der -ft with respect to the equation MAJL » Ctr , where 

V € 3(*C ) i s some given vector, i f the inequality 

// ?KAJL - AJLK II & CK* 

holds for all solutions u., M* of the equations MAA* t* 

mCir, M^AJ* m CK F^ir respectively. 

Definition 5. A scheme { M ^ , C^ } has the accuracy^-or-

der f, with respect to the characteristic value \ if one 

of the operators T^ * M ^ C^ f T^ s C^ M^ has the accu

racy-order -ft according to the eigenvalue /u*0 » 4/Xc of 

the operator T « M"" C or T - C M " respectively* 

If we use the scheme {M^ , C^ / for counting A 0 we shall 

denote this fact by { M ^ , C^ ; A 0 J 

2. Eigenvalue problems. 

This paragraph is concerned with the investigation of ei

genvalue problems of the form 

(2.1) MAI « A C ^ , 

where M , C are linear, generally unbounded, operators mapp

ing the domains 2>(M) , 2J (C ) into X . Moreover it is 

assumed that 3 K M ) is dense in X and S)(M) c SiCC) . 

- 201 -



Simultaneously with the problem (2.1) we shall consider the 

"approximative'* eigenvalue problem 

(2.2) MJK*LK * XK CU^K 

assuming that the scheme i M ^ - C ^ } has the accuracy-order 

{v with respect to the equation M-u * C W according to the 

definition 4» 

If we use this assumption we must reduce the equations (2.1) 

and (2.2) to sequences of unhomogeneous equations of the type 

(2.3) MeX - <p, M ^ * * « ffK . 

To do this we use Kellogg's iterative procedure. This procedure 

is applicable if the operators M"* C , CM"*, Mj^ C^CfjAj^ 

have suitable properties* 
Let ^ ' TK *** one of the c 0 UP l e a mentioned above. It 

will be auppoaed that T , Tj^ be closed have dominant 

eigenvaluea (U.0 } (U% i.e. in apectra 6"£T); •VTfe) 

there are points ^u,# , M/% such that the inequalitiee 

(2.4) I X I < 1 (U* I , I A^l < I ̂  I 

hold for each A € 6 C T ) ; A + ̂ tt0 and each X € tf^Tit^ 

X + (̂ 0 * Moreover, we aha 11 assume that the points (*"0 i 

(U,0 are poles of the resolvents R> (Xi T ) «• f A I — T)"" f 

^ £ ̂  i Tiv ̂  " ̂  â> " ^k F „, where I, Ijt, denote the iden-

tlty-operatora in A and X|^ reepectively. We remark that 

the laat assumption is not necessary* 

Let B(i , B^ be the operstors defined by the .following 

integrals 
B - Ж Ш / R Í Л ' Г Ы A ' 

Ђ 'Ú 

(2.« 

£-ïfe £RЃA»ъыA 
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where C0 1 C0 denote the circlea having the centres /U~e 7 
jL ^ 

(U,0 and radii f>0 , f>0 such that for the seta 

K - f A H A - Y ^ I - i ft i, «4.~ <*U*-iu£'l* P? f 

the relations K n 6 CT) *{(*>, 1 > K^n eCT^)** i(<+ 0 } 

hold. 

If Xj^ 6 Xj^ f then we put 

jt'Cx) » X^t^*), * e X , 

ao that x ' . € X9 . 

Suppose that there ex is ts a vector x € X for which 

(2.6) 0 < c - /x'CB, *"">', 0<e * Ixi CB*?h*<»)\ . 

Now| we shall investigate the case of the operator 

T = M C aad then we mist assume that C i s bounded. 

The corresponding Kellogg'e iterations leading to unhomoge-

neous equations are defined as follows 
r-n*-f) n ., J_J i __,*+*> u. *Jcro> 

(2.7 a) M«/* П + '°-. C~ŕл),^.>.,>-Яr,,.-* ,-̂ W--*' 

(2.7 b) V , . * V ^ ^ I > 

(2.8 a) M ^ ^ ^ ' - ^ * £ , , * £ + < , - * £ , * * * * * > 

(2.8 b) ' ,JЛ K _ 

XK _ _*JK ("(m.) ) 

-> *'„, («.?"") 
Let us investigate the ease of the operator T — C M " « 

It is easy to see that the restrictive assumption C € [ X 3 

can be replaced by a weaker one. Let instead of C € f X J 

the inclusion 

(2.9) « ( M H ) c 3 r C ) 
- 203 -



holdi where VL (M~* ) denotea the range of the operator M~*# 

Slmllarlyf let 

(2.10) nm^) c 2 f C 4 ) . 

The Kellogg'a iterations corresponding to the operators 

T - C M " f TK» CK M^ are defined aa f ollowa 

(2.1la) M i r ^ ^ , ^ e ^ , , Cr<~\ i f o - , " . f y « * « £ >T , 

(2.11b) A, - *'<Vfro } 

< 2 . 1 2 a ) M ^ * \ , « £ , ^ j f c , ( ^ > i t f . £ £ y « y « c A , 

(2.12b) ^ _ •*.*. Cirdti ) 

The convergence of the processes defined by ( 2 . 7 ) , ( 2 . 8 ) , 

(2 .11) , (2.12) ia described in the following theorems. 

Let A € C XJ be an operator having a dominant eigenva

lue f\L0 • Let ^ be a number with the following properties: 

(a) (U <. I (tu0 I ; (b) X € S(A), A * (U.0 impliea A € 

c H C A ) , where H (A) - { A// Al < (U. } . 

Theorem A [2J Suppose that 

1. The values (x^0 ? ^um are dominant eigenvalues of the 

operators T • AT*C , TK - M£ CK • 

2. (tco1^u0 are poles of the resolvents R C A , T) , 

R ( A f T ^ ) -

3 . The conditions (2.6) are fu l f i l l ed for a vector - x ^ ' c X , 

4* <X ~ I — | ; cC^ • / —j£ I f where pi, f (U> are radii of the 

aeta H (T) , H (TK ) defined above. 

Then the relations 

(n. anffiCeitatly Urge ) 
- 204 -



hold for the sequences defined by (2.7),(2.8), where 

and A 

M^-A.C-^, M ^ - A * (,*.«,* , 
M. + 0 t «% + 0 . 

Theorem B [2] Let the assumptions 1,2,4 of the theorem 

k be fulfilled for the operators T - C M " , T^ -» C A Mj^ * 

Instead of the assumption 3 let the following one be fulfilled: 
(o) 

The condition (2.6) holds for a vector X » VCoy , where 

<?„ - < V " , V « * • 
Then the relations 

, „ •«£, - n*« * «<>'*£,- *t" * « < 
(n sufficiently l4*»f * ) 
hold for the sequences defined by (2 .11) , (2 .12) , where 

and 

% * °> n* + ° • 
By means of the iterations given by (2 .7 ) , (2 .8 ) and 

(2.11) ,(2.12) the i n i t i a l eigenvalue problems (2 .1 ) , (2 .2 ) are 

reduced to sequences of unhomogeneous equations of the type 

(2 .3 ) . These procedures form a base of the dehomogenization. 

3 . Theory of accuracy-order of eigenvalue problems. 

In this paragraph the accuracy-order of eigenvalue pro

blems of the type 

MAC » X Cu, , MK v?m A * CA ">A 
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will be inveetigated. The baaic aaeumption ia the knowledge of 

the accuracy-order of the scheme f Mj^, CK } with respect to the 

unhomogeneoua equation M-tt m Cv with given vectors 1T £ X , 

Theorem 1. Suppose that 

1« The operators T» M ~ C, T& » M ^ Cj^ , where the ope

rates M , C \ MK1 Cu map 2)CM), 2>CC)- X into X and 

iDCMj^), S-KCj^) » Xj^ into KB , be bounded and have dominant 
JL 

eigenvalues AJLQ , /ULO and these values are simple polee of the 

reaolvents R ( A , T ) , R C A , T ^ ' 

2m The scheme { Mfc » ^ ? n a a ^ e accuracy-order ^ with 

respect to the problem Mu. m Cv with a given vector 

3« The relatiome (2.6) for a vector .XCo e X and aimultaneous-

ly the inequalities 
ft x * II £ C i f 0 * A < A , 

hold for the system { x ^ ? of linear forms x i e A' 

4* The inequalities 

I I < < : A I < c 

hold for a l l Jk ? 0 •< 4 t •* -̂ H> # 

Then the scheme { Mj^, C^; A^ J has the sccurecy-order ^r 

with respect to characteristic value A0 » ^^(^o * 

The case of m unbounded operator C i s described in the 

following theorem* 

Theorem 2. Suppose that 
Jk, 1* The values (<JL0 - ALC mre dominant eigenvalues of the closed 

operators T • C M**, T^ - CK M ^ , where M., C, MA , CK 

t t e d o u ů m 2 K M ) , S C O into A «od 2 f M ^ ) . ÍDCC*) 

into X 4 and tt« i n c ^ i o M W C M - ^ c S f C ^ ^ f M ^ l c S ) ^ ) 
,4v hold* Moreover, let KLC - >a^ he simple poles of the resolvents 



R ( A , T > , RCA, Te,) -

2 . The approximative operator M ^ has the accuracy-order <fb 

with respect to the equation Mu, » V with a given tr e J( -

3» For each vector U* € VKM' ) there ex is ts a vector 

/^ € Xj^ such that the identity 

<* ,£<- - - • & C " + <** > 
holds, where 

Jl y * II £ c -It* . 

In other words - the approximation-order of the operator C^ 

i s equal to <p, with respect to the operator C on the set 

ncM-4) . 
4. The relations (2.6) for a vector x^^Cyf^, <y?0)€ X and 

simultaneously the inequalities 

II * ^ II £ c i f 0 < A < -#!,, 

hold for the system { x ^ J of linear forms «x^ € X^ • 

5. The inclusions 

n(PAM'*X) c K(M-< XA ) 

hold for 0 < A* < A0 * 

6. The inequalities 

I ^ M ^ M c , 0< A < A0 , 

hold for the operators 7JL ** £*, M^ 0 f the system iT^i • 

Then the scheme {M^, C^\ X0 } has the accuracy-order <̂ i-

with respect to the characteristic value XQ » ^/Ji^ of the e i 

genvalue problem 

The assumption that the eigenvalue (U,Q i s a dominant 

point of the spectrum & (T) can be weakened* Let us suppo

se that there i s a f in i te number of eigenvalues /U1y...7 rvu^ 

on the circle IX I m K (T) , where H, CT)** Jtunv Vi T^W 
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is the spectral radius of the operator Te t X3 # In suoh . 

• 688e it always is possible to find suitable complex numbers 

**1 .*•*•! *-* *ucn tna* tne operators 

(3*1) Sj * T+ l>j 1 , f - 1, • • * , <* ; 
have dominant eigenvalues t£j * (U*j + ^ 

* How suppose that complex numbers ^ , - . . 7 1)4 are cho

sen so that the values tr^ */**-«• + *J» are dominant points 

8f 6 CSj ) j , * 1r..} * , where T s C M " ; l ^ l - * f T ) , 

' ( % + *>>£ I a K (Sj y and Ŝ - , ^ « f, .. .f A / are defined 

in (3 .1 . ) 

Put 
L - M , J> « i i M •#- C . 

It is easy to see that the construction of the eigenvalue fU^ 

and the corresponding eigenvector XI is equivalent to the 

construction of the dominant characteristic value fj ** v l y 

and the corresponding eigenvector of the equation 

(3.2) (ityM+C)4impM4l . 

The solution of this problem can be obtained using the theorems 

1 and 2 * 

Let Lfc » ; \ , j j $kfj> ** operators corresponding to 

the operators L , D 7 S^ . This means tha t there ex is t com-
JL J_ M £ 

p l e x numbers 1^ ; •••; V^ such that the va lues *>,•*-<€*;,.•« 

• ** 1 ** + d**0* a r e d 0 f f l i n a n , t eigenvalues of the operators 

S*,i * \ + *i J * f t m 1>—> * ' 
Tfrgo-rttt 3* Suppose that 

1 . The assumptions of theorem 2 are f u l f i l l ed flr the operators 

M , C and forms x € X f X^ € X^ • 

2* The operator T » CM" has a f in i t e number of eigenva

lues (U>i ? •* •; /u^, ^ * ^ ; on the c ircle I A I -» /t CT) . 
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3* There exist complex numbers >Jt 7 . • #> v^ such that 

Xj, m (U^ + ^ are dominant eigenvalues of the operators 

(3.1) and are simple polea of the resolvents R(X, Sj), f*4r»&< 

4. The inequalitiea 
* o *,<*> (3.3) o< c » / x V 0 v *Mi, O<C*I*1<:B^PAX<")1 

hold for a vector XC0) € X 7 where X € X; x^ e X^ and 

Bi' ) BY . are elements of Laurent developments of the resdl* 

vents RCX,Si)~(M-S}r\ R IX S^ ) ~ (XlK- 5 ^ )"' 

in neighbourhoods of the points ' t y , i y 

* ". ̂  > " 1 4 ^ " */ ^ifr ^ CX- &'* ' 

Then the schemes { M^ t C^ i XJ } have the accuracy*-

order ^ with respect to ?fie characteristic values 

Xj m 1/(Uj , #> -= 1, • - ; ^ • 

4. Applications. 

The preceding theory can be applied to various problems 

of numerical analysis. If the spaces X^ are finite dimen

sional, the operators Tj^ corresponding tothe operator T 

are given as finite matrices. Particularly, that is the case 

of net methods of numerical solution of differential equations 

(see C4j). Applications of the idea of dehomogenination of 

eigenvalue problems of this type were described by the author 

(see [l]) at the conference on basic problems of numerical 

analysis, Liblice (Czechoslovakia) 1964 . Other applications 

will be given in the complete text which will be submitted to 

the Cj&eehoolovak Mathematical Journal. 
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