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Commentationes Mathematicae Universitatis Carolinae
€, 4 (1965_)

ON THE EXISTLNCE OF TRACES OF DISTRIBUTIONS Bu.LONCING TO B:,‘O)
Jan KADLLC, Praha
(Preliminary communication)

1. Introduction. Recently S.L. Sobolev s and 0.V. B&sov s spa-
ces W,_(M and 5;:; were studied in considerable detail,
and generalized in several directions. This paper deals with
one generalization of these spaces, with the help of Fourier
transforms. In general, the spaces considered camnot be iden-
tified with spaces of distributions; however, traces of some

elements may be defined. We study the question as to when is

(0)
e °
In the case that every element of the considered space hes a

the trace of an element in the space L, = Wf’ or B

trace on some fixed hyperplane then the space 1s & space of
distributions, and the traces have the usual sense.

2, Notation. In this paper, points and subsets of Euclidean
n-space E, are denoted by capital letters, [X,Y] 1is

the scalar product of X and Y , ¥ (M) +the convex hull
of M , J;, = (d‘“’,..., d"") vwhere S**a0 fork+i
and d*% = 1 . Furthermore, put <~ = 4 +4 where x,A
are positive integers, X = (X ..., Xp) = (X, &) where
Xom(Xgpersy Xy ):'9'(’9""'7'9‘4)=(’%M)'"»"5';)1&'(““;/sm’a't-"’"‘)
vhere o ®a ($8..., al), fF= (BFF, ..., 85D -

Also set aF

m (3)
@ (X1 = 2, 117" Iyl
where '.XI"- lX, l““ lle"ua ‘X,‘C" ,'/vl = ‘%' soe ,'y'k
=403 -
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Let K=X({PR,...; P,}) , and let K° be the interior
of K .
The space of all measurable functions for which
g = ([ 1 ORI xEdx)t < + e
is denoted by w (KY(E,) ' .This space is a Hilbert
space.
Let o >1, 8 > A1 . Let y, be a characte-
ristic function of the interval
Cab1 24y 2 £ >0
(=1,1> 1 L =20,
(=20 Z 1ty e £ <0,

and set {4 ..k, (X) = Aty (X)eer Tk, (X,) -
Let *.F stand for the Fourier transform and ‘f"' for the in-
verse of ‘f « The space of all functions 4« for which
(-]
] ®
al
l 6“,9 = 19 ;‘m--d“‘ q‘*’n ;&' !L ) <+

~,
will be denoted by 03(° (E,.) . The space of all func-

tions 4 for which ~ 0,‘2 € 03“ CE ) will be de-
(K)

noted by 45 (E,) -

Put

l“'&’ﬂ‘; = |l 0: Iaa(a')o i

ﬁ:’% (E,) 1is & Banach space.

Let 9 be the set of all X such that [X, Al =0
whore A = (0,...,0,a,,,,+,4),a +0 for i=n+d..,m
Then Y is a hyperplane in E, . Let B,,..., B, _4 be
abasis of /7 , anda B,,..., B,.,, Bnr abasisor E, .

Let .T be the transformation defined by Tl = 7+ , whe-

e 1 ~ 1
v (Xgyeres X ) = (2B S w (B'X)dx,
~o0
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provided that the integral on the right hand side converges

Qe€e

B,
Here B -(B is an M X M  matrix. The transformation

T 1is stid to be the dual imbedding on the hyperplane J7 .

m

The aim of this paper is to establish a necessary and suf-
ficient condition 6n K in order that T be a continuous
pmapping of 10;_“) (E.) into L, (E,_.,) anda au.f‘fi-
cient condition for T to be a continuous transformation of
031(:’8 (E_.) into 031::’; CEnp ) « The main re-
sult is contained in the Theorems 10,11. The connection of T
with the imbedding operator is established in Remark 12,

A finite set { F,..., P, ] 1s said to be well dis-
tributed with respect to the point P if

Loep MRI=F, ‘
where T (R) is the set of all X € E,, for which
[X-P, R-Pl=< 0.

3. Remark. {FP,..., P, } 1is well distributed with res-
pect to P if and only 1f { B,..., By § +{ P} 1is well
distributed with respect to P . If { PF,..., P, ? 1is
well distributed with respect to P , then Pe X ({H,.., B, 3).
4. Notation. Put I, = Jyyq ... s Lymdy, S=HAI,.., 1,3,
Lin=20-Ly,5k=q..,5 ; let S° be the set of all
points of the form = ou, I1 +o.4+a, 1, where i'Z’ o, -
-1, 0; >0 (i=4,...,5) - '

Let A + 4; b,l =4, 5 . Put.) , o @ W
$oDp o 8y 65 By Bt By s BB s+ ")
ana oK . dC({"‘"’R,,---:“’“F?m 1)

It is obvious that ™K ¢ Epay m=1=12 +(v=-1)-



5. Definition. Assume 5 = 1 . The set K 1s said to
be (n,4) -admissible if the set { F,...;, Fm # 1s well
distributed with respect to the point I., .

Let A > 1 . Then the set K 1is said to be (&, 5)-
admissible if the following conditions are satisfied:

1) KAnS *0 -

2)1t KaS = {I, 1} then the set

B,y Pt oy, -5 Ig,
is well distributed with respect to the point Lg .

3) | max 3: ﬁ(-" > 1 .

iedy.,m d=4 3

1 Nc{1,...,45, N4+ @  then

a )
4:4,...,4» j%! ‘/’35 < 1 .
5) The set ™PK 1 (fc,/b-'”-admiasible for every

kR, L, hel, k,L=1,..,5 .

6. Repark. The (2, A ) -admissible sets are define¢ by fini-
te induction. If K satisfies conditions 1)-4), then m’“K
fulfils conditions 1),3),4) automatically and the latter ones
need not be verified.

7. Theoreg. I K° A S + @ then K 1s (n,4)-ad-
missible.

8. Theoren. Let K > {R’, R*} and R's (0y..,,0,7% .., 1)),
Rim (Oyrry 0, 1] y0ry 2y ) o Lot >0, 17 2 0,‘% x; <1 <4% n; .
Then K is (x,4) -aduissible.

9. Notatiop. For o > 1 let q . K  denote the set of
all X € E,,  for which %XeK .

10. Theorem. The transformation T is a continuous linear
&K
mapping of U (Enp) into L, C(E,_,) if end only if
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the set 2K 4s (x,4) -admissible.
1l. Theorep. Under the hypotheses of Theorem 8 on the set

.K , T 1is a continuous transformation of @(K) (E )
into 03(‘” ,) -

12, Remark. Under the hypotheses of Theorem 10, the space
w;"" (E_,) is isometrically isomorphic with the spa-

) = -1 [{3)
ce W (E) = ¢ w®CE,)
distributions. Under the hypotheses of Theorem 1l the spage

(K>
03,;,6 (E,‘ ) is isometrically isomorphic with the spa=
-1 143
ce B;:% (E )= 03”; (E.) which is also a

space of distributions. In latter cases the transformation

which is a space of

S '{'4 T ‘f * is continuous and linear, and
maps W, (E, ) into L, (E,_,) enaBYQ (E,)

-1

into B (E,_,) . The aistribution ¥ T ¢ ¢
is the trace of the distribution %2sron the hyperplane Ir .
For particular cases of the set K  the spaces considered
coincide with S.L. Sobolev s and O.V. B&sov’s spaces.
13. Remark. If some differential properties of traces are re-
quired, the following reasoning mog be applied: 4 € W“)(E )

o™ WD (B
if and only if DM.- ——;‘_———-;o— €

9x1... O

where K1 = K - . The case of the space B’:Ké’ (E,)
?

may be treated in a similar manner.

. Illustrative example. Let B = (0,0), B = (0, ),
3
3'(%;0); Rr‘(?r%)‘
Then

'“lw (K’(E ) = ’¥ u(x,,xt)(’f*'lx;’%i'llei‘*"X.,era)‘l_z (E“) ¢

The inequality lu,! , S Clu ‘W ™) CE, ) holds for all

- 407 -



o
u € h/g_ (E,_ ). if and only if Jr  is not parallel to
any coordinate ax#. In this case 4« € kéa‘) (ar) for all
A < -%: CIf > %_- and Jr 1is not parallel to any co-
ordinate axis, then the inequalitylula(,, s Clu ,B;,‘é &)

8 +.,6 (1)
holds If N > T then the latter inequality holds for

every I .

(Received September 12, 1965)
/

- 408 -



		webmaster@dml.cz
	2012-04-27T16:05:24+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




