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Commentâtiones Mathematicae Univeraitatis Carolinae 

6, 4 (1965) 

ON THE ЬXISTШЗE OF TRACІ.S OF DISTRIBUTIONS B.ьLONGINO TO ђ'Kl. 
T>%9 

Jan KADLEC, Praha 

(Preliminary communication) 

-•• Introduction. Recently S.L. Sobolev a and O.V. BSsov a spa­

ces W
2
 and BL

 e
 were studied in considerable detail, 

and generalized in several directions. This paper deals with 

one generalization of these spaces, with the help of Fourier 

transforms. In general, the spaces considered cannot be iden­

tified with spaces of di9tribution9; however, traces of some 

elements may be defined. We study the question as to when is 

the trace of an element in the space L -» W® or B f A • 
L Z, l^tCf 

In the case that every element Of the considered space has a 

trace on some f ixed hyperplane then the space i s a space of 

d istr ibut ions, and the traces have the usual sense. 

2 . Notation. In t h i s paper, points and subsets of Euclidean 

n-space En are denoted by cap i ta l l e t t e r s , CX,YJ i s 

the scalar product of X and Y , JC(fA) the convex hul l 

of M , 4 - (cfUy..7 d"*1*) where <Tlk - 0 tovJk+i 

and d*"1* «- 1 » Furthermore, put at m /t +6 where /t,A 

are posi t ive integers, X » (*iy*> Oi^) m 6c; /y,) where 

where *<*>. <«?>,..., «?), * * ' - <fi*\~.tf^ ' 

Alsoset «w^jxr*V* > 

where I x l * - l * l * « I V * " - ^ M ^ ' * A " ' * *'* ' 
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Let K » CCC-CRJ,..., PU.}) , and l e t K° be the interior 

of K . 

The space of a l l measurable funct ions for which 

l-wl-^oo » (j£ \u.(X)\lUPK(X)l*cLX)i < + co 

i s denoted by * WZ
CK) ( £ ^ ) ' .This space i s a Hi lber t 

space . 
Let -fv > A ; © > A • Let tf - be a charac te ­

r i s t i c funct ion of the i n t e r v a l 

< i1-'1 ,z£> if i > o , 
< - 4 , <f > i f / - 0 , 

<-i*\-im-4> u t * o , 
ana se t ^ ^ . ^ ^ (X) « * ^ ( * , ) . . . "; ^ (*„ ) . 

Let ^ atand for the Fourier transform and i£'i for the i n ­

verse of ^ • The space of a l l funct ions 4JL for which 

\*Lco> « ( X . H T ' u A> ^ l f >^< + « 
w i l l be denoted by ^i,,© ^£*v^ • T n e sPace of a l l func­

t ions M. for which AJU 0* € fo^e ( E,n, ' w i l l be de-

noted by tfJ^© C E ^ ) • 

Put 
1 ^ UCKi - \AJL 6* Leo 

Qf%, & ( ^"fi ^ i s a Banach space • 

Let 7T be the set of a l l A such that £ X f A ] « 0 

where A - (0,• * -, 0 , a ^ , , . . . , 4^) , o^ + 0 for i - x, + 4r<;"L. 

Then flf i s a hyperplane in E ^ • Let B^,**., B^-i b e 

a basis of ft , and B..,,,.,, ftn-1 ' ^ ^ a basis of E ^ • 

Let T be the transformation defined by T i c ** V t whe-

гe 
v Cx,,..., x„ ) - -̂j----- / м, C ß"4Л) dx. 
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provided that the integral on the right hand side converges 

a.e. 

a I 'M 
Here D -»( ; / i s an ln X tu matrix. The transformation 

T i s said to be the dual imbedding on the hyperplane JT • 

The aim of t h i s paper i s to e s t a b l i s h a necessary and suf­

f i c i e n t cond i t ion on K in order that T be a continuous 

mapping of W^K) C E^ ) into L± CE^^^ ) and a s u f f i ­

cient cond it ion for T to be a continuous transformation of 

<Jb^@ C E ^ ) into db^Q C E^^ ) . The main r e ­

sul t i s contained in the Theorems 10,11. The connection of T 

with the imbedding operator i s established in Remark 12. 

A f i n i t e set { P^ 1 ... , P^ ] i s said to be well d i s ­

tributed with respect to the point P i f 

where Jf C r? ) i s the set of a l l ){ € E^ for which 

[ X - P , f| - PJ -* 0 . 

3 . Remark, -f f^?...; R^ } i s well d istributed with r e s ­

pect to P i f and dnly i f { %,>-•, P^n ] -r { P J i s well 

d is tr ibuted with respect to P . I f { P19...9 P/trl } i s 

well d istributed with respect to P , then Pe ^C{Pir^,Pm}h 

4 . Notation^ Put I , » J U v . . / V " ^ ' SmX(ilir:,L*}), 

1*141 m 2- ^i ~ljki*'>tiw!4yj'to i l e* $ * be the set of a l l 
• • • » 

points of the form 01,^1^+... + OL^l^ where . X oc^ •-» 
. 4 , * ^ > 0 C i =r 4 ; . " > /* ) • 

Let /fc + /£; fyZ m 4? »"7 A • Put 

«d «M>K - *«*»*%..•,*»*'.?«, J > • 
It i s obvioue t t a t ^ K c E^., , <n - 1m tn-fa-D • 



-*• Definition. Assume /* •» 4 . The set K is said to 

be (ft, 4) -admissible i f the set { Pir"? ^m, ? i s W e l 1 

distributed with respect to the point I4 • 

Let /6 > 4 • Then the set K is said to be (ft, * ) -

admissible i f the following conditions are satisfied: 

1) K n S * 0 • 

2) If K r\ S m { IH} then the set 

<!?,.-••! 5* ? u { I 4 4 , . . . , I * * ? 
ie well distributed with respect to the point 1^, • 

1) , max, 2l fi? > 4 • 
+ *it...f*n l** a 

4) If N c { 4 , . . . , * J ; N * 0 then 

. w X /3ii> •< 1 . 
5) The set c*' K is (ft,A-4 ) -admissible for every 

/ f t ? X ; ,& # ,£ ; Jt,, £ am 4,.*. , A * 

6« Remark. The (ft, /* ) -admissible sets are defined by f in i ­

te induction. If K satisf ies conditions l ) -4 ) , thencH, l> K 

fu l f i l s conditions l ) ,3 ) ,4 ) automatically and the latter ones 

need not be verified. 

7. Theorem. If K° r\ S 4* 0 then K i s (ft,*)-ad­

missible • 

8. IbiflEi* W K D { ^ R # j and R- (0r^0,^r^%h 
R*.«)L. .„ ,0 ,* ; , . . , ,* ; ) . Let * ; > 4 < £ ^ < < 1 <j£ 4 . 

then K is C ft,*) -admissible. 

%• Notation. For JV > 4 let <fl> . K denote the set of 

aU /< € £ ^ for which ^ X 6 K . 

10. Theorem. The transformation T" is a continuous linear 

mapping of W^ (£.*,) i**<> ^ CE^.,, ) if and only if 
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the set 2 K la f K,A ) -admissible. 

11* Theorem. Under the hypotheses of Theorem 8 on the set 
rtr\ 

Jh, • K » T" i s a continuous transformation of t& ~ (E^*) 

into < f e C E ^ , ) • 
1 2 • Remark. Under the hypotheses of Theorem 10, the space 

VJ1 ( E ^ ) i s isometrically isomorphic with the spa­

ce Wt
CK) (EJ « y~* Wx

c>° CE^ ) which i.s a space of 

d i s tr ibut ions . Under the hypotheses of Theorem 11 the spaqe 

&L G ^ ^~*> ^ i s isometrical ly isomorphic with the spa-
c e ' - £ e f E ~ > T" < e <• - U ) which i s al80 a 

space of d i s t r i b u t i o n . In la t t er cases the transformation 

-̂  —+ S£~ T *£ *£ i s continuous and l inear , and 

maps W«} ( E ^ ) into L , f E ^ ) and fi£» f E„ ) 

into B£>e f E ^ ) . The d i s tr ibut ion ^ T f f 

i s the trace of the d i s tr ibut ion <$.lffon the hyperplane 3T . 

For particular cases of the set K the spaces considered 

coincide with S.L. Sobolev's and 0. V. BSaov's spaces. 

--3 . Remark. If some d i f f erent ia l properties of traces are r e ­

quired, the following J ^ —•...-.>. -. - u/**V ? reasoning may be app l ied: AA, € VV CE ) 
^ £*>i +.?. + °?>„, CK ) 

i f and only i f D ^ - Q oc, K"~ScZ € V^ < f £ ^ ) 
ax„ ^ . . . a * 

where fC -» K — oC • The case of the space B J. C E ) 

may be treated in a similar manner. 

14. I l l u s t r a t i v e example. Let f? « (0, 0), Pz - «>, f > , 

§ - Cf , 0); %.- (t , f 5 • 

Then a J. .X 

The inequality !i«<JL £ £ /*t ly^ao C£ ) h o l d 8 f o r a - 1 
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4t- € Wz ( E^ ) . i f and only i f ST i s not paral le l to 

any coordinate axift. In t h i s case AJL € W^ (&? ) for a l l 

4 t < x . I f <fL > X and 3Y i s not paral le l to any co­

ordinate a x i s , then the inequality IAJLID<y £ £*f<uLCK) rp \ 

holda If <fl> > "T" then the l a t t e r inequality holds for 

every 3T . 

(Received September 12, 1965) 
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