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Commentationes Mathematicae Universitatis Carolinae 

11, 2 (1970) 

THE MINIMUM EXISTENCE OF FUNCTIONAL 

J T(x(t) <y,(t), &(t),$,(t) )dt 

Vladimir SOUCEK, Praha 

Introduction. The problem concerning the existen

ce of the minimum of the functional in the parametric 

form is solved in the Achiezer's book: Lekcii po varia-

cionnom izdialeniju, Moskva 1955> on the bases of Rus-

sel's lemma and Tonelli'a theorem. A different method 

is used in this paper. First of all (§1) the generali

zed theorem on the existence of the minimum of the func

tional in the nonparametric form is proved. By means of 

this theorem the theorem on the existence of the mini

mum of the functional in the parametric fornr (Theorem 

2.3) can be easily proved, in this theorem it is not e-

ven necessary to assume anything about the second deri

vatives of the function F. Another advantage of this 

method is the possibility of defining the function spa

ced, in which the minimum is searched, more generally, 

and at the same time to prove the equality of the func

tional values of the couples of the functions that ex

press Mthe same curve1*. The theorem proved in the Achie

zer's book (Theorem 2.4) is a consequence of Theorem 

2.3. 
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§ 1. The generalized theorem on the minimum of 

the functional in a nonparametric form 

In this paragraph we shall discuss the existence 

of the minimum of the functional 
to* 

§<Y> - -£FCx, Y C X ) , y'(x))dx 

where FCx,Y, Z) is defined on <cu7Jlr> x I,2N and 

YCx) » C y (* ) .. .f YNC^>1 is the vector-function 

in (o,ySr > whose range is in E*N . 

Let C(0)«a,,&>) and W™«a,, > > ) be the 

usual spaces of the functions- i.e. 

let C (<CL, Jtr > ) be the space of the conti

nuous functions on <(L, Jlr > and 

let W*1* (<<-t, Jlr > ) be the space of the abso-
<ffr 7 

lutely continuous functions /y.Oc) on <cv9 <tr > whose 

derivatives ty(x) are in L^ (<dfJlr>)* If J> is a 

Banach space, we denote 

\ ^ Ув > X.. X « в -f i £ - -4 »в - * ° 
and 

* Cy o , V ) for a l l V £ 3 * 

Definition 1 . 1 . We denote by C Yv£' C<Tct, Jlr > )1N 

the space of the vector- funct ion yCix) = - X. (>.) , . . . 

. . . , YN Cx > 3 where ^ Cx) e W ^ « a , , . * > ) • i -

=- 4 , . . . , N with the norm 
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Similarly we denote LC<0>(<a9 > > ) J N the spa

ce of the vector-functions y Cx) -» C X, Cx),,.., ŷ  (x)J 

where y^Cx) e CC0) (< a, Jlr» ;i*1,...7N with 

the norm 

Theorem 1 .1 . Let 'I < ^ < co j !>,,, . . , T>s e L^ . 

Let F f x , y , Z ) € C ^ C < a , ^ > x L2N ) , l e t 

^ ( X ^ y , Z ) e C(0«CL, ^ t N x G)ii-1r..,N , where 

G- » { Z e EN •, Z # 3)^ , i =• V - , * 3 . 

Suppose that 

(l.D iFCx,y, z » * c#fiyiBH) w+Jhiz4r; 
for a l l Cx, y , Z 3 € <a, >> x E 2 N and 

d.2) i rcx ,y ,z) i* c , ( iyi H ,+ .Z JZJ*"') 
i*4, 7 ' * t N 4»4 * 

for a l l C x / y , Z ] £ <a, ^r> x £ N x G-j <£ = 4 ; „ , ; N 

where c» £ * ) , £ - 0,4r.,fH are continuous, nonnegative 

and nondecreasing functions for t e < 0, c» ) . 

Let for Z*, Zz e G ; x e < a , > > j y € £ N 

Let XteCVy^>C<a,J^»3N j m, *r 0, 4, and 

y ^ - ^ J L - , yo. y^-c J » y. . 

Then the integrals 
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exi t anđ 

Aúm, ф (Y^) * Ф C У, > • 

Proof. 1) Consider cT > 0 * For all m « 094},.. 

we define 

- C < * ) - r 0 

for those * € <a,9 fr > for which y ' O ) has not 
CC^* JH v/ been defined. Since Y^ :—• -C , there exists 

K, > 0 such that 

(1.4) W^CxlL < K0 tor mil x-e <*,&>}*,€ Jf 

(1.5) I D J - ^ K . , . . . , I P * I S N < K. . 

The function F(x,Y, Z ) ia continuous in 

<0,, Jlr> x hlff , hence F ^ , Y ; Z ) is uniformly con

tinuous in (cu^Jtry*. $C , where % is a compact sub

set in E a N 1 i.e. 

(1.6) for every £ > 0 there exists £., > 0 such 

that for any £ * / Y, Z*J € <a, ir> x .# ; 

^ s 4 2 we have 

I Z ' - Z 4 I £ N < e a ~ » iF^,y ,z ' ) -FC .v,y , z 2 ) i< £, . 

Hence, there exists a vector-function £,(,x) £ £ L~, J 

such that 

11.7) 7.<x)*%(») + h(x)±3^'>m,= 1,...,/>;X6<a,£r> 

(1.8) I f\vu,^, vj- FO,X», Y/)]^ I < oT ; 

tn € ^ 
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(1.9) £ , C * ) - 0 , x є<a,Jb>>, I У ; C x ) L > K 
N 

(l.io) lECx)! 6 < of. x c < a , ^ > 

since for su f f ic ient ly small £ C*x ) (1.6) implies (1.8) 

and for x € <o^,ir> •, Y0 (oc) * 3/mf the function 

E C,x) may be taken such tha t Ytf (x ) 4* J^ -

Next, we consider 

4(V-^X'^* + B^cft , 
where 

A^=fJ.FU,^,yi)-FUX,%»<±* , 

c^-/fF<:x,y^,y;)-F<:x,yr, %nd« . 
The in t eg ra l s are convergent by (1 .1 ) . 

For a l l X € (a7 Jcr> we have 

anđ so 

^ ^ m F ť o c , y ^ , y j ) = - F C x , y e , y ; ) 

Jtiлn, Cm в 0 . 

By (1.8) we see that 3^ > - cT for all m, € Jf . 

2) For all m, e Jf, x0 e <a,, J2r> we can consi

der the function 

ye*) = FC*0 1 y„foc„>, ye <*.>--1 c y ; ^ . > - YBc*.>J>. 

The function cpC"t) i s defined and continuous in 

<£?,1>, g>f(t) e x i s t s for a l l but a f i n i t e se t of 

te<011
>> y q>%(i) i s in tegrable in < 0, A > by 

(1 .2 ) , hence 
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g>«) - g>(0) - jr"9>(-t)dt . 
Thus we have 

ana A* - * » + /3U + Jf* , * h e r e 

«*•-X uXCF«'*»-£,•**•+t- y~- £-> -

3) By (1.3) we have oc^ > 0 7 m, e J/*. 

We easily see that 

and V»,i y«,,i *••--* in L ^ , thus /3^—» 0 . 
For ^ we obtain 

**--« <ucix*iemH«+ iy .C^1'E*'*** 
but for j< e <&,&>, l%Cx>l_ »K0 + cT we have by (1 .9) 

that £ (.*) se 0 hence 

%^ > -«rwu6 c^(K0) (4 + Ka+ ď)-ď- N(4r~a) 

Thus 

MB. - $ < X J - $ ^ y . ) ] S-c/T '^^N^(:X< >)«+K0+oO-vV.<Nc^-a.) 

but cf > 0 i s arbitrary. 

Theorem 1.2. Let 4 < fv < <?o 5 Af3 e Z,N ; 

V M 1 ^ 1 £*t ' Let F r . x 7 Y , Z ) € C ^ C < ^ ^ > ^ £ a N ) 

• n d T ^ C x ^ Z ) * C ' * ( < a , i r > x £ , „ x G ) ' i * 4,..., N , 
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where 

t - f Z c ^ j Z * ] ) ^ ^ 1,*..,*} . 
Suppose that 

(1.1) 1 Ffx ,y , Z)\ ^ c0 (IYL ) ( f + . Z I 2 . | ^ ) 

for C * ,Y; Zl € <a;-^> ;< E2/y and 

(1.2) \Fu(*,y,Z)\ *C4<MEH)(4+4£ \zt\+-4) 

for CtX ;Y ;Z3 e <<*, ̂  > x £N A- <?; -t * 1f...7 N , where 

C< (i ) , *£ » Q71 f...?N are continuous, nonnegative 

and nondecreasing functions for t € KO, oo ) • 

Let for Z\ Z* £ G ; x e<a,,&><, Ye EN 

(1.3) 
І Г F ( x , У , Z 2 ) -

t- а 1 2.1 

- R. (x,Y,Z1)J (Zl-Z4.) * 0 . 

Let there exist ft > 0 ; ^ e £ such that 

(LID Fu,Y,z)>rf-J:, \Zt\++rt 

for all Cx, Y, Z J e <a, .&-> x. E 2 N . 

Then the functional 

$CY) = / FCx.YCx), Y'U ))<*.* 

is defined in 

M * { Y •EW^ . l", Yfo)«A, Y f M ~ B i 

and there exists an absolute minimum of $ in M 

Proof. By (1.11) we have 

$ ( V ) ^ ^ C>6r- a ) 

for al l Y e M , thus there exists 

Й ; Ф - У > « - M • 4Лlf 
Уc 
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Next, by (1 .11) , there ex i s t s K a > 0 such that 

<J>(y> > $ (0) 

for .11 y g M , »y« c w , M , . N > K4 , hence 
f** 

>*f 4KY) * *wf $£Y) » d , . 
where 

K -{y.cO", BYl^j* * Ka? . 
There exists a sequence 

such that i-̂ n. $ (Y^) « c£ and at the same ti-

me 

Y -i± -L-» y y £W** J - y 

By Theorem 1.1 we have 

dim J&m, $CY^) ^ Q(Ye) * d . 

§ 2. Theorems on the minimum of the functional 

in a parametric form 

Definition 2.1. Let (A1 , A% ), CB> , B^) € E^ • 

(A,,, A^) =£ (3i f B-) . The set of pairs of functions 

£* (*),<y(t); <oc7 fi > 3 which are defined and abso

lutely continuous in < <K 9 fi > and for which we have 

* (oc ) « A^ , * 03 > - 3,, , 

1̂ <*> « A 2 , ^ r/3> * B2 , 

will be denoted by 5 # 

Definition 2.2. For all pairs £x,/y,j <oc7 ft>2 € 

€ S we define the natural parametriaation I.xCt>^ ., 

%(*>); <0f£>'i in this way: 
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the function 
л A>(t)**£ V£2 (t)+ %*• Cv) oL<v 

i s absolutely continuous, nondecreasing in 4, oc? /3> ^ 

it maps <oc ; ft > onto < 0?t > , where 

Then the function £> C/j>0 ) .» /m^v <t e <<*., /3 > ; 

A> C t ) -r /t)0 J i s defined on < 0 , t > and we can de

fine 

S< (A>) S oc(cp(/t>)) , n^Ch) & nj,(<?(*>)) 

for a l l A> e < 0 , £ > . 

Theorem 2*1. Let the function <p (4* ) be ab

solutely continuous and monotonous in < «c 7 ft > • 

<fc ; /3 £ I.,* ; at < /3 ; le*t the function «f C* ) be 

defined in < 9? Ccc ) , q> (ft) > (or <g?C ft) 7 cpCoc) > )» 

l e t the function -f Cx ) be Lebesgue-measurable in 

< <y Cot ) 9? C/& ) > . Then we have 

i f f at least one of the integrals e x i s t s . 

Proof. CI3. p.434. 

Lemma 2.1. The functions 5c Cs) 7 fy(to) which 

are defined in Definition 2.2, are absolutely continu

ous on < 0, £ > moreover, C 5 7 <y, y <07 £>1 is the 

natural parametrisation of a pair £ 3f 7 /§> y <07 £ >3 

and 

X (*) + ty C*>) ** 1 , 

a.e. on < 0f £ > . 

213 



Proof* 1) We denote on <<x,^ /Z> : 

®/t)sW)'> §zCt)zs Tft) > if there exi8t 4(t) > 
x(i) , ̂ Ct> and if %(t) > 0 ; 

fyCi)**S((i) j $2Ct)-*4Ct),if there exist *Ci) , 

$,Ci) , *Ci) and if *Ci)---0', 

$ (t) * $„ Ct) * 0 in the other cases. 

We also denote 

P-»«Cte<ot,/3>j there exists i C i ) , /£ (t)f %> Ct) 

and let) * \Z i T c7T7^Fc tTi . 

For t 0 e P we have 

a) i f 4>Cttf) > 0 , then <p(*(t0))* t0 and 

*1Cg>c^Ct<,)))-Sct0)*4ctf '*(t*)ss *U* ) > 
b) i f h ( t ) , then 

O 7 

$A (<P(A> (%)))> *(t0) ** &(t0) ~ 0 . 

Hence 

fyC9C*>(t)))-*Ct) « &(i) 
a.e. on <oC9/}> . 

By Theorem 2.1 the integrals are convergent 

and we have 

^ V ? ^ > ) d * ~ - 4 tyCpUd)))' *Ct)dt = £ ACt)dt m 

m XCfC*.))- x(cc) m * C * „ ) ~ *C0) 

for a l l ^ e <Q, Z> . 
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Hence the functions x(fo) ai (/*) are absolutely con

tinuous on < 0 r Z > and 

£(*) - ^(<f(h)) ; %(/*) = <$2(<p(A>)) 
a.e. on < 07 £ > • 

2) We want to prove that 

-/V#*6s>) + #f*)cU - *>0 

For tD e V : 

a) if Z>(t0) > 0 7 then <?(/*(%)) » t0 and 

t/i^/^f*^)))]* + Z$2(g>(*(tp)))f< l(t0) * 

b) if >S (t0) » 0 , then 

V^r^/^C/bC^)))/^^^^^)))/^^)-^^)^ 0 -

Hence by Theorem 2.1 we have 
h0 «- — A, 

<*C*ь>r- 3 j ^Ą, 

and also 

Six* (*) 4- 42^> - 4 

a.e. on < 0, £, > . 

Definition 2.3. A pair rx , ^ •, < o^, ^ > J e S i s 
equivalent with a pair E « f t f /ŷ  • Co/2, ̂ > ]€ S i f 

•£ *$C*UX?Ct)<kt. J. *\«) + &(t)dt m i 
4 2 

and if for natural parametrisations we have 
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for all *> € < 0, Z > . 

Definition 2.4* By the concept of a curve we un

derstand the class of equivalence in S . 

We denote by I the length of the curve. 

We denote by T the space, consisting of all the cur

ves. 

Definition 2.5* Let FC* , <y*9 AJL , or) c CC0>(E¥); 

l e t ^(Myty, M>9<ir) be posit ive homogenous in tAM9nrl9 

i . e . 

Ff*, /I^, AlA>, Jktr) ss A,*V (x^/ty, AJL-,<V) 

for a l l At > 0 ; * , n^9 AJL, <xr e E^ # 

We define the functional $ on T by 

$(C'S £ FU(t)9<^(t), &C-b) , &(t))dt 

where tx9/y.;<cc9/&>3 i s any pair of the c lass C . 

Theorem 2 .2 . Let F(x9af, AJL9<V) e C Co) CEf ) , 

l e t F (x9 ty, AJL9 <tr) be posit ive homogeneous in Co, , 

or J l e t L $9 afc ; <09 £ >1 be the natural para-

metrisation of t s, ry,; <et, ft >1 e & . 

Then there ex is t integrals 

f% 

f F(oi (t) ,<*(t), &(t), &(*)) dt , 

J0 F(Z(*) , <%.(/*), §i(/>),<%(*)) d* , 
values of which are equals. 

Proof. 1) We denote 

H,- (*e<0,£>. M*.&(*)f#C*)sndL&*C*)+$*CA)m4! , 
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N4-.{t«<«:,/3>; «.4rt>,£«>.4(-£)And Ut)-fe2(*)+ $*(*>}. 

We define 

Y(fi>) = F(S(*)t %,(*>),$(*)f£(*>> if * e N. f 

V<*) *0 if A « <d, J > - N, . 
7 *1 

There exists K > 0 such that W(*)\ £ K for 

<6 € <0, -£ > , hence we have by Theorem 2.1 

•£F«?C*),#a),&k>^ 

2) Let tp € N £ : 

a) if &(t0) m 0 9 then 

F<*Ct0)9q,(tm)9 &Ctm),4<t0))m¥UCt))' JlCt.) - 0 * 

b) if A>(t0) > 0 , then by Lemma 2.2 the func

tion 

<y(*z) WB frrwrt {te <<*,{$> ; /p(t) ss tr ? 

i s continuous in t0 « *y C4><, ) , hence there ex i s t s 

*, s *• *CA>ң)-x(б0) x.Cç>(љ.)~ж(q>(љ0)) 
X(Љ0)* Лшu — r 2 — — — » Лм >• „ Л . — . . чv 

* ьĄ-+Љi Ą - * 0 л,-**a / Ъ б g ^ C ^ ) ) - ^ ^ ^ ) ) 

>,w * 6 y 6 » t > - * ( PCљ0)) 
^-^ь 9 ( ^ > - ^ ( ^ ) **-**„ *0f (4,)) ~ *(g>(A>a)) 

9(*^-<¥<*>a) 

*(t,)~,y(t_) A 4 "*«->"«• *-,-t0 **'->*, /.»(t»-*ft0> -"-"'' TTEJ 
* f - 1 . 

Similarly there ex i s t s 

£{-*„> - £ « . > . - * _ -
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and then 

hence /{>, e N and we have 

*<*fte»- -Sft.) -

-FCocCt.)^^),!^-, -$£>- *«.) -

- F(*cte),^cte\ <̂rt„>, 4rt^» . 

Hence both integrals exist and we have 

A H 

fv(/>ct))>kct)=/ FCxCt),v<t),&Ci),4a))d.t . 

Lemma 2 . 2 . Let £cxr^:<<c./3>J e S . *p c <<*., /S> ; 

* C * > » / V S ^ T T ^ p T i o r f ' t ? l e t there ex i s t .Set,,), 

*«*) , fy(t0) and Aft0>- W V * ^ ) > 

&Ct0) > 0 * Then the function <pC/b0)m tmim>Kt e <<*.,/$>-

/bC-b) ss 4>0 } i s continuous in A# -» /&Ct^) • 

Proof. There ex i s t d> 0 such tha t for t e 

e <t0~<f7 t0 + cT > we have 

(2.1) >*><:t) - >bCtd) £ c • Ct - t „ ) , 

where <L *« 4h %>Ct9) > Q . 

Since the function &(t) i s increas ing in t0 f 

we have c j ) f ^ ) a t e . i f for any /b e (A>0 f A>0 + cer ) 

we have g> (fy) -«t t 0 + <f 9 then 

^ * *(q(*J) > *(t0 + <T) > *.+ c<f 

which i s a con t rad ic t ion . 

Hence for /*^ e (*0 ^ A>0 + c <f ) * e **ave 
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gx:/^) € (tof t, +- cr ) . 

Similarly for ^ e (A>0-CCT A>* -* we have s p ^ , ) « 

^ (t0- <f7t0) and for ^ € (A>0 - t<f, \ + c <f ) we have 

\cg (hA ) - tQ I -< of and by (2*1* 

y C^) - g> (A>0 ) * X (A4 - *0 ) . 

Theorem 2 , 3 , Let P (y9^7<t4*7ir ) 6 C<0(ZIf,) 7 

F , (*9*r,«,,'r\ ^Cx7-y>,",<v)e CC0)(Cr) , 

where 

(j » { C XY<V',*U<9'U'.] e B^ ', 4A?+<ir* 4 0 J • 

Let F Cyj/i^.,..^.,/^) be posit ive homogeneous in [>ufvl7 

l e t $ be the functional defined in Definition 2 ,5 , 

l e t F (x7 n^7 cm <&f *bn, <& ) >. co -> 0 for a l l 

*i "4-7 # e **4 * 

Next, let the function 

be nonnegative for a l l xfty74Mfir,oC7 fteh^ } cca+/3* & 0 y 

u?+ <xra 4=- 0 . Then there ex i s t s the minimum of the func

tional $ on T * 

Proof, For C e T we have # (C) > a> - Z: -> 0 7 

hence there ex is ts 

iwf &(C) & cL e h4 • 
CeT ^ ^ 

Let (L € T , we denote 
<\ > 

v $(C<) 

U - { C e T ; i < K J • 
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If C € T , $>(C) * $ (C4) >
 then 

o>. J^ * # f C ) * *^C, > i 

hence C e VL . This means that 

„*W $CC> » >tf $CC) *<*> • 

There exists a sequence of the curves C^e M f the 

lengths of which we denote i*, &° that 

By substitution f -» -j— in 'the natural para-

metriaations CS^,, %.„ ; <0, &n> - *e obtain 

x^Cf) - S^fV-W> » 

Then C 5^, ̂  •, <0, 1 > 1 e C^ and 

l4f^' * ̂  * K- ' 

a.e. on <0 ? O * 

Hence 5?^, ̂  € W ^ f< 0, 4 > > and moreover, 

by S ^ O ^ V *.»">-Si J v*C0)~A%-9 ^ ^ ) - B f t for 

all /rt e Jf, we have 

% 

" ¥^Bw/>«o,vi» * ^a » 

*here K* is the constant independent on /n * 

Then there exists a subsequence in^l so that 

\ - ^ ^ *o > ^ - ^ * ** 
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and at the same time 
r*(Of />(*) 

^Sr= >•*• > V-nT* •"* 

where x0, n^0 e W™ . 

The function F CX,<^, 44,, or) is positive homo

geneous in [44,, v 1 , so by differentiating by M, we see 

that 

>(*• r^ Cx,/^, ̂ , ^ ) + /i/-r^C*,^,^,^)* FC .v , /^ ,^ , y / i r ) , 

hence 

^ C F ^ C X , ^ , ^ ^ ) - T^Cx,/^,oc;/3)j+^rPvr^Vv^7^)--

and 

C ^ f ^ f ^ f ^ ^ ) - r^C^,^-<JC7/3)] Oc-oc.) + 

for a l l x1<y>9u7'ir7oc,,pehi $ic*+ir*+ 0 % <**+fi* =t* 0 -

The function F ( ^ , ^ ? ^ , tr-) i s posit ive homogene

ous in £44,1/-1 , hence 

r X ^ , / ^ , * ^ , ^ ^ ) . * ^ ^ , ^ , ^ , ^ T=J, (#,v,9M4M9Aw) = T^(x?<y,,u,<ir) 

for a l l .J^ > 0 ; ^ ^ , ^ , ^ 6 % • ,0,* + tr 1 ;.£ 0 • By 

FCx , /^^,nr )€C r ^) j ^ C « ^ ^ - ^ ) 7 %,(*,<+, u ^ * Ccff> (G) 

and by the homogeneity of the function F there ex is t 

the functions ep("t)7 C^('t)} ^(t) continuous, nonne-

gative and nondecreasing in < Q 00 ) 7 so that 

\¥(*^7JU,?<V)\ ^c0(\tu74+l\B ) (l+iJ + nr1) 

for a l l ^9n^7A4,7<tr e .E^ and 

\?J*,<*944,,<w)\ * QiCttx^l^J (<\+\44,l+\vl) , 

\Fv,U0^f44,7nr)\ * ^ ( l f x , y ] l 6 ) (1+\44,l+ lnr\) 

- 221 -



for **njr>4*>,nr e E i *f AA?* V% + 0 . 

By application of Theorem 2.1 we obtain 
d 9m*$% $Uu,' ^ * ^ c 0 ) , 

hence 
$(CP) « d . 

Lemma p . } . Le t F Cx,/y,, u,7<v) e CmCB4i¥ ) 5 

F C ^ y ^ j ^ ^ t r ) 6 C r l , T G ) ; l e t the function 

F(tf<,/ti','U',v) be posi t ive homogeneous in [M,^V1 , Then 

(2.2) F ^ C* , /^ ^ . , ^ ) » ir a - FJ Cx,/j^, .^,<v) j 

(2 .3 ) Vir Cx,/y,,x*,,^> -» >tt4- FJ (xf ^,^7 nr ) ; 

(2.4) F^y. Cx, /y,7-a,iA*) =* - ^ v » f5J C^,/y,«i^,ir) ^ 

where 

, , T-r % ^ ^ 1 f ^ t ^ ? " i - r ^ y C x f v , ^ , ^ ) 
(2.5) Kfc * , ^ , ^ , < v ) -» - TIT" XtГ + tr a 

Proof. The differentiation 

<<*>' 1l:iu>('Xf'ty,<u>fir)+ir.T^(*,tyf**'7

/»')~'F(x7«4,74jL7'tr ) > 

by 4t,4>* leads to 

(2.6) AX,. T^^U,^7u,7nr) + nT- £«, Cx,/y., nr) ** 0 } 

(2.7) v- F ^ Cx,/^, ̂ /tr)^ xu- ̂  C x , ^ , ^ ^ ) * - 0 

which together with (2.5) yield (2,2),(2.3),(2.4). 

Theorem 2.4. Let F C*,/t̂ , xc,^) € C^CE,^),-

F (x,/t^,-a,,*/*) € C ( 2 ) (G) , let F Cx, ^ A X . 9 «r ) 

be positive homogeneous in f/O',1/"'1 ? let • 

F Cx, ̂  co* 1#? ,*t/n, 1^ ) ~ <k> > 0 
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for a l l xfnyf'&€ -=>̂  * Let 

^LJUU (*f V* *** *&f J*** ^h ^rnr (*9 "ff *** &? /**n' &) * 0 
for a l l *, /$?,<$€ E . . Then there ex i s t s the minimum of 

the functional $ on T . 

Proof* I t i s suff ic ient to prove that 

E (X, ij>, <u,7nr, <K, ft ) * 0 

for a l l *,'y>,<u>f<vfoi>fft € E j JUU +<v24* 0', oc2 + fia& 0 . 

1) Let X,<y,fAJU,'Wf <*,/* € E f j JU,*4"W\* *>*+/>*- 1-

There ex is t © , cp e £ so that <p e < @-&, Q + n > . 

and 

t&* © * CC • A>Uv Q ss ft j 

t&b <y ss 4A/ } /»V*V Cp w* <IT . 

We have 

~^l^*,tV,<^Vf/>to 

+ c*rt> <v < TJ^ Cc*f <y,f CXK> <vf JMAV f ) ** 

* C - A^ryX* />m%t - /*im,t. c<n>a<?]' E (*">'&ie4*'r'* 

Hence 

?M,(*iNr,^<f,A^<¥)~T^(x,«f9e^ » 

s r - ^ / ^ n ^ ' r . r? (x,/y,, eo$ ^< f /Sr̂ n, ^ ) d^ . 

Similarly 

«y 
S ( ^ ^ ' ^ Co<,^, A ^ f , ^ ^ f ) ^ ^ . 
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Hence 

t ^ , ^ ^ t t r . f l C , / J ) m 
<? 

=£t-<to*<p*fov+A«*»>g>c<>i>'&J> %(x,<p,wv7A*nv)ct<if* 

/* . 
~ J9+*>n>(g>-v)* T$ (x9 of, &%><?, A>it»<v)cL'tf . 

Since TJ (xf <y,f &* *&9 /&**<& ) > 0 f we have: 

a) i f e * 9 , then for T e i 'e , <p> we have 

/̂ i*v <fg* - <v ) 2r 0 

and £ ( x , /y,, AA,, <w, ac, /3 ) > 0 • 

b) i f <p 4s 0 / then for f € <^^ 8 > we have 

«* /zun, (q> - f ) -tr 0 
and 

F f - x t ^ , /U, /ir; oo, /3 ) a? 

«• / l- biAv^-f)!* *Fj (*904,9 CO* IT, <hvn> l?)d'V ^ 0 . 

2) Let *7*+,A*'9nr, ct,(!>e^*,ju?+<irt* 0 ; a£+p>*4* 0. 

There exis t Ai, X e (0, oo ) so that 

Jk,2(Aj+ir2) ** l%(«,*+&1) ** 1 . 
Then 

r^(*,<y>,A<A,f Jk<v)** 1%, (*,<&,<a,,«r) , 

£ <*, ^ , i<*, ^/3) - £ 6<, .y> <*, /» ) , 

^(^ffyf^^f M"*)m ¥v>t*f«4>f«"f'v>> -> 

F„(Xf*tt<£x, t&) ** fZ-CXttyfOlifl) f 
and 
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•r jfcíkusí^ (*,<y>iháA,hv)~ fu,(x,<#>,&*, £fi)J + 

+ .kv íf^, (x,*y,,MM,,Jkv)- ^(x,<y>,£<*,£fi)llz 0. 
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