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bstract: The paper contains (i) some informal consi-
derations on the notion of a semiset (theses on semisets)
and (ii) an application of the theory of semisets to a
(classical) analysis of the (ultra-intuitionistic) notion
of feasibility.
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Introduction, Semisets are subcollections of sets. In
the first part of this paper, I formulate some theses on
the notion of a semiset that should explain and stress ba=-
sic facts on this notion in view of some new results 1). In

the second part we formulate two axiom systems for semisets

1) Ma facts stated and used here are not contained in the
book [17]. This is because they were not known when the
book was written. I refer to my mimeographed Warsaw Lecture
notes (Logical semester 1973) for up-to-date more detailed
information on the theory of semisets; but the present pa-
per does not assume any knowledge of them.

Cf. also the bibliography.
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and present an interpretation relating them and due to
Balcar. We use Balcar’s interpretation in the third part,
where we give a new application of semisets, namely to the
(classical) analysis of the (ultraintuitionistic) notion
of feasibility in the style of Parikh [13]., This applica-
tion seems to be of independent interest but also supports

- by my opinion - the theses of the first part.

Acknowledgements. I ar: obliged to my dear friend Pro-
fessor Gert H., Miller, to whom this paper is dedicated,

for several discussions on semisets on various occasions.
It was our last discussion (during his visit to Prague in’
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ce by Vopénka is a thing that I am hardly able to evaluate.
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sor Kreisel in 1969. Last but not least, thanks are due to
Professor A. Mostowski, B, Balcar, P. Hinman, S. Krajewski,
A. Sochor and P, Vop&nka for helpful criticism of earlier
versions of the first part of the paper. This paper was

written during my stay at the 1973 Warsaw Logical Semester.
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J.Theses on semisets

1. Semigets a a

1.1, Semigets can exigt. Consider 2) (1) Cantor’s
definition of a set as a comprehensible collection (Viel=-
heiten, die als Einheiten gedacht werden kdnnen). (ii) The
principle of iterated power-set operation (starting from
ﬂ ); the power set RP(x) of a set x is the set of
all subgets of x , i.e. of all comprehensible subcollect-
ions of x, (iii) The comprehension principle: each defin-
able subcollection of a set is a set. Qbservation: The po-
stulate "each subcollection of a set is a set" is an addi-
tional postulate, not implied by (i),(ii),(iii); do not as-
sume this additional postulate (and cf. 1.2).

Semisets are arbitrary subcollections of sets. If we
look at gets created by the iterated power-set process we

are led to the axioms of ZTF 3

» 80 for sets the axioms
of ZF are true; but do not forget that the process need
not grasp all subcollections of sets. If a set x contains
a proper subsemiset & (a non-set) then & is not an ele-
ment of P(x) and not an element of any set. This con-
sideration leads naturally to the basic axioms of the theo-

ry of semisets 4).

2) cf. [9]1 , pp. 210-213.
3) Cfc [9] H PP 214-216.
4) The choice of the language of sets and classes is more

or less only a technical thing, but it is very conveni-
ent. Cf, part II,
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1.2. How do i 0; 8 eta?

One has to investigae various domains of familjarjty >’

for semisets and write down the axioms true in the domain

which one wants to study 6).

Exsmples: (i) The domain of genericity. Elements of

the generic extension that are subsets of (the elements

of) the ground model are semisets. Historically, this is
the first exploited domain 7) and has led to fruitful no-
tions of dependence and supports; but, at any rate, this

is not the only ope domain.
(ii) The domain of couytability and an analysis of the

notion of cardinality. On the one hand, one has sets of
different cardinalities but, on the other hand, one is led
to the axiom (GC) of general (semiset-) countability
saying that any two infinite sets are semiset-equiva-

lent 8). Indeed, each countable model M of ZF is the
set-part of a model N of (TSS, GC) (i.e« M con-
sists of exactly all sets of N and membership in M is
the restriction of membership in N ); this supports the

5) See [12].

6) Cf. what Mostowskl says on gets (11]: "Probably we shall
have in the future essentially different intuitive no-
tions of sets just as we have different notions of spa-
ce, and will base our discussions of sets on axioms that
correspond to the kind of sets that we want to study.”
For gemisetg this claim is true jn the present.

7) Note thét [17] is devoted only to this case; the possibi-
lity of other applications is mentioned but not exploited.

8) Observe that it is possible for sets x,4 that there is

no which is a 1-1 mapping of x onto but that the-
re ﬁia (proper) semiset with this proper?y.
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intuition of only one (semiset-) infinity. The axiom (GC)
provides an explication of the so-called Lowenheim=-Skolem

paradox 9) .

(iii) Ihe domaipn of non-standardness and criticism of

the notion of natural numbers and induction. One can have
infinitely large (non-standard) natural numbers; they form
a non-empty semiset of natural numbers with no least ele-
ment. (The bald man paradox.) In particular: non-standard
analysis - monads are proper semisets. Note that each model
of ZF with non-standard natural numbers is the set-part

of a model of ( TSS + "there is a non-empty semiset of na-

tural numbers with no least element").

9) Vopdnka suggested to call (GC) the E!ﬂﬂﬂ-ﬁ-ﬁm'
Consider the following consequence of Lowenhe kolem
theorem, which is called "the Lowenheim-Skolem paradox":
Each consistent extension on ZF has a model M such
that, from inside, there are (obviously) infinite sets
of different cardinalities but, from outside, (exten-
sions of) any two infinite sets of M are of the same
(countable) cardinality. Call such models LS ;ng_q&g
of ZF ., Take now (TSS,GC) for the informal metatheo-
ry. Then the "L3wenheim-5kolem paradox" obtains the fol-
lowing formulation: Each consistent extension of (TSS,GC)
has a model N which is a get (i.e. also proper semisets
of N are interpreted as sets) and such that the set of
natural numbers of N is countable (from outside). For

a moment, call such a model good (it is good that there are

countably msany natursl numpers;and it is good that proper
semisets are "visualized” by sets). LS -models of ZF
do not more appear paradoxal or even unnatural since they
are set-parts of good models of (TSS,GC) .Recall that
*relativeness of cardinals was very disturbing to Skolem
and von Neumann. ... How can one, for example, trust
non-denumerable cardinals when i% may turn out that the
structure one is speaking about is such that all sets
are really finite or denumerable?” [4]

An answer (alternative to those in [4]) is: use semi-
sets.
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(iv) Of course, one can postulate that there are no
proper semisets; then one comes back to the classical set

theory.

1.3. The theory of semisets contains Set theory. (i)
Model theoretically: the set-part of each model of TSS

is a model of ZF ; conversely, each model M of ZF can
be (end-) extended to various models of TSS having M

as its set-part. (ii) Proof-theoretically: Not only the ba-
sic system TSS (corresponding to 1.1) but also all used
atronger systems (corresponding to 1.2) extend ZF  conser-
vatively%oziii) Psychologically: your old set-universe is
not damaged; you are only invited i:o widen your visual ang-
le and see (grasp, admit) also other things than sets, na-
mely semisets.

Compare this situation with (i) the way that real num-
bers are extended to complex numbers (hence imaginary num-
bers are recognized as actually existing) and (ii) with the
non-standard analysis (infinitely small objects accepted as

actually existing).

2., Semisets are not setg. This means: it is not always

correct to imagine semisets as sets of a bigger universe

(which is an end-extension of the smaller one).

2,1, One has a pgat cal i tendibility of

10) This means that if a ZF -statement is provable in
such a system TSS then it is provable in ZF ; at the
same time, in TSS one can have non-trivial facts
about proper semisets.

- 402 -



models of TSS to models of Set theory and induced syn-
tactic extendibility notions for axiom systems (converva-
tively extendible, not consistently extendible) m, Sye-
tems corresponding to 1.2(i) are conservatively extendible
(which implies that each model of such a system has an end-

extension which is a model of Set theory with the same or-

dinals) but gystems corregponding to 1.2(ii), 1.2(iii) gre
not congistently extepdible (no model of such a system has
an end-extension which is a model of Set theory with the

seame ordinals) 12 .

2.2, Thus semisets grasped by systems corresponding
to 1.2(i) are (can be thought as) sets 13); the notion of
a semiset yields here an axiomatization and simplification.
But the use of semisets described by semiset theoretical

axiom systems not consistently extendible to Set theory con-

sists of a description and ipvegtigation of things (objects,
situations) ~the i t lgble. (i) Vop&nka’s

theorem (EEI1) ({(any two relational structures of the same

11) The syntactic extendibility notions are introduced in

[

12) Some models of 1.2(ii) are extendible to models of GR~
(without the power set axiom) but not all. One can con-
sider the non-extendibility feature more closely, e.g.
one can drop the clause "with the same ordinals™ and
look what models are still not extendible. At any rate,
a model M which contains a non-empty semiset of ordi-
nal numbers with no least element cannot have any ex-
tension N which is a model of Set theory such that
the notion of an ordinal is absolute between M and N.

13) And the best way to exploit this fact is to combine
set theoretical and semiset-theoretical means.
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standard type that are elementarily equivalent are semiset-
isomorphic) provable in a theory combining 1.2(ii) and 1.2
(iii); consequences of (EEI) for representation of models

of Peano arithmetic, embeddability of relational structures
14)

15)

into their finite substructures, inductive logic etc.
(ii) various forms of axiomatic non-standard analysis.
(iii) One can have almost consistently 16) the semiset of all
feasible numbers (containing 0 , closed under successor, seg-
ment of natural numbers but not containing a "Bernays number”
- a big natural number described by a simple primitive recur-

sive term) 17).

3. clugign: i e independent investi ion.

3.1. The fact that semisets naturally occur in various
domains (cf. 1.2 and 2.2) shows that the notion of a semiset
plays a unifying and generalizing role.

3.2, It is legitimate to look for consequencesof semi-

set-theoretical results in traditional domains (e.g. by

14) Vopdnka’s theorem is at least two years old but unfortu-
nately not yet published except in [8) where an appli-
cation to inductive logic is mentioned. Note that (EEI)
implies e.g. that each model of Peano (which is a set)
is representable as the set of natural numbers with the
usual addition and with a new multiplication that may
be a proper semiset. (Vop&nka.)

15) Vop&nka; not published, but Vop&nka presented his at-
tempts 1n several lectures at various occasions.

16) In the sense of Parikh. See Part III of this paper.

17) Professor Kreisel suggested in 1969 that one could use
semisets in the abstract recursion theory.
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considering semantical models of TSS ); but it is not
legitimate to replace the results by their consequences 18).

3.3, The theory of semisets is not an auxiliary tech-
nical means but it studies a notion which might prove to be

gne of fundamental mathematical (gnd metemathematical) no- .
tions.

II-Axioms and an interpretation

1. Collections of sets are clagseg. In particular, in
Godel-Bernays set theory GB one has classes corresponding
to ZT -properties of sets; call those classes GB-classes.
We think of GB as of a two-sorted theory with a sort x,s4,...
for dets and a sort X°, Y° ... for GB-classes. The axioms
are: subordinateness (Vx)(3X°) (x = X°) ;  definabili-
ty of sets (3x)(x=X°)=(3Y°)(X°e Y®) ; extensiona-
lity for classes, existence of classes
(3X) (VX)) (x € X° = @ (x)) ( ¢ normal, not con-
taining X° , may contain parameters), for sets: pairing,
sum, power, infinity, replacement (single axiom), regulari-
ty. The initial part up to pairing axiom (incl.) is the

theory of classes TC. Note that TC (and GB) is finitely axio-
matizable.

18) Compare with a "reduction" of results in the analysis
in complex domain to theorems on pairs of real num-
bers!
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2. Reparks. (i) GB extends ZF conservatively.
(ii) GB - X° ¢ x—> Set (X°) ,
(iii) (Vx) Set(X°n x) .

We now gdgd a new sort X,Y, ... for general classes
and assume that GB-classes are particular general classes.
It is natural to suppose that sets together with general
classes satisfy TC (so that e.g. intersections, comple-
ments etc. of general classes exisi). This leads to the

following definition due to Balcar:

3. The weak theory of gemisetg TSS° has three

sorts x, X°, X subordinated in this order and axioms
(i) of GB for x and X° and (ii) of TC for x and X.
Evidently TSS° extends GB conservatively.

4. Definitiop (TSS°).
Sm(X)=(3x)(xc X) (semisets) ,
Real (X) = (Vx ) Set (X n x) (real classes) .

We further introduce a new sort ¢, @, ... for semisets.

5. Lemma (TSS°) (i) (3X)- Real(X)=(36) Set (o),
(11)  (VX®)Real (X°) .

6. When looking for further axioms we make use of the
following economy principle for proper classes: proper

classes (non-semisets, consequently non-sets) are auxilia-

ry (since we are interested in semisets); we want as few
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proper classes as possible, not loosing any semisets.
(i) GB-classes correspond to (ZF-) properties of sets;
imaginary (non-real) classes yield proper semisets. We do

not want any other classes and hence formulate the follo-
wing axiom:

(Re) (3X°) (X = X°) = Real (X)

(ii) Recall the following definitions from [17] (ser-

ving for a coding of "systems of semisets"; 0 is domain):
Rix)=1n;<y,x>eR};Reg (R)= (Vx)Sm (R[x1); Neom. (2) =
=(VxeD RN (x+ny +>RIxI+RIy);

Exct (R) = Reg (R) & Neon (R)

(exact functor - codes a "1-1 mapping of some sets to some
semisets")

Beon (R)=fo ) (R) & (Vx € D(R)) (Smiy e D(R); RIxl=Rix1})

(economical functor - codes a "1-1 mgapping of a disjointed
system of semisets onto a system of semisets"). The follo-

wing is a strong form of replacement axiom for semisets:

(Repd) Econ (R) = (Sm (D(R)) = Sm (W(R)) .

Note that this axiom is stronger that the axiom (C2) of

{171:
Exet (R)—> (Sm (D(R)) = Sm (W(R))

7. The theory of semigsets TSS is the theory
(TSS°, Re, Retl ) .
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8. Semipet formulas are formulas built up from set va-
riables, semiset variables, membership and equality predica-

tes, connectives and quantifiers.

9. Theorem. TSS extends TSS®  conservatively
with respect to semiset formulas.

Proof. We prove the theorem by considering an appro-
priate relative interpretation of TSS in TSS° . This
interpretation is due to Balcar and is implicit in [18].
Sets of the interpretation are exactly all sets, GB-classes
of the interpretation are exactly all GB-classes and gene-
ral classes of the interpretation are all classes of the
form R"e¢ where R is a GB-relation (GB-class which
is a relation) and 6 is a semiset. It is easy to show that
all axioms of TSS°® hold in the interpretation and that
the notions of set, semiset,GB-class are absolute. In addi-
tion, the following axiom (W) holds in the interpretation:
(YX)(3R®)(36)(X =R"®) .

It remains to show that (TSS® W) (Re & Repl)
et X = "% where R 1is a GB-relation and suppose
6 c€a &d HR)s a .

(1) Let Sm (D(X)) &Reg(X), DX)=p@ € &
we may suppose <<{x,y4>,x>€R —> g e & . Put
<x,{yp,2>»eS=<Kx,y> 2> X . Then S is a GB-
class, D(S) S I x a is a set and we may suppose
Reg (S) (we may suppose
xe D(R) —> (Vg ) (Set (4x3<x,p?, 2> R}))

since the consequent is true for each ~ € & ). Then

- 408 -



Ws) is a set since S is a GB-class and we have

WX) € wes) . Thus W(X) is a semiset.

(ii) Let Econ (X) & Sm (W (X)) . Let W(X)g c
and suppose R £ (exV)x a . Putk,\*={<x,x>;
{x,y>,x> € R} . We claim:

(:%?)[«’.D(R%)ne'¢ d—>Y= {@;R?skyb} is a set.]

(Otherwise, it is a proper GB-class and for =z e ‘@(R@g)" &
one has (Vg € Y)(XIyl=X[g,J) since Xigl=R,"¢,
which contradicts Econ (X) .) So we may suppose with-
out loss of generality

[(Vy)(Ry # f— {7 ; Rg = Ry} is a set .]

But each R, is a set, Rc (e xW)x a for some %
and D(X)<s & . Thus DH(X) 1is a semiset,

A

(iii) Let Real (X) . We may suppose X =F-"" &
for a GB-function F  and a semiset & . (For x e W(R),
Flx)={gea;{x,4>eR}; xeR"6e =F(x)ne& £ 7 ,
ices X=F1"% for &= Pla)-Pla-6) . F isg
GB-class and W(F) = a .) For gy e a let d, be
the set of all elements of F~"[y] of least rank and
put £ = PP”_L‘)‘D ooy (£ is a set!.) We have
WeE) =W(P), £ & =(F"'"8)n D(£) = X n D(£)
is a set (since X is supposed to be real). Put
£1" & =q - T™en £"g =45 isa set, S a and
F' & «F"'5s eince »=6nW(F)= &AW .

Hence X is a GB-class.



10. Corollary (of the proof of 9). Each semantic mo-
del M of TSS° contains a least submodel Nk TSS°®
containing all the sets, semisets and GB-classes of N .
N is a model of TSS and its real classes coincide

with GB-classes of M .

11. Theorem (TSS). On is not cofinal with any or-
dinal number (i.e. =1 (3F)(Fmc (F) & &(F)e On &

& UWCF) = 0n)) .

12, Remark. (i) TSS as described here but with
(Resl) weakened to (C2) is equivalent to the theory
TSS™ of [171.

(ii) Balcar’s construction shows that one indeed ob-
tains TSS applying the economy principle for proper
classes; by that construction, all classes not satisfying

(Re & Rent) are omitted.

III-Th e bald man semiset

Parikh ([13] Th.2.2) proved a theorem showing that
formal systems in which "large" numbers are treated as if
they were infinite give correct results for all proofs of
reasonable length. (The introduction of Parikh’s paper ex-
plicates the ultraintuitionistic criticism of inducf:ion
recalling Bernays and Jesenin-Volpin.) The bald man paradox
(whipping out one hair does not make one bald, so non-bald-

- 410 -



ness is inductive; but whipping out 50 000 hairs does) is
one of the arguments that large numbers behave as if they
were infinite. (This paradox has often been stressed by Vo-
p&nka; in fact, the result of the present part can be vie-
wed a8 a possible realization of an intuitive idea of Vo-
p&nka, using Parikh’s method.) We formulate Parikh’s theo-
rem (in a form slightly differing from the original but
convenient for our purpose) and show how Parikh’s result

can be strengthened in TSS .

1., T denotes a primitively recursively axiomatized
theory in which Peano arithmetic is relatively interpret-
able; in this part we keep our theories one-sported. (For
TSS°  use a new unary predicate G for GB-classes.)
So we have 0,S,+, - in T ; suppose the operations
S,+, - be defined 0 if one of the arguments is not a
natural number. (Similarly for other number functions.)
Define PR-gxtensions (following Feferman) as follows:

(i) T is its PR-extension; its PR-gymbolg are
0,8,+, .

(ii) If T* is a PR-extension of T, if F is a
function symbol not in L(T*)  (the language of T* )
and if t(x) is a term composed from PR-symbols of T*
(a FR-term) then (T*,F(x) = t(x)) is a PR-extension
of T+ ;, its PR-symbols are those of T* and F . .

(iii) If T+ is a PR-extension of T , if F is not
in L(T*) and if t(x), S(x,y,x) are PR-terms of
T+  then

CT* ,F(0,x)=t(x),F(g+1,%x) = S(x,4,Flg,x)))
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is a PR-extension of T* and its FR-symbols are those of
T+ and F .

In the sequel, let T+ denote a fixed primitively recur-
sively axiomatized PR-extension of T in which one has
definitions for all primitive recursive functions. Note
that T* is a conservative extension of T. If t is a
closed FR-term of T+ then |t! is its yalue; if H

is a PR-symbol then |H| is the primitive recursive func-
tion defined by IHI(m,,...)=1H @ ,...)]

2. Each symbol of T+ is identified with a natural
number in a reasonable way; formulas may be identified with
their Godel numbers, but we define the gomplexity of a for-
mula (or of a sequence of symbols) as the sum of the se-
quence. So there are only finitely many formulas of a fixed
complexity. Note that Max (m ; complexity (m) < m )

ie a primitive recursive function.

3. If 8 is a closed PR-term and if Fe is a unary
predicate not in L (T?Y) then (T*, Pargy) is the
following theory:

(T*, Fo (D), Fe (x)— Fe (x + 1), (4 < x %k Fe (x)—>Fe (3),7Fe(8))

(read Yo  as "feasible"). Evidently, (T, Jarg) is in-
consistent, but one has the following

Theorem (Parikh). There is a PR-term H (x) quick-
ly definable (i.e. the complexity of a sequence of defini-
tions leading to H is low) such that, for each m , if
@ is a closed PR-term and if 161 = |H|(m) then

(T Par o) is an m -almost conservative extension of
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T* , i.e. each T* -formula which has a (T*, Parg) -
proof of complexity < m is T* -provable. (See 6 below

for a sketch of a proof.)

4, Remarks. (1) If the complexity of the sequence of
definitions leading to H is ,» and one takes @ e.g.
H¢To ™ 'h) then in proofs of complexity < 40 a0 B
one mey really use all axioms of Qfar s and many axioms
of T+ (but, by the theorem, not enough many times to de-
rive a contradiction).

(2) Take T to be GB (or TSS). Certainly, one cannot
add the assumption that the collection of all feasible num=
bers is a get; then the proof of contradiction would have a
very low complexity (since one has induction for sets). Our

question is: pay we agsume (almost consistently) that all

feasible numbers form g semiget? We show that the answer is
positive. The meaning of this result is that the collection

of all feasible numbers can be thought as an object, more-
over, as an object of a theory with known properties. The

precise formulation follows.

5. Theorem (on the bald man semiset). Denote by
(TSS*, Parg o)  the theory (TSS* fa,, x€ 6= Fo(x))
( & a constant). There is a PR-term H (x) quickly
definable and such that, for each m , if © is a closed
PR-term and if 161 = |H1(m)  then (TSS¥ Raxg ) is
an m -almost conservative extension of TSS+ (and the-

refore of TSS and of ZF via the obvious interpretation).

6. Remark on the proof of 3 . Verify that there is a

primitive recursive function |H,| assigning to each
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(T*,Fe(x) = Fe (x)) - proof d of a formula g a dis-
junction D of instances of the matrix of the Herbrand
variant Q... of (a prenex form of) ¢ ; let, for each
m, [Hi{m) be bigger than the maximal number of mem-
bers of D for any ¢ with complexity <m , Then H sa-

tisfies the assertion. Observe:

(1) T*‘;-(Vx).’fa&a-—>9 ’ (4) O—Q (Ea’bo(t¢)-+>’/¢o (t,,S;)

?

+
(2) V) P> (T, > 9),  (5) A Rwe (£) >V §, (£, 8,)
(3) F(3x)(3..) (Baeg > §,) , (6) TH - (V) A (V> @,

where T:' is a finite subset of T*, §, results by
making the Herbrand form and Aux (x) is an auxiliary
formula not containing Fe  and provable in T*. (Auv (x)
is constructed using the fact that T'rx +k - Raxg (Fe (xVix<k).

One can take

e (%)= LA (x & T = Pang(Fe(x)/x 2 RVEA R % 2]
R<lBl X2
o, <lBl

end show that /A Awc (t) >V §,(t;,S,) is a quasi-
tautology. Cf. [141,

7. We shall now present a detailed plan of the proof
of the Skolem theorem on the bald man semiset. We denote by
nle (T) the Skolem equivalent of T (open conservative
extension of T ). Let @ be an arbitrary closed formula
with all quantifiers restricted to be sets and containing
only the predicates e, = (a ZF-formula). Then there is a
closed universal % (GB) - formula (VX,...) @, (X,...)
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equivalent to @ both in s~k (GB) and in »k (TS5°).
(@ (X,...) begins with (Set(X)&...)—> .) Ve shall
show some transformations of proofs into proofs and we ob-
serve that these transformations are primitive recursive.
Let ¥ be " Fe(8)—¢g and let d, be a proof of
¥ in (TSS*, Parl). ((TSS*, Bang is (TSSH, Zarge )
without ~1Fe (8).)

(1) (TSS*, Ban)+ (proof d,) .

By Balcar’'s interpretation,

(2) (TSS™Y, Panf) -y (proof d, =K, (d,) ,
(3) ph (TSS°*, Rang )+ v, (proof d,= K, (d,) ,

where ¥, is 71 Fe(8)— @, , open. By Herbrand’s theo-

rem,

(4), N\ imnt, (sk (TSS® Bang ) >y, (@) (proof dy=K,(d,)),

1el
where {imat.(...), 4 eI} 1is a finite set of closed in-
stances of axioms of »k (TS$S°*, Parl ) and ¢ are
constants. The crucial point comes now; the idea is borro-
wed from a construction due to Sochor (cf. [15)). One con-
structs a relative interpretation of /e\I Amst; (...) in

A

(a conservative extension of) sk (GB“','J’M°) (i.@e¢ in
»e (GB*, Parng) without 1 Fe (8) ) in such a way that
set-notions are absolute. The extension is denoted by

fak(GB+,@.o)uo)+£Lo . So
(5) + ple (GBY, Pax’)+ £ix — LC A imst, )* &

& (g, () = 3 (™)1 (proof d, = K, (d )
anda hence .
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(6) - ak (GB*, Pax®) +fic — y,(a)  (proof d;=KsCdy)).
Since 1y, (a) does not contain added symbols, we have
(7) - o (GBY, Pax®) — y, (o) (proof d = K (d ),

(8) + Ak (GBT, Bax,) —» g, (a) (proof d, = K, (ag))

and hence if H, is as in Parikh’s theorem (3 above) with
respect to sk (GBY, Pary) and if 1H,1(dy) = (6]
then

(9) A (6BY)+ g,(a)
and hence, by conservativity,
(10) GB*+ @

So we put H(.x)=H4(K¥(KG(KS(K4(K3(K1(K1(x)))))))) .

9. It remains to describe the interpretation giving
(5). We begin with a semantic motivation.

Let J be a finite set of closed instances of axioms
of sk (TSS°*, Rary) and let M be a transitive
model of GB. Then M can be (end-) extended by adding fi-
nitely many new objects to a model N = J such that sets
and GB-classes of N coincide with M .

Sketch of proof. (i) First, some remarks on the parti-
cular form of »k (TSS°* Parg ) . One has predicates
=,e,8%x%t,30,Fe ;  constants V, 0 ,6,... ,axioms
Set(X)=XeV, XeY—> X e V . Then extensiona-
lity axiom gives a Skolem~choice function @ (X,Y) for
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symmetric difference. Pairing axiom gives the operation of
the unordered pair of sets, the Gddel’s class existence
axioms give GOdelian operations and some other Skolem func-
tions, e.g. the axiom of domain gives an operation d with
the axiom <Y,Z2>eX =<dX,Z),Z2>e X . Those ot~
her Skolem functions and the function . will be called
me. Then all remaining axioms of TSS°®
may be written as open axioms without introducing new func-
tions, and all variables in them are restricted to G%& or
even to Set . Axioms for PR-symbols and Rary  are
open. Observe the following facts on proper Skolem funct-
ions: Their values are provably sets, in their open defin-

ing formulas no proper Skolem functions occur.

Let now t,4,--- ,tm be a sequence of all terms oc-
curring in U (together with subterms), ordered respecting
the subterm-relation. We construct a sequence Nj,.... N, = N
of end-extensions of M . Put Ny, =M ; if Ny, ..., Ny _4
are defined and if t; is & then form & = {x e " ;
MeFe(x)y . If & e Ny_y then put Ny, = N;_, and
if pot put Ny = N;_u {61 , and extend membership in the
obvious way. If t; is not 6 or does not begin with a gd-
delian operation put Nj = Ni_q . If ti=FCt;,t), F
godelian and if @ (X,Y,Z) is the canonical definition
of ZeF(X,Y) then form {zeN_;__4',N4,4!=gJ(t:_L1, t:.", x)1?
and proceed as above. We put Sot":' = Set" | Qb’u =Ml ,

N
Fo© = FM etc. By the properties of proper Skolem
functions, we may extend them from N; , to N; such that

their defining axioms are true; the same concerns PR-func-
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tions involved, (One puts FN;(x,fy-) = oM for each
PR-function P  and for - (x,y e M) «) Hence only
godelian operations remain. If N; = N;_, u {a} then
put PN&(Q,@) = Pu(q«,a,) = 0¥ for each 4 € N
and each godelian operation F . For x,4 € N; one
puts FN:’(u,a;-)sf'“i"(x,g.) unless t; = F(t;,tg)
and X = t;"m y M = t,‘""" . In this case one "cor-
rects” F“*“" putting FN" (x,4) = a . Hence if
st is an instance of the axiom stating the characte-
ristic property of F and if all the terms involved in
Pety, ty) are among t,,..., tg then
Ny = anat

10. Remark. It is easy to see that an isomorphic copy
of N is defingble in M by an uniform definition.
Hence one obtains the required interpretation (inventing
some "coding" but in fact nothing else) and the proof is
complete. One proceeds in GB*, far, . First, one
puts CEA(x) = AV (X =403 x Y) and defines ¢ |
Set™ | Fe® . etc. in the obvious way; one puts c; =
=4<4,i%} for i =4,...,m . Then one defines inducti-
vely Cis ) and all (4) -notions (i =41,..., m)
e.g. for t: = 6 one defines

1) G-T),

.= LAY (e N & (VX (X e® Y= (R0 & X ¥ M)
XY = [, & BTV g SN v X = ey T,
Xe®Y = [g,&X e“"'rvi1vIA @; & (X e YV (Y=

= ¢y & FeG-1(XN1

etce
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