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MAXIMUM MODULUS FUNCTION OF DERIVATIVES OF ENTIRE FUNCTIONS
DEFINED BY DIRICHLET SERIES

J.S. GUPTA, D.K. BHOLA, Jammu

Abstract: Let E be the set of mappings f: C — C
(C is the complex field) such that the image under £ of
a point »e C is

A, Logm

with %{"i’,ﬁ“g A =DeR, u40}
(R4 is the set of positive reals), and 67 = + @ . Then
£ ia an entire function and is bounded on each vertical
line Re (») = 6’0 .

Denoting the maximum modulus function of the 2 -th
derivative £®) of £ for any p € 2, (Z, is the set
of positive integers) by M, , we have investigated into

some of its properties. In particular, we have shown that,
1ior the members of a certain subset of £ , the functions
_M_‘,,, and M.,,H,,f are separated from each other by the de-

rivative of the former for sufficiently large values of € .

Key words: Entire function, Dirichlet series, maximum
modulus function, Ritt order, lower order, convex function,
ordinary proximate linear order.

AMS: 30A66 Ref. Z. 7.549.2

£(») 'm.%‘N a, e

1. Let £ be the set of mappings £: C — ¢ ( C
is the complex field) such that the image under £ of an
element » & C is

2, Log
£K)= & a,meb"" with ﬂmw—-—f-=DcK+u40}
meN m 400 m
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(X4+ is the set of positive reals), and a‘f =+ o

( 6‘: is the abscissa of convergence of the Dirichlet
series defining £ ); N is the set of natural numbers
0,4,2,...,¢a, Ime N> 1is a sequence in C, 4 =6 +
+4t, &, t e R (R 1is the field of reels), and
(Aplm e N> is a strictly increasing unbounded se-
quence of nonnegative reals. Since the Dirichlet series
defining £ converges for each » € C , £ is an enti-
re function. Also, since D e R, U{0} , we have ([1], p.
168) 6’: =+ o ( Ui is the abacissa of absolute
convergence of the Dirichlet series defining £ ), and

that £ is bounded on each vertical line Re (») = 6, .

For any £ € N , the maximum modulus function Mp
of the At -th derivative £ of an entire function
£feX , on any vertical line Re (») = & , is defined

as
(1.1) Mﬁ,w,f‘“’) = mup S 1£P 6 +it)}, Vo< 6] .
teR

We denote the function M, by M and study a few pro-

perties of the function M, in this paper.

2, For every entire function f ¢ E , DGetsch has
shown ([2], p.240) that log,)ﬂp. is a downward convex
function of 6 . We may, therefore, write, for axiy &,

6, € R such that 6 > 6, ,
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) c
(2.1) log,.M.,rL(G‘, £ =0+ L V(\x,fm'))d.x s
(]
where Y is a real valued indefinitely increasing funct-

ion of & , and establish

Theorem 1. If the function M,, assumes the value
unity at the origin, sand &, 6,,..., 6, € X are such
that 0<6,<6, £...< 6, , then

4 o) )
(2.2)  — 35 &, V(£ ) 26 V0,£) +

1€k€m

+oes + G’k_,'

—— £ .

6;
- 1
+2§%éﬂl« LG, - (G, +... + 6, ) V(
Proof. Using the convexity property of Log M, , we
get

) (n),
fog M (m46;+...+mw6‘m £ 2 m, tog M, @, £ )+...+m, Log My (6, £)
r mgetm Mt + m,,

or
m46+... +m 6, )™y ™ 1/(mes.. 4m, )
.Mn(——'l-———-———,f Y£((M, (6,£70) " (M (€, £ ™) ,
M 4ot m, (id
or, supposing m o=...=m, = 1,

G 4o + 6,y

(2.3) M, (2 JEM) 2 (M, (6,89 ...

m

.M@(G'm',f"" )]

Since (2.1) is true for any 6, 6, € R , we take & =0
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and 6,

o = G getting

(#
(2.4) dog- My, (6,,£")) = fo"’vu,f""ux

< 6, V6, £ ,

and so Mpfsm,fm")é exp (€, V(e, , £%)) . Theretfore,
. -
(265) (Mﬁ(q,f"“’)...ﬂﬂ (6, £™N" =

& e (m(8, V(& £+ + 6, V{6, ,£0)

Again, from (2.4),

(64100 46 I~
WM’(CI-»..A-G',,, ’£<m)= fﬂ;+ +6m V(x,fm’)d.x
m 0

&, (646,24 (y+er et B I
=[] 6 Ty )V (x,£™) ol

o ‘e €.t 6, _Hm-1)"1

- (6,

(2.6) = S:'V(O,fm")+2—6L—2£-'1£L)- Ve, £ re

M6, ~(6+...+6,) " (6;4-... + 6m_4g

)
).
o) oA £

But, from (2.4), we have

(2.1 log M (e, £ 2 6 V(0,£) .

The theorem, therefore, follows from (2,3),(2.5),(2.6) and
(2.7).
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3. We next study two theorems concerning the deriva-
tive of

Theorem 2. JIf £e E jg an entire function of Ritt
eorder @ R, and lower opder A e R, sguch that

Mz d >0, then forany € € R, ,such that ¢ =
= ¢ (6, £) iends to zero as 6 tends to plus infinity,

and sufficiently large & ,

Aog M'(6, £)
(3.1) W, (6,6™) > Wee, ) (— - >
(x- +e1og Ay e )

and

tog WS, 8) o
’

) ’
(3.2) M, (6, ) >M(6,£)(
o (4-%+e)

)
»(6,£™)  is the repk of the maximum tern (6, £)
in the Dirichlet series defining £’
The proof of this theorem is based on the following
lemmas.

Lemga 1, For every entire function £ € E  of Ritt
order @ € R, and lower order A €R, ,

Rog M (6,£) 4
Crvo Ay e oAy A

b

L
e

and
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(6,£)
(3.4) lom, wup 2EXEE) 42
Er+o 6,0 ¢

The proof follows from the facts ([3], Theorem 5) that,

as 6 —» + o0

(3.5) Log w (6,£) ~ Rog M (6,£) ,

and ((41, p.57) that

(6,f)
(36) Mt s Log ¢ 4_1-%.
@ ?‘»cc,m °% ﬂ»(s,m

’

1
¢

and

(6,£)
(3.7) Lm sufy Loy @ (6 £ 1=

, 2
6~ 4 00 G'?L’,(K’ﬂ @

Lemma 2 ([5], p.254). For every entire function f € E |

@) =1
(3.8) M, (6, = M, (6,77

Proof of Theorem 2. We know ([61, p.67) that Log w
and Log- M are convex functions and (3.5) holds. It,

therefore, follows that, as & — + co ,
w'(e,£) L M)
w (6,%) M (e, £)
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But ({71, p.241), for almost all values of 6

’

W' (6, f)
(3.9) —_— =
4‘(69 £) A”_(G’,?’

Hence, for almost all sufficiently large & |,

M (e, £)

M6, £) Y6, )

From (3.3) and (3.10) we get

Yim sups Rog M (6, £) _4__ i
M (6, %) = Y
6> +co _M((G',:) 109"7"9(6;9‘) A ©

Hence, for any € € R, and sufficiently large 6 ,

M(e, £) Log M. (8, £)

(3.11) >
Mg, e) ~ (4 -Sg-+e ) £og My 6 9

)

Writing (3.11) for <« we get
) R),
x @5 £™) . Log My, (6,6

L CE I -;: - é—+ €) Log Ay (6,6

whence, in view of Lemma 2,

(8, 6% fog, M), , (6,£")

Mo (6, £ -1 > 1. 210- +¢) Log ﬂ-,(e’;cm)

(3.12)

A
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Giving % the values 4,2,..., n in (3.12) and mul-
tiplying the resulting s inequalities, we get

’ (fo=1)
wy Wee, &) T Log M, ,(6,¢ )

4 .g- v el T 2% Moe, e ™)

(3.13) M), (6,

But ([5], p.254), for sufficiently large & |,
«“
Mi6,£) < W(6,£) <M, (6, ’)<M’a(6,£‘2’><.., ,
and ([8], p.708),

< P4
a‘»ce,f) = a’»(e,c(”) = 'hvfa,f‘”) £ .00 .

Making use of these facts in (3.13), we get (3.1).

The proof of (3.2) is similar to that of (3.1) except
that instead of (3.3) we have to use (3.4).

Corollary, Under the hypothesis of Theorem 2 and for

sufficiently large €

MM‘(E,f) )4;
(%—%4—6)(9-}-9)6

K, (6, £™) > W6, (

This follows from (3.1) and the following result in
[9l:

Um pup toy Ao coier @ -
6~y 4 00 [

The next theorem is interesting since it shows that
for a certain class of entire Dirichlet series, the func-

tions M,, and M,,, are separated from each other by the
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derivative of the former for sufficiently large values of 6 .

Theorem 3. d e othesis of Theorem d_f
gufficiently large

(4»4-4) V eN .

(314)M(6’£ )<M (8’.‘. )éM
Proof. It is known ([10] ,Lemma 2) that for every en-
tire function £ € E of Ritt order @ € R¥ 110} (R:

is the set of extended positive reals) and lower order

AeRTu{03 ,

sun Log (M'(6, £ (6, £
—P‘l'w inf -3

YaoeN.

Hence, for any ¢ € R and sufficiently large 6 |,
(p), e(a-¢) @)
Mh(e',f Je < .M.",(o',f ) .

Since ¢ is arbitraryand A =20 > 0 , it follows that,

for sufficiently large & |,

(3.16) K, (6, < X, <o, £y .
Combining (3.16) with (3.8), we get (3.14).

4. Finally, we establish a result regarding ordinary
proximate linear order of entire functions in E of irre-
gular growth, We first recall its definition.
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Definition ([111, p.112): A nonnegative extended real
valued function § of reals & is called an ordinary pro-
ximate linear order of an entire function f e E of Ritt

order @ € R, provided
(a) @ is eventually a continuous function,

(b) @ is differentiable almoast everywhere except at
the isolated points at which the left and right derivatives

exist,

(c) Um 63°(6)=10 ,

G-y+c0

(a) Lim pup (&) = @ , and

6++00
. Log M.(6,€)
(e) g&ﬂf::&bﬂ« ——W—— =1 .

Theorem 4. For every entire function fe E of ir-
regular growth of Ritt order @ € R, and lower order
A e R, andordinary proximate linear order & ,

tog M, (6,£)
(4.1) Lm jimf .
6",_*‘.” e‘@(‘)

=0 .

Proof. We know that

‘)
i, it Loy Mp (6,2 o
64 +00 Amf 6 A

(4.2)

From (4.2), we get, for any € € R, and sufficiently
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large values of & |,

(4.3)  Log M (6,£) > @

2

and, for an infinite sequence of 6"8,

)
(4.4) tog M, (5, < *°°°

Dividing (4.3) and (4.4) by e€¢(s) and proceeding to

limit we get (4.1) in view of the condition (d) of the de-

finition of ordinary proximate linear order.
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