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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

16,1 (1975)

A PRODUCT INTEGRAL REPRESENTATION OF THE GENERA’ > INVERSE

G.W. GROETSCH, Kingston

Abstract: Suppose A si(Hl,Hz) has closed range whe-
re H) and H, are Hilbert spaces. Let SclO, ) be

such that 0€ S and sup{t: t€ S¥= o0 and suppose g:
: S=»[0, ) is an increasing function with g(0) =0 and

g(t) > as t—roo . Let W(t) = ,M*[I- agX1lwhere X
is the restriction of A¥ A to H = R( A¥) and suppose
W(t)—>» 0 uniformly in & (H,H) as t-—+c0 . If M(t) =
= (L) [P W(+)AX¥ ag then &% = f1im M(t)  uniformly in
& (Hz’Hl) . This generalizes some well known representations
of aA* .

AMS: 47A10, 15415 Ref. Z.: 7.974.3

Key words and phrases: Product integral, singular li-
near operator equations, generalized inverses, approxima-
tions, iterative methods.

1. Introduction. The concept of a product integral (or
continuous product) of a matrix-valued function was introdu=-
ced by Volterra [14] as a tool in the study of linear time-
dependent differential equations. The theory was later exten-
ded and generalized by Schlesinger [12], Rasch [1l) and Ma-
sani [9]). More recently McNerney [6, 7] has given a very ge-
neral treatment and Martin [8] has applied the theory in ap-
proximating solutions of linear operator equations.

It is the purpose of this note to give a rerresentation
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of the generalized inverse of a bounded linear operator in
terms of product integrals of operator-valued functions.
This representation unifies and generalizes some well known

representations of the generalized inverse.

2. Product_integrals gnd the generalized inverse. Since
we will be concerned with linear operators in Hilbert space
we will restrict our discussion of product integrals to ope-
rator-valued functions in Hilbert space although the concept
can be extended to much more general settings (see 161,[7],
[9)). Suppose Sc [0, ® ) satisfies 0 € S and

sup{t: t€ S} = o .Let g: S— [0, ) be a function
satisfying

(2.1) g(0) =0 ; g(t) £ g(s) for t£ s and

sup {g(t): te St = 0 . ‘

If H is a Hilbert space, given a function ¢ : S — H
and t € S , then

@ [ () ag

will denote the limit in the sense of refinements of subdi-

visions of elements of H of the form

~m
’E.‘ ¢ (x,_,) Calxy) - glx, ;)]

where (xk)g is a subdivision of [O0,t1, i.e. x, 6 S,

X, =0, X, =t and x ;€ x, . If T is a bounded li-
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near operator on H , i.e. T e¢ &£ (H,H) and te€ S then

vt = LI - agr )

denotes the member of & (H,H) which is the limit in the
sense of refinements of subdivisions of operators of the

form
~n
JL (I- (glxy) - g(xk_l))TJ

where (xk)g is a subdivision of [0,t] and I is the i-
dentity operator on H . By a result of MacNerney [ 7] (see
also [8]) W(t) is well-defined and satisfies

(2.2) wit) = I- (L) f°‘ w(e)T ag .

:Now suppose that Hl and Hz are Hilbert spaces over
the same scalars and A € ¥ (H;,H,) has closed range. Given
fe Hy , an element ue H; is-called a least squares solu-

tion of the equation

(2.3) Ax = f
it |l Au =~ £l =inf~ille-f\l:xcHl} .

The set of least squares solutions of (2.3) coincides with

. the set of solutions of

(2.4) A* Ax = A¥* ¢
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(where A¥ is the adjoint of A) and there is & unique least
squares solutions of smallest norm. The operator At e

G ﬁ(Hz,Hl) which assigns to sach f € H, the solution
of (2.4) with smallest norm is called the generalized inver-
se of A . The set of least squaresa solutions of (2.3) can
be represented as A*f ® L (A) where U (A) is the
nullspace of A . For more information and references see
the survey article of Nashed [101].

Let X be the operator defined on the Hilbert space

H = R(A*) by restricting A*A , i.e. T =A% AlH (note

that R(A*) is complete since A has closed range). \'iven
a function g satisfying (2.1) and t € S define the ope-
rator W(t) e & (H,H) by

wit) = oﬁ*t:-ang .

Note that W(t) exists and is of bounded variation on each
subinterval by resg’;};ra of MacNerney [6]. Also the operator
M(t) e & (H,,H,) defined by

= t . JAX
M(t) = (L) [ W(e)A* ag
exists [7, Lemma 4.31 (see also [5, Lemma 27 ).

Theorem. Suppose A € z(Hl,Hz) has closed range and
lim W(t) = O uniformly in & (H,H) , then A% = lim M(t)
t>00 t+x

uniformly in &,(HZ,HI) .

Proof. For each f g H, note that A*f @ H (see [10))
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and A A% £ = A% £ ., Hence we have by (2.2)

=
~~
L
~
2]
"

(L) J;t W(e)AX*f ag

(1) fo" W(e)E At r ag

Ate - w(tat g

n

and hence M(t)f — A% £ uniformly in & (H,,H;) as
t— © since W(t) — O uniformly in & (H,H) .

Corollary 1. Suppose 0 < .7L~< 2 1 AN~% eana

]
S (1-0C) =0 where Ck=ll-1hllAlla\ , then

=1

@ o ~ :
+ _ - A¥
A ..HE%.zb*4{AE} [I ﬂ%‘A]?

where the convergence is in the uniform operator topology
for & (HZ’Hl) .

4
Proof. Set S =4{0,1,2,...} and g(n) = & A; .
As1

.4
Note that the hypotheses imply that ,2‘..1 A, = o . It is
4

easy to see by use of the spectral theorem and standard.

facts on the convergence of infinite numerical products [3]

that

- M™(I-dgAle T CI-2, X3
W(n)-4 - 9, -6.:1 - ..'

converges to O uniformly in & (H,H) . The proof is com-

pleted by noting that
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M(n) = (L) f"" W(e ) A% ag

ax A¥
go ,M{;rr [ 33

Note that if we define a sequence of operators

{An};" c i (Hy,H;) iteratively by A, =0 and

Ay = A+ N, [A%¥- a%aA ]

n+l meq

then A ., = M(n) and hence Corollary 1 gives an iterative
scheme for computing: A* | Iterative processes of this type
have recently been studied by Lardy [4) (see also [2)). In
the particular case hﬂ = A for all n where 0 « A <
< 21l A n-2 Corollary 1 specializes to give a result of
Showalter [13]. We may also obtain as a corollary Showal-

ter’s integral representation of AY  (see also (11).

t

Corollary 2. Let Ay = [ e *A™A a¥ar , then
+ . .
A* = 1lim A} uniformly in & (H,,H,) .

viw b v 21

Proof. Here we take S =[0,00 ) and g(t) =t . Then
~
w(t) = OTT‘[I - ag %1 = o th (191,112)) end hence A =

-vA*A

= lim f A¥de .
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