Commentationes Mathematicae Universitatis Carolinae

Pavel Dréabek
Continuity of Nemyckij's operator in Holder spaces

Commentationes Mathematicae Universitatis Carolinae, Vol. 16 (1975), No. 1, 37--57

Persistent URL: http://dml.cz/dmlcz/105604

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1975

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/105604
http://project.dml.cz

COMMF"’.$IONES MATHEMATICAE UNIVERSITATIS CAROLINAE
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CONTINUITY OF NEMYCKIJ 'S OPERATOR IN HOLDER SPACES

Pavel DRABEK, Praha

Abstract: This paper deals with .the investigetion
of the mapping u(x) +—» f(u(x)) , where f is a given ,
real valued function. There are proved the necessary anu
sufficient conditions upon f to be f(u(x)) Holder-con-
tinuous function for an arbitrary Holder-continuous func-
tion u and, moreover, the necessary and sufficient con-
ditions for the mapping considered to be continuous bet-
ween the spaces of Holder-continuous functions.

Key-words: Spaces of Holder-continuous functions,
N&émyckij s operator. .

AMS: 26A16, 54C05 Ref. Z.: 7.518.25

1. Introduction. Let M , N be positive integers.
Denote by ]KM and llN y Trespectively, the M-dimensi-
onel and N-dimensional, respectively, Euclidean spaces
with the norms ¥ . ly and . My ,respectively. Let
. be an open bounded non-empty subset of ]i" . For
« € (0,15 define HM (1) the (so-called Hlder)
space of all mappings u: L+ 3{“ defined on £l and
with values in R" such that

N (x) < M.(fy,HIM

““'“@“mu“‘“”fd*”“* <+

X, e - hd
'yﬁlv. ll.x I*HN

It is easy to see that Hf (L) is a Banach space with
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the norn 1. lym . Instead of H; () we shall write
oG
He () only.

Let £: R%"—, R’1 be a real valued function. For
ue H: (1) denote by N (u) the function defined on
fl by the relation

N (w(x) = flulx)) , xe L .

The mapping T is usually called the Némyckij’s opera-
tor. In this paper, we give the necessary and sufficient
conditions upon f to be M(u) € H () for any

ue H: (L) (see Theorem 1) and also the neceasary and
sufficient conditions upon f +to be the mapping M con-
tinuous from the space Hr () into Hy () (see Theo-
rem 2). It is interesting that if 7  works from H‘f (n)
into Hg (2) , then it is not generally continuous. This
is a quite different result than for the space C(Z) of
continuous functions or for the space Lp(_Q) of p-in-

tegrable measurable functions (see e.g. [1],[2]).

2. Necessary and sufficient conditions for
N (¥ e c B, () .

Let N denote the set of all positive integers.

Lemma 1. Let o« « (0,1> and let fajt , i=
=1,2,..., M, be the real convergent sequences. Then
for each ¢ € (0,1) there exists an increasing function

k defined on N  with values in N  and an increas-



ing sequence {_tn! € {0,e? such that for each m , n €
e N it is

M . N ®
2 lagn) = s | & Tt - 1% -

Proof. Let ¢>0.If ne N then there exists
k(n) such that for each m> k(n) and i =1,2,..., M

it is

M . . [
= o - sl < = -
+s4 2

It is possible to construct k to be an increasing func-
tiono Put
-1

m-1 g
t = —_ .
n ?42‘

&

Now, one can immediately see that t, is the wanted sequ-

ences
Lemma 2. Let the operator N map H‘: () into
H, () . Then f is & cuntinuous function on R¥ .
Proof. Let us suppose that f is not continuous at

the point a = [a%,..., a::] < R" .

Then there exists @, > O and a sequence a, = [ at,..,
ceey ag] «RM (n=1,2,...) such that 1lin Na, - a In=

"y~ 0
=0 and

(1) |£tay) - £(a)| 2 @,
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for all ne N .

Choose x, = [xi,..., xr;] € L arbitrary but fixed
and let K, (go) c 1l where Koe (xo) is a ball center-

ed at x, and with the radius 2¢ .,

Let { tn'} and k have the same meaning as in Lemma
1. Put

1
xn = xo + [tn, 0,..., OJ = [xo + tn, xg goeeey xg] .

Obviously x, e Kg(xo),(n « N ) and {x,} converges to

some z € K, (x,) . For each n, m ¢ N we have
M i i
@ Nayn) - gy I =, 2 lain) - g | <

€ - % = xy - ly
Let us define

ulx,) = 8(n) » B = 1250005 ulz) = a;, ,
and denote M = {x v iz} . According to (2) u is
bounded on the closed set M and satisfies the Holder
condition on M , Thus (see e.g. [ 3, Proposition 1)) there
exists a function U defined on JL such that U €

< H: () , the restrictionof U on M is u,

sup l U(x) I, = sup I ulx)d
xXen " xem LI

and
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1) - Uiy Ny, T (%) = ()l

rup = Aufy .
TR ¥ -8 - «< x40 - o«
Nen fx - 40y Yoy Nx -l

Soe ge H“(.D.) , where

g x+—> £(U(x)), xe L

It means that g is a continuous function on JfL , espe-

cially,

f(a ) = gla,.) = 1im g(x_ ) = lim f(u(x )) = lim f(a )
° gla, niwgn m.-»: xn-’u*” k(n)’?

which is a contradiction with (1).

Theorem 1. The operator 7, maps H:: (£L) into
Hy () if and only if f is a locally lipschitzian func-

tion from RM into R .

Proof. If f is locally lipschitzian, then we imme~
. . M
diately obtain M (H_(R))ec H () .

.

On the other hand, let us. suppose that 7 maps
H:: () into H (L) and that f is not a locally lip-
schitzian function. Then there exist bounded sequences

{gmj , 4@”\'} c R" such that

120§, - 2 N> nll gy~ m, Uy

forn € N . We can suppose that lim §, = §, and
lim = , It is = for Lemma 2 implies
m_'a”l,., No §0 =1,

I £(Em) = f(')z,u)l £ constant
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and thus

constant> n I §, - 7, /I,

for each n e N .

In order that the following construction be simpler, we
can suppose (without loss of generality) that L is an
open ball in RN centered at the origin and the radius
of which is r>0 .

Consider an open ball K, c R¥, xeN, 2 <1 cen-

o

x
tered in §, and with radius 2w There exists n; &

« N 8o that §M_1 and %, ~ are situated in K, (de-

1 1
note €m1' E“ and Np = 7, ). Denote 4, =4[t,,0,...
coey OJ‘t‘ng and xl= [0,0,..., OJ.R“- Let

y,€ Ay, and y; = [¢,,0,.0., 0] , t;> 0 and, moreover,

14 <

It is obvious that

Further put
1
Ky=1z «eR"| 1 z- Ea‘M‘?ﬁTa’} .

There exist f: e{¢.3, n; € {m,t such that E; .
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4
n, € Keop - Let x,€ Ay, y, € A be such that x, =

N P 2
[7p 00000, 036 R, &y -ty =5, 3y =

N
= [t,,0,...,0) €R", t,>2, and '?;-n;'n =

ok
hxp -3 0y -

X
Obviously, | x; -y, Iy < Lk

{2z CRM‘ hz -y <

Consider an open ball Kkﬂn

1 . 1 1
< W} . There exist §, ¢ f§,1, N & T7,,} such

4 4
that fm € Kiyumr Mp® Kesm -« Let x, € Ay, In € A,
be such that x; = f“' 305000, 0] 6 Ru y TUm- tm_,, =

n N
51;;;; sy Ym T (tmaov"'; 0cleR vty > T,y and

ngm"'lm. =lﬁ'7ml:'

x
Cleerly Nxy - yply < Tmemsy -

Let x, mean the limit of the sequence 4 z,} , where

2,5 Xy 5 29 =g (R €N ). We have
bx | 2 5 X« 2 :
TolN = 2 S\ ST B mew T

which means that the whole sequence 4 zn} and also x, are

situated in Q. . Let us define the function u, = [ui,ui,”_

cee, ui‘] as follows:
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uy (xy) = gm , Mm=1,2,.0e ,
uy (yp) = sz s, m=1,2,00. ,
uy (xy) = £ -

L4 N .
Put 2 = 4zn3n.4u{xo} . The set Z c R is closed
and uj satisfies on Z the Holder condition with the ex-
ponent &« , Indeed, we can suppose (without loss of gene-

rality) that m £ n and thus:

1 1 2
“?m‘?mun < 254-0» <

a) | uy (x) - ul(xn)llM

. X . o
and if bx; - x ly 2 1 then mé«lxm-xnln ,
end if lx; - x, Iy =< 1 then llﬁ-xnl\N <
<“’ﬁn‘xn“:"

1 r
b Huytg) = wy ) ly = d fm = 2 by < 3 <
< Wx, -y, g for d< n ;

for m = n we have ﬂg:‘-q,:»ﬂm = llxm-ymI: ;
I I x 0

e) Nuyxy) = uyix )y < m < Xg = X, Iy

and further we use the same arguments as in a);
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d) analogously as in c) we estimate

x .
“ul(ym) - ul(xo)ﬂM < W .

By using [ 3, Proposition 1], there exist the exten-

8ions of u', i = 1,..., M, 80 that u'e Ho (1) for
is1l,e.., M. It means that u= Cul,..., M1 e 5M ().

But for each K> O there exists m € N such that

lealxy)) - gl | = | £CEn) - 20} | 2

4
Z K“?u"'l:»"ra =K“xm'ym“: ’

and so f o u¢ Hy () . This contradiction completes the

proof of Theorem 1.

3. Necessary and icijent conditions for continui
of M
Lemmg 3. Let the partial derivatives of the first or-

der of the function f be continuous on RM and let O -
be a bounded subset of RN . Then for each € > O the-
re exists J"> O such that for a € O and h € RM
with 0< lhl,<d it is

flath)-£Ca) _ 3 3£(a), M,
I’UHN i=q ag,“' ﬂth

Proof. The uniform continuity on @ of the partial
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derivatives implies that for each € > O there exists
& > 0 such that for each a €« O , h ¢ RM" witn
0O< |l hliy<d, anda B, € (0,1) it is

3 %) | 2fCa + B )  d£(a)

€
AT Ia, YR 3. ’
M € 4 )
fla+h)=-£() = X af(‘;“' = A, .
1iz1 E.; s

It means that

g,‘ % 0f(a+ @A) 3f(a) '
® T A, 8§, af,

3¢, Iy -4 3€, Il

2| X ofca+gm) A, M S£@a) ,u_;’
;2:‘4 o

| flarh)-f@) B 8fG) m, l
||hl|M i=q 9§, lhl"
Theorem 2, The operator M is continuous from

H:g (L) into Hy (L) if and only if the partial deriva-
tives of the first order of the function f are continu-
ous.

Proof. Let us suppose, at first, that the partial de-
rivatives of the first order of the function f are conti-

nuous. This means that f is a locally lipschitzian func-
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tion (if e R™ s bounded, let K((”) be such a po-

sitive number that
[£(§) - £(n)| 2 K(O)NE -7 ly
for all §,7 € O ). According to Theorem 1 it is

M
mEMQNcEL @) .

Now, let us prove the continuity of 7 in an arbit- ,
rary point uje H‘: () . Let €e=>0.

Denote

W(A) =4fuerM@) | Nu-u lm < B
oc 0 Ry

for A > 0 . Then we have

Mat () - aa (g ) Uy A <I|w(x)—u,(:y.)l|M - Ny (x )= agy (g MMy

M- gl =g ll g hx -y ly

+A

for all ueW(A) x, y €« L , x4 y , and thus there ex-
ists K> 0 such that

fu(x) - uly) “M £ Kllx-y ";c

provided ue W(A) , x, y € fL , This implies that there
exists a bounded set O € R™ such that ulx) e O for
all ueW(A) and x e &L . Put

A(u) = sup | flulx)) - f(uo(x))t .
X e

Obviously

3) Alw) « £
2
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if ueV(A)n\V( e ).

2X o)

We denote € = -_—e

8X(0)

1€ G (X)) = £y (X)) ~ (£ () -
Bu) = supy w (x o (X “4: #))=£(uy ()| ,
,B?#Q- .‘x"'“‘ N

and

£lu(x)) = fluly)) Nu(x)-wlydly,
C(u,,x, Iy;) = . -

Mae (x) = aw (gl PR o

£y (X)) = £l (@) Hug(X) = ug (g ly
Bac, () = by () iy hx - a Y

if ul(x) % uly) , uy(x) % uo(y) y XY o

Thus

I ulx) = uly) - (v (x) - uo(y))HM £ €y l x-3y ”:

c
for each x, y € ) and ue W(A)n \v(m—)),n is

easy to see that if u(x) = uly) or u (x) = u (y) then

1€ (%)) = £0ay(x)) = (£ Cu(g)) = £ Cauy (@) ] _ &

o«
Ix - o Ny 8
Let x, y e . and let

h(x,y) = ulx) - u(y)%0 , hix,y) = uy(x) - u (y)* 0 .

Sc we obtain
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Flu () + h (x,gN-Cm(y)) Lo g)ly _
4 (x,q) iy Ix-aly

Clx,q, )=

_ £l () + S lxy g)) - £lup(y)) N (x, ) Ly
Lh (x,9) iy N - g I

£ , then with respect to the assertion of Lem-

16X
ma 3 there exists J, > O such that for each h’, h e

e RM | o<lih’ly<d;, o<l nlly<d, we have

It €;2=

l £luly)+m') - £ (g))

Kl
M Bf (w () ),
- - . “d 2]
e TR iwh, | =52
4)
‘ £y () + &) = £, ()
I3 My
M
- Af (g () A,
T Ty | = S

£ lx-y U < 2 then In'Gp < &
K nGe,y)lly < d,

The uniform continuity of partial derivatives of the

function £ on (¢ implies the existence of Q(0)> 1

such that
M| B (uy (g
2% 2w
2=1 ag}b
provided e Let ¢ hd then f
y . - — e en for
3 46.X.0(¢0)
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“ e W(mi—aT-m) we have

I h'(x,y) - hix,y) “M < €,

s

€
Let 94_= m— , Using again the uniform continuity of

Partial derivatives of the function f .on (° , we obtain
crq > 0 so that for each u e H:“(.O.) , ue€E W(d;) ,

and for eachy ¢ ) it is

Of (w(y)) O£ (u, (y)) -
af,;, aE»L ¥

So

Clu,x,4) <

o E () + b/ (x, g 0~ £ Cu (g )| l WA Gyl I Gty N

1a’ Cx, )0y fix - g I Ix - By
o o)y | €0 (g )4 /(x4 )) = £Cu(ap)) _
Hx-ap by Ilh'(x,a‘,)ﬂm

£(u°(4t)-h'(x"y'))-f(u"(q"» cX (e, +K .Dlu,x, %) ,
1 ()l !

where
Dty %) = ' £lew (o) + 45 (X, y V- F (e () _ £ty (g )4 A (X, N - €0, (3|

i (x ) My Ko (x4 iy
The relations (4) imply

M ’ M )
I -i-azq -MT(‘;M "“’4(‘*' 'y" -&%4 éf'g%‘(&)—h;@x,y’
4 _ A +

18/l (ESERIM
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MZ Bf iy ) o0 W -5 CHONCD NI
4=4
+

ag—'v i 121 of.; <
nh’(&,'}) "M I (X,f*)ln
& Loy ()l | B8 (y)) _ OF (uo ()
) g W01 W) _ Uy
©2 B Taiagply | 5% 3¢: [+
M
(o (g N |, ,
+.;§1 2‘53—?—'&—}\-\%&,@313»@,@71\,4- m,,a.a,)nh(x,q,)nmle

M 4 [
£2e,+Meyt B l af(;’gf » l EACEIE lnh(x,@)ﬂm-ﬂhk.@)ﬂm l+
LN YIONO)) ’
£ \—3?{#-—]- L Cx )y o | 55 ()= o Cxy )] <

P 232-1-):16# + 2&(0’)63

Eory |

It means that

(5) Clu,x,y) ¢ K((J’)e,t +2Ke, +K- M.s‘r +

€

provided m € W(A)nw( )n W(d;) and

€
32 GOK
Jﬂ.

o
x,ye.{l,x*y, nx-y““<—i—

d

<
Now, let us suppose that lx - y NN z —i— .

Then

| £ ()) = £aey(x)) = (Ela () = £Cuy g ) | .

o
Ix - ag b
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2K .X(0) e ed;
é-—-——;z————“.w—ualoé—z—- for ueW(m)

From (3), (5) and (6) we have: for a given g > 0O there
exists J > O such that if ue W(A)A W(J) A

s,

n W(—ﬁ-x-—f:-az-o—))ﬁ w (m) then

Ilfou-feuu < ©
oH“_

which is nothing else than the continuity of M ,

Now, let us suppose that the operator 7} is conti-

nuous. Let §, € RM » %o € L be fixed. Define
©
DO(X)'—'HX‘)'O“""].I'*?O’ xe.ﬁ.,
<
uh(x)=||x-y°||N'.jl+§o +h ,

M M
where heR ,x e and j, =[1,0,..., 0JeR , From
the continuity of 1L we have: For a given € > O the-

re exists dJd"> 0 such that

L £ Gy, (500 = £y, () = (£Ca () - £ g ()|
<

€
X,4acf)

N = o I
X $ay %N

provided h e RM, I n HM< J° . Putiting y = ¥, We ob-

tain

s -




£+ lx-qgolly - g4+ h)-£(§+ )

Y) Ix- o Iy
£(Go+ Ix-qpo ¥ 44) = £(50)

o«
I~ o, My

€

for all x e Q .
' M
Let p={xeR |x=[t,0,...,0] +§,teRi.

The restriction of the function f on the straight line p

is absolutely continuous, for it is locally lipschitzian on

af
p (see Theorem 1). Thus the partial derivative 3F
1

exists and it is finite almost everywhere. Let us suppose,
now, that there exists §, € p such that (§o)

1
does not exist, i.e..
-1—4 = ~-'v-—"'E f(?ci-tg'-,,) - i‘(?o)
t=0 t

>%—g%k t =L .

Denote by {%,%, €t,} the sequences of real numbers with

the following properties:

lim ~®, =0, lim t o,

m=»o0 m —»co

I - M f(?a + tmé’q)-f(fo)

n-=

and m >eo tm,

Lo gy 2Bt Tnde)~ £(50)

~ m->o0 Cm

Let x,, y, € {L  be such that
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« <
lixn"yo“N =th | yn"yo"N = Tm

Moreover, let 4 hn'} be such a sequence that h e R

2} +2, 3

with lim h =0 and £ 8ot frm 34) exists for
— TL-L e s

all me N . Denote € = 2— and, substituting in

(M h=hyj , x=x, ,€=€ or x=y,, h=

=hy  j;,» €= € , we return with

\ ECEo+ty G+ M dq) — £(Eo+ M 74)

(8) tm
£(§o+tnd, )~ £(§,) -
e
tn
(9) l f(en 3'-14' hm éq) f(€°+&ma'-1)

£(E+ rﬂ:3—37 ‘£(En7 I =%
for sufficiently large m,n e N . Setting n—» c© we

obtain from (8), (9)

LS+ Irmds) 1

(8% LT |,
5 |
BE(E+ M Gy) 1 lé : .

3¢, -

So the inequalities

- ) 2)
2€<|L-Llelm_¥|+la_f‘.§2‘}”_m—%2_le_
q

F1
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are valid for sufficiently large m . This is a contradic-

tion.

of M
Thus —=(§,) exists for arbitrary £« R .

3%
The continuity of

follows easily from (7), let-
»‘

ting x tend to Yo *

of
The proof of the existence and continuity of L‘?f PRLL
S, 1 .
of . N
is analogous.
€ m

4. Remarks.

A. Let us consider 0 < 3 €« oc £ 1 . Then the ope-
rator 9, maps H: (2) into Hp (L) if and only if f
is such a function that for each bounded nonempty subset 0
of R™  there exists XK((")>0 such that

3
a
LeCg) - 2l £ RCOIUE - U]

for each §,m € (" . The proof is analogous to that of Theo-
rem 1.

It seems that the necessary and sufficient conditions
upon- £ for N to be continuous remain to be an open pro-

blem. /

B. If 0O< oo <[>< 1 then 7 maps nar(n) in-
to H[3 () if and only if £ is a constant function: Let
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us suppose §, € _R,M . Denote
ulx) = Il x ¥ i, + § o
= “Ylm 1ty X€

(as in the proof of Theorem 2). Obviously u e Hr_ (L) and
thus

| £0a(x)) - f(ﬁs(h))} =L <+ .

X % Yy ix -
xel Yo

. o« .
Denoting t = | x - Yo “N we obtain

L=, | £E e, - £
- t

and so the right hand side derivative of t i+ f£(§, + tj;)

at t =0 is zero. Similarly the same is valid for the left
hand side derivative.

of of

Thus —-5%‘—1 (€)= 0 and analogously -;iz (§)=w = -a-—- (§'°)= 0.

C. The investigation of the same problems as in Theo-

rems l'and 2 for the operator
u(x) ——= fx, ulx)) ,

where f(x,e ) is a given function on xRM , was

without success.

I wish to thank S. Fu¥ik from Department of Mathemati-
cal Analysis of Charles University for calling my attention

to this problem and for his help with the solution.
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