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NONLINEAR EQUATIONS WITH LINEAR PART AT RESONANCE:
VARIATIONAL APPROACH

Svatopluk FUlIX, Praha

Abstract: Under some assumptions we give the variatio-
nal proofs of the existence results for the equation Lu = Su,
where L is linear selfadjoint Fredholm and noninvertible, S
is a nonlinear bounded and potential operator in a Hilbert
space.

Key words: Potential operators, maxmin-points, minmax-
points, nonlinear equations with linear part at resonance,
implic{t function theorem,

AMS: 4TH15 Ref. Z.: 7.978.5

1. Introduction. Let H be a real separable Hilbert spa-
ce with the inner product (u,v) and with the norm lulff =
= {u,u?) 1/2. Suppose that B: H—> H is a linear completely
continuous selfadjoint operator and let /A be a sequence of
all eigenvalues of B calculated together with the multiplici-
ty. Let e, € H, "ea! = 1, be the normalized eigenvector of B

corresponding to A e A |, i.e.
Ae, =Be, , A A .

Choose the eigenvalue A € A to be fixed. Let W be a null-
space of the operator

L: u > A, u - Bu, ueH

and denote
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d = distance of A  to fAeAs A% AT -

let S: H—> H be strongly continuous nonlinear opera-
tor (i.e. it maps weakly convergent sequences u, —> u onto

strongly convergent sequences S“n—’ Su) and suppose that

= o .
(1) Sup, Isul = « <

Moreover, let the operator S be potential with the potential
S : H—> Rl (i.e. the Fréchet derivative of & is S). De-
fine
6 :r+~> sup ¥ (w),
welW
Haor = 2
®:T+—> infw S (w).

w e
I(wl- x

The following result was firstly proved for partial
differential operators in [1]; for abstract setting see [6],
[3]. In[3]it is considered also the case of the growth con-
dition

“Sul\ﬁoci-ﬂﬂu“; , ueH,
where Jd € (0,11 and they are given the applications to
the boundary value problems for nonlinear partial differen-

tial equations and the existence theorems obtained by this

way extend the previously proved results,
Theorem 1, Under the above assumptions the equatiom
(2) Iu = Su

is solvable in H provided one from the following conditions

is satisfied:

(3) lim &(r) = - 00 ,
x-y a0
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(4) lim ee(r) = 0 .,
x=¥o0

Theorem 1 is of the variational type, however, its
proof is topological. In this note we shall give (under so-
me additional assumptions) the variational proof of Theorem
1. The additional assumptions are important for the method
used below and the obtaining of the variational proof of
Theorem 1 without these assumptions is an open problem up to
now.

We shall show that the solutions of (2) are characteri-
zed as maxmin-points (or minmax-points) of certain functio-
mal, This fact can be useful for using the numerical methods
for constructing the solution of (2). Unfortunately, we had
no success to obtain that the solutions of (2) are characte-
rized as the saddle points of certain functional.

Before stating the main results of the present note let
us introduce the following notation.

Let Z and V be the closures of linear hulls of all ei~
genvectors of B corresponding to A e A with A > 'a'o and
A < A, respectively. Then H = W@ V@ Z (the direct sum)
and denote by PV’PW’PVIOV the orthogonal projections from H
onto V,W and W@ V, respectively. Obviously

{(Lv,v > 2 anvi?, veV,
{lz,z )6-—d|lz|12, z € 2.

Define the functional & : Wx VxZ— R1 by
d: (w,v,2)r—> %(Lv,v)+ %(Lz,z) - P(w+v+2z)

We shall seek a solution of (2) which satisfies
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(5) ®wyyvy,z,) = zmsaxz (m:‘xj;?eWxV P (w,v,2)

or

(6) (w_,v .,z ) = min max (w ).
@ Wo1701%0 veV (w,z)eWxZ¢ et

The main results are the following two theorems.

Theorem 2, Let S: H—> H be Fréchet differentiable at
arbitrary ueH. Suppose (1),(3) and that the Fréchet deriva-
tive S'(u) at ue H (considered as a linear bounded operator

from H into H) satisfies
(7) <{s’(u)h,h) <0

for arbitrary he H, h# O,

Then the equation (2) has at least one solution

(8) u =w o+ v o +zeH, (W ,v ,z)e WxVx2Z

such that (5) holds.
On the other hand, arbitrary point (wo,vo,zo)e Wx V<2

satisfying (5) defines by the rule (8) the solution of (2).

Theorem 3. Suppose (1),(4) and that the Fréchet deriva-

tive S’(u) at ue H satisfies
(9) {S’(u)h,h> >0

for arbitrary he H, h#% 0.

Then the equation (2) has at least one solution (8) such
that (6) holds, Arbitrary point (wo,vo,zo)e WxVxZ satisfy-
ing (6) defines by the rule (8) the solution of (2).

The proof of Theorem 2 will be given in Section 2. The
proof of Theorem 3 will be omitted as it is quite analogous

to that of Theorem 2. In Section 3 we shall presemnt some re-
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marks concerning the special case

(10) A = max A

[}

2, The proof of Theorem 2

(i) As S is strongly continuous the functional ¢ is
also strongly continuous. The assumption (7) implies that
(11) { Sy, - 3“2»“1'“2> <0

for arbitrary w),u e H, u,% u,, and that the functional -
is convex, i.e.

- Pltuy + (1 - thuy)g -t F(u)) - (1 - t) F(wy)
for u,,ue H, t € [0,1] .

(ii) Notice that if £: H—> Rl is Fréchet aifferen-
tiable and convex on H then

f(uo) = min f(u)
a6 H

if and only if
f'(uo) = 0.

(iii) Iet z€Z be fixed. Then & (.,.,z) is two times

Fréchet differentiable weakly lower semicontinuous (for de-

finition see e.g. [ 4),[7]1) on WXV, From

dwv, )2 §hvi2 + $(1a,) - Sw+v+s)+ Fw) -
-z EIvIZ - E(Iwl) + (Sw D (v +2)), vz -
SRzt d ivi? - EChwl) - achyll - oc Nzl
-3 e

it follows that & (.,.,z) is coercive:
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lin (w,v,2) = 00 .
lh.vﬂ+l1rll-?°0§ T

From this and from the main theorem on calculus of varia-
tions (i.e. the lower weakly semicontinuous and coercive
functional attains over reflexive Banach space its infimum
- see e.g, [4],[7]1) we obtain the existence of at least one

couple w(z)e W, v(z)e V such that

(12) & (w(z),v(z),2) =(W,n:ri;le Wl & (w,v,2).

(iv) Lemma. w(z),v(z) with the property (12) are deter-

mined uniquely.
Proof. Suppose that there exist ze€ Z and Wy ,Wo € w,
V1,V & V such that
(wy,v,,2) = d(w,,v,,2) = min (w,v,2)e
& (w72 2r2 (w,nr)eWmVQ T
Then the partial Fréchet derivatives Q{(wi,vi,z),

do(wy,vy,2) (i =1,2) vanish, i.e.
CLvg,k ) =<S(z + v; +w;),h + k)
for i = 1,2 and arbitrary he W,k eV. Put k = v, = Vp, h =
=Wy - W, Then
alvy - vyl 25 (Lvy = Ivp,vq = Vp ) =

=<{S(wy + vy + 2) - S(wy, + vy, + 2), (W) - w,) +

+ (v1 - v2)) &40
which implies V=V, =V, Thus

(S(wy +v+2)=5(w, +v+z)w -w,) =0

from which together with (11) we get w, = w, and the Wjgye-

- 728 =




ness of w(z),v(z) defined in (iii) is proved.

(v) Lemma. The mappings w: Z—> W, v: Z—> V defined
in (iii) map bounded subsets of Z onto bounded subsets of
H.

Proof. It is

alviz)l 26 <Lv(z),v(z) ) = < S(z + w(z) + v(2)),v(z)> &

g oo lv(z)l . Thus if Mc Z is a bounded set then {v(z); z¢€

€ M3 is a bounded subset of V. From
g- lw(z) 0 2o 6&(wz) ) + %-(Lz,z > - o liv(z)l -
- xlzl € §(w(z),v(z),2) € $(0,0,2)g~ g- Iz 112 + o Il 20

it follows that {6 (llw(z)ll); zeM }c Rl is bounded from
below and with respect to the assumption (3) the set {w(z);

z€ M} c W is bounded.

(vi) As & (.,.,2) is a convex functional on WxV we
have with respect to (ii) that

v =v(z), w = w(z)

if and only if
{Lv,k > = {S(w+ v +2),h+k>

for arbitrary he W, keV,

(vii) Lemma. The mappings w: Z—> W, v: Z—> V trans-
form the weakly convergent sequences in Z onto strongly con-
vergent sequences in H,

o .
Proof., Let -fzn}n=1c Z, z2,—= z, in Z. Then

{Uw(z W }wn=1' {liviz )1 '}”n=1 are bounded sequences of

real numbers (see Lemma (v)) and with respect to the refle-
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xivity of V and finite-dimensionalness of W there exisis a
00 @
subsequence £ zni} 3=1 °f 4z 3 _, such that
v(zni)—-> v, in W, v(zni)—hvo in V,
Letting i—>» 00 in
(Iw(zy ),k > = {S(z, +wlz, ) +v(z, )), h+Xk)
i i i i
we obtain
{Ivyk > = {S(w, + v, + 2. ),h+k?
for arbitrary he W, kX ¢ V. Thus according to (vi) we have
vy = v(zo), w, =wiz ).
From this it easily follows (by contrary) that
vizg)— v(z), w(zn)-*w(zo).
The strong convergence v(z,)—>» v(z ) follows from
v(zy) = KPy S(w(zy) + v(z)) + z)

(where K is the inverse of L considered as an operator from

V onto V) and from the strong continuity of S,

(viii) lemma, The mappings w: Z—> W, v: Z—> V are
Fréchet differentiable,

Proaf, Define F: Wx Vx Z—> WxV by

F: (w,v,2) —> (<PuS(w + v + 2), Pylz - P;S(w + v + 2)).
Obviously

sz’v)(v,v,z):(ﬁﬁ) —> (-P's’(v +v+2)W+¥),
Pylv = PyS'(w + v + 2)(¥ + ¥)).

According to (vi) and Implicit Function Theorem it is suffi-
cient to prove that
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F("’v)(w(z),v(z),z): WxV—> WV
is an isomorphism. Put
A: (H, ) > (A F + PS (w + v + 2)(¥ + ¥), PyBY +
+ P ST (w + v+ 2)(W+F)).
Obviously A: WxV—>» Wx V is completely continuous and
F('"v)(w,v,z): #,%) —> A (7,%) - A(W,7),

According to the Fredholm theory for linear operators to pro-

ve that F(" v)(¥,v,2) is an isomorphism it is sufficient to
’

prove that the equation

(13) Pyl¥ = PyoyS (w + v + 2)(¥ + ¥)

has only a trivial solution. Let (¥,¥)c WxV be a solution
of (13), Then & Ivi g (IF,¥)> = (S (w+v+2)F+7),
¥F+¥> €0

and thus ¥ = 0. From
P"ws’(w +v+3)W=0

we have
0=<S(w+v+2)W,#%>

and the assumption (7) implies ¥ = O. The proof of the Fré-
chet differentiability of w(z) and v(z) is comple ted.

(ix) Define G: 2—> R 1 by
G: z > O (w(z),v(2),2).
Then -G is weakly lower semicontinuous and
a(z) = § (w(z),v(z),2) § $(0,0,2) = $<Ie,s) - L(z) &

‘-gllzﬂz#- clzll
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implies that -G is coercive, i.e.

lim G(z) = - @ .
Ko l= 00

Thus there exists at least one z, e Z such that
G(z,) = pax, G(z)
and we have G'(z ) = 0, i.e.
<6(z),2)> =0
for arbitrary ze Z. As
6°(z)) = $/w(z),v(2),2) 0 w'(z) +
+ §ow(z),v(z),2) e v'(z) + Q_.;(w(z),v(z),z)

(the Leibniz rule on differentiation of composition) we ha-

ve (putting u, = w(zo) + v(zo) + zo)

(14) 0=(G"(2),2) = {Iv(z),v'(z)z ) +{Lz,,2 > -
={Su ,w'(z )z + v'(z)2> - {Su,z) .

As

(15) (Lv(z ),k ¥y = {Su,h +Xk>

for arbitrary keV and he W we obtain from (14):
(16) {lz,,z > = {Su,,z ?
for arbitrary z¢ Z. The relations (15) and (16) imply

Luo = Suo

and the theorem is proved.

3. Remarks

(i) If (10) holds then Z ={0} and if the assump-
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tions of Theorem 2 are satisfied then the solution of (2) is

unique,

(ii) If (10) holds then the additional assumptions upon
S are not necessary. One can immediately prove the following

theorem.

Theorem 4. Suppose (1),(3),(10). Then the equation (2)

has at least one solution

a7 u, =w, + Vv EH weW veV

such that

(18) $(w_,v.) = min (w,v)
07707 () e WiV g tm,

(where & : (w,v)r—> %(Lv,v) - < (w + v))., On the other

hand, arbitrary solution of (18) defines by the rule (17) the

solution of (2).

(iii) Analogous result as in Theorem 4 is proved in [2)

under more complicated assumptions.

(iv) The procedure how to prove Theorem 2 (or Theorem
3) extends the method from [ 5] for obtaining the existence of

saddle point of convex-concave functional.
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