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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE 

21,2(1980) 

ON BICOMPACTA IN S - PRODUCTS AND RELATED SPACES 
N. N. YAKOVLEV 

Abstract: In the present article we study the topo
logical properties of bicompacta which are embedded in 5£-
products of separable metric spaces. We prove that every Cor
son bicompactum is hereditarily metalindelBf, while every bi-
compactum which is embedded in a £-product of compact* has 
a closure-preserving covering of compact sets (CPC). We also 
study the properties of hereditarily metalindelBf bicompac
ta and of the bicompacta with CPC. 

Key words: BLeompaeta, 2-products of spaces, metalin-
del5f spaces, closure-preserving covering. 

Classification: 54D30 

In this note we study the %. -products of metric spaces 

(the compacta in genera l ) . The bicompact subsets of these 

2u -products are interesting because every Eberlein bicom

pactum (weakly bicompact subset of a Banach space) is homeo-

morphic to some bicompact subset of S -products of segments. 

The aim of this note is to give some exclusively topological, 

key properties of Corson (and Eberlein) bicompacta, so that 

the spaces with these properties well enough topologically 

approximate the properties of bicompact subsets of 2 -pro

ducts of compacta. 

We adopt the terminology of C13. The word "compactum" 

will always denote a metrizable bicompact space, while 
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"bicompactum* will denote a Hauaderff bicompact space. We 

shall denote by I the segment 10,1], by D » 40,H in dis

crete topology, by N - the natural numbers. In this paper 

we use also the next notation: 

.2(I,r) « iyeTHl^:* e rj: Koo eP :y(od*0} I < i^}, 

S^d.r) -^ye-TTil^oocrh Ve>0i^oo€r:y(oc)2: e? U . t f 0 } . 

C(I,P) «-CyeTT€loC:ocer?: Moo e P :y(<*)4:Q J | - ^ ^ . 

The topologies of all of these spaces are generated by the 

product TTil^: cc e P\ • 

It is easy to check that S?j,(I,P) is the space c0(D in the 

topology of pointwise convergence on P • 

It is well-known C31 that the space X is an Eberlein 

bicompactum iff it is homeomorphic to some closed subset of 

2J^(I,D. Every bicompactum that is homeomorphic to some 

closed subset of 2(I,r) is called a Corson bicompactum 121. 

Rosenthal L41 proved that a bicompactum is an Eberlein bi

compactum iff it has ft 6*-point-finite separating family of 

open .^-subsets (where a family 3* of subsets is called se

parating, if given any x4*y in X , there is an Fe «F such 

that either xeF and y4yt or yeF and x^P). As in [53 we 

say that X is a strong Eberlein bicompactum iff it is homeo

morphic to a bicompact subset ©f 2l*(D,r) (which is in fact 

#(D,D), or equivalently, X has a point-finite separating 

family of closed-open sets 151. We can also prove (by the 

method in 161) that X is a Corson bicompactum iff it has a 

point-countable separating family of open Fg-subsets. 

According to £71 a bicompactum X is called monolithic, 

if for each cardinal t , and A s X such that \A\ 4* X it 

follows that ca(CAl) ̂  v . 
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A space X is called metalindelQf (a'-metacompact), if 

every epea covering ©f X can be refiaed by aa ©pea poiat-

countable (to-poiat-fiaite) covering. 

A family $ * ^QC100 e ^ *s cal--ed closure-preserviag, 

if for every B£A U-tr?^]: o6e B?«[U«( F^ioGe B}J-

§ 1. Nor £{X9V), neither _S (D,r) are metaliadelCf spa

ces, siace they are countably compact, but not bicompaet, 

however, 

Theorem 1. Every bicompaet subset ©f 2(I,P) is here

ditarily metalindelSf. 

We need the next (see [83) 

Lemma 1. Let & = iB\ be an uncountable family of sub

sets of r, such that I Bl^a for some aeN and all B e &> . 

Then there is C c V and an uncountable subfamily %' £ .73 

such that if B-^B^e Si' and B-,4-.^, then B^nB^ « C 

Let 4V :a£N$ be a countable base of I\{0}. 1L = n a 

= { xel:x< /n?. Let $V^,neNi be a countable base of 

I\ (W.pUiVjJ). Let k£N and A =$4 Nk; let^= U,...,ki 
—* k and P be the set of a l l one-to-one mappings of % to P • 

Let ^B'^Vl r • F o r e v e r y B s t 2 \ f - t y k 5 s & and a * 

* { n^,... ,ak3 € A such that IBI « I a I , def iae 

v(B,n) « ((vn ) yx .. .^(vn )y x m y i i c r ^ B B o S d , ? ) 

V(B,*,r) * ( ( O y > c . . . x ( v J i >7*TTtXp: | J c P S B J ) r t S ^ ( I f D 

W(B,m) - ( Wm)r x . . .x (W m ) y x T U I ^ e P \ B$. 

Proof of the theorem 1: I . The family -fV(B,n)f B & &, 

nsA: |B \ « ISI} i s point-countable, for i f x€V(B,n), thea 

B c V (x) * **T ^ P :x(tf)*0 , while both P(x) aad A are count-
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able sets. 

II. Let \ ^ r \ be an arbitrary open family in bicom-

pact X . Let us index the points of UQl^ as itfpi ft < *£ ?* 

where X is the first ordinal with the same cardinality as 

Kj*lLr. Let x-£ - y-,. There exists an index ^ and *& ele" 

mentary neighbourhood of x-̂  V'd&pl^) * V(B1,li-1 )nW(B f̂m-)r\ 

rsX such that B{ r. V (x) = 0f B ^ P (x) and v'tB^i^ s 

£ 1Lr • 

Suppose that for every i> <<: ̂U/ < "£ we have defined the sequen

ce of indexes { # v ? - points 4 xe^ and neighbourhoods in X 

J[V'(Byf!y)l such that 

•) X , e V ' ( B p f l ^ ) o ^ 

b) x^e VW'f^J^y, V'CB^,!^) and x^ is the first point 

with this property 

c) V ' t t ^ V » V(B^fl^)n W(B; l v ) n X and B ^ c P d ^ ) 

but B ^ T (xv) = 0. 

Let us consider ^ V ' ^ , ! , ) . I f ^ V ' t B ^ ) = ̂ % , then 

put x^= 0f V' (B^ f i ^ ) = 0. But if p « u ^ \ ^ v ; < B p f v * 
+ 0f then let x ^ be the first point of P. Now there exists 

an index ^^ and the neighbourhood of the point x^ : 

:V'(B^ ,1^) = V i B ^ ^ ^ l n K B ^ i ^ l n X such that B ^ s 

S r < V » . ^rsVkx^) = 0and V'(!<«/, 1 ^ > c IL^ . 

Obviously, the conditions a) - c) are satisfied. We shall 

prove now that U^V'fB^ fl^) •
 U6^r» Let y e V %^ then 

y = y f for some xt and x - y for some ^ . It is 

clear that ^ 0 * ^ . But if y e U < ^ r x^U^V'(B^ f l ^ ) f 

then p , > (A, f thus y * y = x , and y ^ 
' p© <̂  r-o r'o 
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e U V'(B^ ,n ) £ U >U . 
^*&o ^ V* K 

III. Let us prove that for every ^ < ^ there exist 

only countably many different i> <c tz such that V(B ,n ) = 

= V(B ,n ) . On the contrary, suppose there exist E: I El* 
(°o <% 

» -rt-̂  and V(B^,n^) -= V(By,n\,) for every ^, x> e E. Uien 

B^» B^ =- B°, n^ = m„ = n°. V'(B^ ,r_^) £ V(B^ ,11^) and 

v'(B.c ,11^) =|iV'(B>;, n^) according to the construction. We 

may consider the case IB' I = (B^l , my » m = m0 and B' 4= B^ 

because of the uncountability of E. ftien there exist C c V 

and uncountable E'c E such that B' = CuB" for each A± e. 

6 E' and B" n B ^ = 0 for every fi 4= *> and ^, D e E' (I-*em-

ma 1) and we may consider •S^u/i^eE'c'cJ simply isomorp

hic t© o>i* ka X is a bicompactum and x e X for every 

/a e E, then there existsy e X - a complete accumulation 

point of the set Uix^: {U e E'?. l r ( y ) | ^ ^ 0 . The fami

ly 4B" : (U & E'i is disjoint. !Hiat is why there exists ^ e 

& E ' such that for every (U 2 xt B'Ju, n J"1 (y) = #• According 

to a) x ^ € V'(B^ , n ^ ) = Y(B°,n°)n W(C,m0)n W(B"^ ,m0) n X 

and according to b) x 4 v'(B ,n ) * V(B°,n°)nW(C,m Q) n 

n W ( B " ,mQ) r\X for all <tt .> x^0. It follows that for all 

p , > <u0 x ^ £ W ( B W ^ ,a0) but W(B"^ ^ l a y , because 

P ( y ) n B " =- 0. Ihis contradicts the conception of the comp

lete accumulation point. 

IV. Thus the family iV'(B ,n ): ̂  a p is point-

countable, for if x e V ' ( B . , n ^ ) , ^ e S and E is uncount

able, then the set of distinct V(B, ,n ., ) which contain x 
(U. * (W-

is also uncountable, because of III. and the fac»t that 
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V'(B ,n^)cV(B^,n ). That is impossible, according t© 

I. {V'(B ,n^ ): <a < % J refines "f̂ Ĵ according to the con

dition a). Theorem 1 is proved. 

In the case of JE?^-products the situation is simpler: 

Theorem 2. %^{lfY) i s hereditarily <3 -metacompact. 

Proof: Let o (n ,r ) * i V(B,n,r) :B e fi> and | B | = Inlj 

o = Ui o>(n,r):neA == ^ N*, r e N j . 

I . The family a>(n,r) i s point-finite, since x e 

€V(B,n,r) t h e n B c P ( x , r ) = f f ixtyz l/rl, and | P ( x , p ) l - -

< *V 
II. Let {*%*} be an arbitrary family of open sets in 

2 * (I,r). Index the points of U*tl~ as 4y^: /% <r <% \ , whe

re t is the first ordinal with the same cardinality as 

U%^ . Let x0 = 0, V^ « 0, ^0 = 0. By a transfinite in

duction we shall define the sequences of indexes iT^1 (& < 

< v I , points 4x^ J ( U < ^ ? and neighbourhoods 

{V'( Ptx^jk^), n ,k^ + l):^t < t; ? . Suppose that for all 

p -c AC < t we have constructed such sequences with the fol

lowing conditions: 

a) x̂ eV'( P U ^ ) , ^ , ^ + 1) £ %r^ 

b) x ^ U ^ ^ V ^ r ^ , ^ ^ * 1) and x^ is the 

first point with this property 

c) V'(r(x^),ir,,kv • 1) « VCFU^k^.rT,,^ + 1) r. 

AW(By',ky) and B ^ n r u ; = 0. 

Let us consider P - U v'(P(x,,k ),n0 ,k, • 1). If 

U^lltf- P, then 3̂  * 0, x^ s 0, V^ * 0. Otherwise, let x ^ 

be the first point df U ^ r \ P. Ihen there exists an index 

rf and the neighbourhood of the point x ^ :V(B,n,r)nW(B',m)c 
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c *Ur such that Be P(x^), B'n r(x^) * 0. Let k^» 

«max-Cr,mj, B^« B'. Then P(x<;U,k(U)3B, therefore we «ay 

find n == n ^ such that V'( r(x^ ,k^) ,n^ ̂ ^ ^ 1) « 

« V(r(x(Ct,k^),n(U,k^+ l)nW(B^,k^) c <% r .The condi

tions a) - c) are obviously satisfied, 

as in the proof of Theorem 1. 

III. Let us prove that if ^ 4. v , then Vy^« 

p V( P(X(a,k^),n^,k^ 1) + V( P(x^,kv),np,kv + 1) * * v 

Let <u, > V and V 3 V» » then r(xV»V * ^ V ' V ^ E» * 
= »<u f kv s V • According to a) x^ e V^ n W(B^,kcCC) and 

according to b) x $ V> n W(B^ ,kp), because of ^ > y> .It 

follows that x^^ w(B^tk
p)

 = w(B(l»
k
ct6) and there exists 

X e B ^ such that x ^ t ^ V k ^ , but then ^ e P l x ^ k ^ ) « 

» Ptx^k^), i.e. B̂ , A r (x̂ )--?-̂  and this contradicts c). 

IV. Thus the family ^« i V'( rfr^k^) ,n^ ,k^+ 1): 

: ^ < ^ T indexly refines {V( Tfx^ ,k^ ),n^ ,k^+ Dz^-^ti 

and the last family is 6-point finite (part I). According 

to a) <& refines ilL^l . 

Remark 1* Theorem 1 and Theorem 2 are true for the 

corresponding S-products of the arbitrary separable met

ric spaces. The proof is the same. 

Theorem 3. a) €f(I,D has the closure-preserving co

vering of compact sets; 

b) let Ŝ . be the closed sequence, converging to zero, 

then ^(S ,P) in addition, has the € -closure-preserving 

covering of finite sets; 
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c) e^DjP) has a closure-preserving covering of fini

te sets. 

Proof: a ) Let B e $ and B = •£ j . , , . . . , Tfc?> t n ^ n 

K(B) = ( 1 ) ^ x M . x ( I ) *. U , 40? c erdfr). Let X = 

= {K(B):B e 3 J . Obviously, X i s a cover ing of ^ ( I , r ) # 

We s h a l l prove now t h a t % i s c l o s u r e - p r e s e r v i n g . Let x. e 
CO 

e K(B. ) and x. —> x . If x„ <£ . U- K(B. ) then x 4 K(B. ) for 
1 X O O ' v - I X U ' X 

all ieN, that is why there exists cC^eP (xQ) such that 

o& .^ B. , but P (x ) is finite, therefore there are infinite

ly many* different i(n) and also there exists o£ e ^^x
0) 

such that °^i(n) = °̂ 0> but then
 x i t n ) ( ° 6 0 ) ~ 0 (because 

^o ~ °^i(n)^ Bi(n) ^' a n d ^ ^ o ^ 6 ^'xo^' b u t t n i s m e a n 8 

that xA aC0)=¥Of the last is a contradiction, because x.—-> 

- > x 0 . 

b) and c) may be proved s imilar ly . In the case b) X = 

= Ul '^C n :n6Nf, where Xn ={K(B,n) ,B s CE j and K(B,n) = 

" ( V W n V — X ( V "n^^B^oC u 0, where 0 -

Obviously K(B,n) is a finite set. 

Remark 2* Theorem 3 a) is true also in the case of 6" -

products of arbitrary compacta. The proof is the same. 

Corollary 1. <o (D,P) is hereditarily metacompact. 

It follows from a theorem in C9J that each space with 

the closure-preserving covering of compact sets (we shall de

note this as CPC) is metacompact. 

Corollary 2. a) Every Corson bicompactum is heredita

rily metalindelbf; 
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b) every Eberlein bieompactum is hereditarily &-me-

tacompact; 

c) every strong Eberlein bieompactum has the closure-

preserving covering of finite sets, is hereditarily metaeom-

pact and scattered; 

d) every Eberlein bieompactum which is embedded in 

& (I,D has CPC. 

The scattering in c) was proved in L5J. 

Remark 3. Independently of the author, E.G. fytkeev 

proved that every Eberlein bieompactum is hereditarily meta-

lindelSf. 

It is impossible to receive metacompactness in the theo

rems 1 and 2. It follows from 

Theorem A. There exists a zero-dimensional Eberlein bi

eompactum which is not hereditarily metaeompact. 

Construction Let t be the regular cardinal, <z > #0» 

^t Pw » P„ and IT I = x . Let T - U-i l"V :n€Nj; S * n m n n 7 

« 40flf...fVnf... \ f DR * 4.0, Vn}. Let us denote by X the 

product TI\ Tip (-0̂ )̂  (it is easy to check that X is homeo-

morphie to JJV D ^ ). Let F » { x e X : for every neNHyis Vni 

:x(y)40SU 1*. F is closed in X . Really, if x«j-F, then 

there exists n such that Mf e P :x(̂ )4=Ois I > 1 i.e. the-
no 

re exist Tit T2
 € p

n
 :*<ri> 3 V B # and x(y2) = Vn 0 {?x± r£* 
o 

Now W(x) = (Vn0) x cVn0) x ̂ ^ ^ o c i s ** °Pen neigh

bourhood of x and W(x) r. F = 0. This implies that F is a bi

eompactum. Obviously, F c 21(DfT)f but F c .Si^(SfT)f too, and 

therefore F is a zero-dimensional Eberlein bieompactum. 

271 



F is not hereditarily metacoapact* For every 1 6 S and 

T c P B l e t Xy be a point of P such that P(x r) = y , 

*tW » Vn. Let VT « ( ( V n ^ x ^ D ^ )n F, l e t $ • 

= U { x r^-e T$ and <#($) » i^T* Tf. # ( $ ) i s the fa

mily of open sets in F. Suppose, W refines i#(<£ ) and has 

the same "body" ( i t means UW * U iM$) ) . We may assume 

that «2i/b i Ŵ : y 6 T J,where Ŵ  * ^ n W(B(̂ ) ,mr) and B(r) n -f^J = 

a 0 and B(^) i s a f in i te subset of T. 

Lemma 2. If k e N, P c P^ and i n * * ; P n c Pn and 

I Tn I a ^ , then there exists r^ s P and a sequence 

4Fn:H>k + l i such that Fn c Pn , lFnt » ^ and for a l l 

TeU\Fn:neHi B(7) f T<). 

Proof: For every ^o 6 p " ^ e a c n n ^ k + 1 i e t 

Pn( T0) =l7z ^ n : B ( ^ ) ^ x 0 5 . Suppose that for every x 0
e P 

there exists n0( TQ)Z H I such that I Pn ( r ) ( T0*l ^ "* * 

As I PI *x > # 0 , then we may find V' d- P and nQ such that 

for a l l r© e p / ! pn ( r ) ' ^ Xm L e t { ^ n : n € R 5 *** t h e 

sequence of d ist inct indexes of P' . Then V n \ -̂Ĵ  Pn (yn)# 
o " o 

* 0 , because i j j , . Fn ( yn> I < * . I*t [be P n \ ^ Pn ( T n ) , 

then [b 4 U^ F
n ^ Tn) a n d # e P n » therefore B(/3 ) * ^ n *o o 

for a l l neN , that i s impossible, because B( £ ) i s f i n i t e . 

Lemma 3 . There exists a sequence of d ist inct indexes 

-? m : n 6 N J s u c h t h a t T n
 e r

n
 atKt W T B ' • Tm

 i f n * n u 

Proof: Let k » 1 , T « V-,, P n = Vn (n>2 ) . Then 
according to Lemma 2 , there exists T-\ e *~\ and a sequence 

iF^f n > 2 l such that F J C ^ , | F j | = t ; and B(y) * n * o r 

every y e U (J^ t n i 2 j . le t k = n - 1 and we have aire-
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n -1 n-l 
*dy defined ^T^Un '*Pn » n* n„ ? 8uch that V c 

—i ° 
c rn, i Fn°" I • * »

 B( Ti> 4 Tj» M * % (i+ J> *»d fa* 
n -1 

every ^ e U i Pn f m nQl and each k< n0 B(^) ̂  rk« 
n -1 *t0-4 

Then according to Lemma 2, if k = n0 V = Pn
 x^V!j B(ji) 

n -1 o 
and P n = Fn° \ A.-^ B(yi* there exists x n e F and a 

nA n ° 
sequence - f F n ° , n > n 0 + 1} such that l P n I = r and 8(3-) ^ p 

n 
for every y & „ ̂ + 4 Fn • Obviously, BC ̂ n ) -̂  Tk

 for each 

- 0 0 
n«- 1 

k<n 0 (as j n e Fn ). B( <yk) + T n °y * definition of V . 
0 0 o 

Therefore, by the induction, we receive the required sequen

ce. 

With the help of Lemma 3 it is easy to show that the 

family W is at least point-countable. 

Let y eF be a point such that if y 4- Tn>
 then y(T> = 

= 0 and if -y = %n, then y( v j = /n. Now y e W , because 
n ^ <Tn 

y(/ n) = \ and for every 7 e S( Tn> y(^) = ° (because 

B( 3"n) $ x m if n4.m). 0:herefore F is not hereditarily meta-

compact. 

§ 2. The hereditary properties, arised in the theorems 

1 - 3 are responsible for many other well-known topological 

properties of bicompacta, contained in 2i -products and so

metimes, we are able to specify some of them. 

In our consideration we shall denote the hereditarily 

metalindelBf bicompactum as HM-bicompactum. 

Definition. Name a space X a super-Fr^chet space i f 

for every 1 / s X and xQ e ify] , whenever Y(x t'J/) « A , 
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then always there exists a discrete in itself set k £. ty , 

such that I A I -* Jl and £A1 \ A = •[ x0J. 

Obviously, a super-Fr^chet space is a Fr£chet-Urys©n 

space. \ 

Theorem 5. Every HM-bieompactum is a super-Frgehet spa

ce. 

Corollary ?. It X is a Corson bieompactum, and x0 is 

a G^ -point in X , then there exists an Alexandrov super-

sequence, converging to x0, the length of which is Si . 

Theorem 6. Every HM-bicompactum has a dense set of G ^ 

poiats. 

Theorems, similar to those of 5 and 6, are true for the 

hereditary (and not only) properties, more general than HM. 

We drop the proof of all these facts, because of another di

rection of our note; they will appear in an article written 

by the author and E.G. Pytkeev (see this issue). 

Theorem 7. Let X be a scattered bieompactum, then 

a) X is HM iff X is a Corson bieompactum 

b) X i» hereditarily 6-metaeompact iff X is an 

Eberlein bieompactum. 

Every strong Eberlein bieompactum is already scattered, 

so we have 

Theorem 8. The next conditions are equivalent: 

a) X is a strong Eberlein bieompactum, 

b) X is a bieompactum with the closure-preserving 

covering of finite sets, 

c) X is scattered and hereditarily metaeompact. 
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Let X be a scattered bicompactum, X-̂  £ X - a set of 

all isolated points ©f X . X^ - a set of all isolated points 

©f X x U i X^: ft <• oc | . Then we shall call an ordinal oc 

the index of scattering of X (is (X)) if cc is the first 

ordinal such that 00,+-, = 0 . 

Obviously, X » U «£ X^ : fi £ is (X>jf. X^ is dense in 

^ t Xr*. J 2: (11 and X ^ is finite for oG * is (X). 

The proof of the theorems 7 and 8 may be done by the sa

me method. Let us prove, for example, Theorem 8. 

a) =*> b) Ohis is Theorem 3 a), b) =->c) It follows 

from £9j (while the scattering follows from the fact that 

X s* ^ i Fn:n6N?>where Fn is a scattered bicompactum). 

c)=^ a) We use the induction. If is (X) = 1, then X 

is finite. Let is (X) ~ ft and for every hereditarily meta-

compact bicompactum ty such that is ly ) <: /3 it is proved 

that ̂  is a strong Eberlein bicompactum. For every y e X 

there exists cC £ (I :y £ X^ . Let 0(y) be a closed-open bi-

compact neighbourhood ©f y such that 0(y) n Ui X^:T- o C^ s s 

» ty J . X* is finite, OC \ JUL is open. Let i* » *V? be a 

point-finite closed-open refining ©f 40(y):y £ X \ X- J . For 

every V, Vc 0(y) (for some y), therefore is (V) -< /3 . V is 

an ©pen bicompactum in X • Let F(V) be a point-finite sepa

rating family of closed-open sets in V. Then <T« Ui F(V): 

:V e t$ \ v { 0(y) :y c X^ J is a point-finite separating family 

of closed-open sets in X . The theorem is proved. 

Remark 4. P» S8.mon [53 posed a question: is every scat

tered Eberlein bicompactum a strong Eberlein bicompactum? It 

is claimed in [12J that every Corson scattered bicompactum 

is strong Eberlein. If it is so, then all of the conditions 
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of Theorems 7 and 8 are equivalent. 

T̂heorem 9. For every ordinal oc y 1 and cardinal "** -£ 

2r &Q such that t 2: I <*- \ , there exists a strong Eberlein bi-

compactum X = X(ocft) such that <wr(#) = r and is (GC) = oC. 

Proof: Let ex; = 2 and t 2: vrQ« Let i be a set of power 

t with the discrete topology on it. Then <£ = X(2f?) • 

= XUiQ\ is a one-point bicompactificatioB of A. n*r(0C) = ^ 

is (X) = 2 . Suppose that for every (I -< oc and v i t 2z \ (&\ we 

have constructed the strong Eberlein bicompacta 3C( /3 » % ) 

with the necessary properties. Let v > \cc\ and %& = 

= J-S^ OC (/J , t ) oe a free union of the bicompacta 0C(/3 , <t ). 

Put X(oC,t) = ( 2, KL-JU-CGJ a one-point bicompactifi-
(tl « ^ <X TV 

s ̂  
cation of a locally bicompact space 2 ^ • It is easy 

to see that X (oc %t ) = X is a strong Eberlein bicompactum, 

IAT(X) = t and is (OC) = oc . 

§ 3. HM-bicompacta and bicompacta in .S -products have 

many common properties, but not all. The reason seems to be 

in the absence of the "monolithness": there exists even here

ditarily LindelOf, separable, but not metrizable bicompactum 

£113. 

On the other hand, every bicompactum admitting CPC is 

obviously monolithic. Eberlein bicompacta often admit CPC 

(Theorem 3, 2!heorem 8) (but not always, as it will be seen 

later). In this connection let us point also 

Theorem 10. Every scattered Corson bicompactum admits 

a closure-preserving covering of countable compacta. 
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The sketch of the proof: Using the induetiom upon the 

index of ecattering and Theorem 7 a), we may prove the exis

tence of a point-countable separating family & of open-clo

sed sets in X * U { X^ : cc^ (11 such that for each y e X^ 

there id Fy e $ :Fyn ( \j { x : <y 2 <* } ) « -fy?. Now, for each 

y, if A-ĵ  »*y} f An * f »:*Bn A ^ . * jBJ then K^ =- U-f A^-.ne * J u 

u l * is a countable compactum. A family 4-5L:y e X\ is clo-

eure-preeerving. 

We see that the bicompacta admitting CPC deserve a spe

cial investigation. 

Let V s {F} be a closure-preserving family of compact* 

in a space X « Let {^J be a family of maximal centred sub

systems of $ . Then for every 3^ : ^ * H 4 fiF s 3^1 4s 0, 

and f^ is a compactum. Obviously; if oc 4* /l , then 3?^^ 4^ = 

» 0. A family $<$> 5 is discrete in X f since if x e X , then 

? x = X \ U ( F 6 ^ :F^x$ is an open neighbourhood of x, in

tersecting at mo9t one $ (only in the caae x e cjĵ  ). If X 

is a bicompactum, then the system 1§ j i3 finite and $ « 

= U cj)̂  is compact. We shall call the set $ * U $<£ a maxi

mal set for the family $ . 

Lemma 4. Let X be a bicompactum, w(X) - X and tf©^ 

< X ^ x . A family ? is a CPC on # . Then there are a bi

compactum F c X and a compactum M c P such that 

1. V * Inty F cannot be covered by the subfamily *?"c ^ 

such that I $' \ < % . 

2. For every open 0 such that O D M Ifttg ̂ FN0^ can *>e 

covered by the subfamily ^ s ^ such that 1 ̂ '1 -<- & • 

Proof: I. Let F-̂  » X f $•. s <£ - a maximal set for 

? in P^ V^ = F,, 0Q = 0. Assume that for every n < k we have 
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already defined the sequences «CFnl, i$nlf $\l and $Oa$ 

(n< k) such that 

a) Fn = X N .U^O^ Vn = l n t x FR; § n i s a maximal 

set for &n = {BnFn:B e &\ , O n - 1 o $ B - 1 and i s open in X 

b) Vn cannot be covered fcy the subfamily $"9: $ such 

that I r' l <• A . 

Consider F - ^ = X \^VJ O i , ^ j ^ c F - ^ , V-^4-0. If there 

i s am open neighbourhood O ^ ^ . T ) such that Vk *= 

= Int^ (F
k«xx 0 t $ j c - i ^ + ^ a n f l \ c a n n o t b e covered by a sub

family $'s* tf such that \$'\< & , then put Ok-1 = 0( ^ j ^ ) , 

Fk = Pk-1N °k-i s XK&h ° i a n d Vk • I n t £ V * * i f f ° r 

every neighbourhood 0 ( $ k - 1 ) Intg ( F k - 1 \ 0( $ k - 1 ) ) c a n toe 

covered by a subfamily W s, & such that l#"l-< ^ f then 

put Fk = Vk = $ k = 0, 0 k - 1 = 0. 

I I . There exists such a natural k > 0 that Fk = Vk » 

= $ k = 0^«x s #• On the contrary, suppose for every natural 

k F k + 0 , 0̂ .3̂ 4* $• ->t x k e $ k # Then -$xk$k6N i s a discrete 

set in X . RealJy, i f x £ ^A Ok, then Vx = X \ U { F 6 ^ t 

:F£x$ i s open and V^n $ k = 0 because i f x £ c^c $£1 t n e n 

there i s F 6 ^ such that F|»x. But i f x e j&^ Ok, then the

re i s the f i r s t natural kQ such that xcOj, , but according 

to a) Ok n (^U^ Fk) = 0, so Ok n (U-Cx^k^ k09) = 0. Thus 

4.xJJk=1 is discrete in a bicompactumj a contradiction. 

III. Let k be the least natural number such that Fk = 

= 0, then F k ^ 0 , & k - 1£ l ^ and V ^ = Int^ F-^ cannot 

be covered by a subfamily #" s $ such that l£"i<: X ,while 

for every open 0( $k-1) Int^ (F-^N °( $k-l^ c a n te cover~ 

ed by such a subfamily. Now put F = X^it M * $v-l» V s 

= Int̂ , F, and Lemma is proved. 
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Theorem 11. Let X be a bicompactum, admitting CPC, 

% £ X be open-

Then there is an open V £ % such that w(V) 4* tfo (and thus, 

the set of the points of a countable local weight is dense 

in X ). 

Proof: If w( T^]) = % > -#0, where tU^l c % and *\ 

is open in OC , then let V £ 1%^] , F and M are chosen as in 

Lemma 4 (for OC = V\ ] and X = ^ - _ ) . V\M4=0 (otherwise VcM 

but w(V) > tf,, while M is compact) and V\ M is open in t^J, 

therefore (V\M) 0 ^ 4 = 0 and open in ^ and so in X . Let 

z c(V\M) n ̂ -,, then there are open sets 0 and W-, such that 

O D M , Vfj^s z and OnW 1 = 0. Now W = ^A (V\M) n ^ is ©pen in 

X and W £ V \ 0 £ F \ 0 , therefore W£lntx (F\0) and according 

to Lemma 4 can be covered by a subfamily •?" £ & such that 

t 3"l<- jft1. Hence w([VJ) = w(V) £ -y.Q. 

forollary 4* Every non-metrizable bicompactum, admitting 

CPC is not homogeneous. 

Theorem 12. Let X be a bicompactum admitting CPC, 

w(X ) = t and & < X ^ x. . Then if & is regular, then the

re is a family Wi of pairwise disjoint open sets with a coun

table local weight such that Uvj | = & • 

Proof: Let V be chosen as in Lemma 4. Suppose that for 

every <& < y < £1 (X) we have defined a system -fV̂  I of open 

sets such that 

a) C V^XjC V and f V^i^, can be covered by a countab

le subfamily of & 

b) V^ A I U-CV^: (l <- oC ?]= 0. 

Let us construct V^ . As ^ ^ £l(X) and because of a) 
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^ ^ X * : «* < f \ can be covered by a subfamily f ' f i f such 

that l ^ ' l - c A . But % i s closure-preserving, so [ U i V ^ : 

: oo-< f }J also can be covered by such a subfamily. Then 

tt«V\[v;-;7rtscC< y * 3 ^ 4* J0 i s o p e n a n d w W t } = A • 

Let V^ S %, be an open set which can be covered by a count

able subfamily of Ql (V.- ex i s t s , because of Theorem 11). Ob

viously, a) and b) are sat is f ied . 

Corollary ^. Let X be a bicompactum, admitting GPC. 

Then 

a) c ( X ) » w ( X ) ; 

b) X contains an open dense metrizable subset with the 

local countable weight. 

Theorem 13. Let X be a bicompactum admitting CPC, 

w(0C ) - it and *Q -< A ^-1 and A is regular. Then there 

is a compact set M £ X which cannot be represented as the 

intersection of lesa than A open sets. 

Choose M as in Lemma 4* 

Corollary 6. Let X be a' bicompactum admitting CPC. 

Then, if f k ( X ) is a pseudocharacter of compacta in X $ 

then 

Yk(X) =- c(X) » wCX) «e(X) * 1*1. 

Answering the question of Rosenthal 14): doea every 

non-metrizable Eberlein bicompactum contain a compactum 

which is not G^* ? 

Benyamini, M. Rudin, Wage, recently gave a counter-example. 
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Their bicompactum does not*admit CPC according to Theorem 
oo 

13. Another bicompactum of this type is /TV X-tt where X^ 

is a "double circumference" of Alexandrov Ell] (each X. is 

embedded in £(I,"P) and hence admits CPC). 

Theorem 14. Every bicompactum X admitting CPC is a 

Fr£chet-Uryson bicompactum. 

It is sufficient to prove that t ( X ) ^ ^ 0 (see E7J). 

If A c X then B = U U S J : S c A and Isl ̂  *Ql. Let & be a 

CPC on X . If F^ 6 $ , then put 9^ = BnF^ . <|^is clo

sed in F^ (because t(FoG ) ̂  tfQ) and thus each $<£ is compact. 

If x e t U < ̂  s oce r n v U ^ ^ ^ e P } , then xQ e 

& U-[F. : oc e V} and so there is o6ft:xAeF. \ $ , , thus 
<C 0 0 o£ y o£ _ ' 

o o 
x0^ B. It follows that O^l is also CPC, but only on the set 

B. Therefore B is metacompact, and B is obviously countably 

compact, so B is bicompact, thus [A] = B and t(X)^= _K0» 

Every linearly ordered Eberlein bicompactum is metriz-

able [131. 

Theorem 15. Every linearly ordered bicompactum with 

CPC is metrizable. 
9 

Proof; Let ^ bea CPC on X . Suppose that X is not 

metrizable. Let F1 £ & . Then 16= X \ F1 = U (a^ ,0^ ) and 

*aoc >boo ̂ n^ aA »b/3 ' = & (<^*/S). If every interval (a^ ,0^ ) 

is metrizable, then ^6 is metrizable (as a free union of me

tric spaces). Then X = ^ u F, is a union of two metric spa

ces, and hence is an Eberlein bicompactum [14J, so X is me

trizable [13J and that is not so. Let ^ii^x'6, "̂ aotr ,boC ^ 

and (ax>bx' ** n o t metrizable. '-*ien ̂ aiibiJ *8 a l s o n o t met-

rizable. 
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Using the induction, we receive a system of segments t^ni^n^ 

ai$ of compact* {W \ such that 

a> t«n+1,bn+1JC(^,bn) <V*=V 

b) -,».>iA<«B.V*'» Vl^Vl'Vl' = *• 

Let yne
 F

n + i
n ^*n,bn^ a B a xo b e a n a c c u m u l a t i o n point of-fynJ. 

Then x £F and 5̂  is not closure-preserving, a contradiction. 

§ 4. Problems 

1. Is it true that every bicompactum admitting CPC ia 

embedded in 6-(I,P) ? 

2. Is it true that every scattered bicompactum admitting 

CPC is a strong Eberlein bicompactum? 

3. Let K be a compactum, X - HM-bicompactum. Is it true 

that t(C0(K,X)) ±#9 ? It is true, if X is hereditarily Un-

delOf C153 , or Corson bicompact (the last was proved by Ityt-

keev). 
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