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COMMENTATIOMES MATHBMATICAE UNIVERSITATIS CAROLINAE 

23.2 (1982) 

THE EPIS OF POS (Z) 

A. PASZTOR 

Abstract: In 143 and 15] J . Meaeguer conjectured that 
in POSTSTepie are exact ly the denae mapa. In £31 D. Lehmann 
and A. Paaztor gave an example of an ep i which i s not dense. 
This paper provides the exact characterization of a l l ep ia of 
POS(Zl, for arbitrary Z. 

Key words: Epimorphism, Z-complete poeet . 

C lass i f i ca t ion: 06A10, 18A20, 18B99, 68A05 

}-• Introduction, For an arbitrary sub3et ey3tem Z (ae* 

[13) l e t POS(Z) be the category of Z-complete poaeta ( i . e . po -

seta in which any Z-set has a sup) and Z-continuous maps ( i . e . 

mapa preserving the sup3 of Z-3eta) . I f X s P and P s 1P0S(Z)) 

then cl(X) i s the l eas t subset T of P which contains X and i n 

which every Z-set has i t s sup (which has to ex i s t in P) in X. 

A map f :P—ygeMor POS(Z) i s dense i f Q * c l ( f ( P ) . In £43 

and £51 J. Meseguer conjectured that i n POS(a>) ep i s are ex­

ac t ly the dense maps (and hence extremal monos coincide with 

f u l l mono3). In £33 D. Lehmann and myaelf gave a counterexamp­

l e to th ia conjecture by conetructing an ep i which i s not e -

ven dense. What makes i t to be an ep i? 

In order to anawer th ia queetion l e t U3 consider the fol low­

ing domain £ of figure 1, described in Meseguer £43. Then l e t 

B : = { b :n € o>i • Meseguer proved that for any 
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9> Y :£~^£ € M o r P 0 S ( c°)> if 9 > ^ B ~ Y r B » then 9"(aa?) 

=- Y ^ a «>) (since e.g. 9 (a^ ) 2 9 (bn) * Y ^
b
n)

 2 Y( a
n) 

Vneco and hence by Y^ao> ̂  ~ sup^ Y ^ an^n€o we Se* 

9^co^2 Y^oo^ But notice that a^^c l (B). 

figure 1: domain D 

This leads to the counterexample, which is an embedding i of 

B:= {(w,b):w c o>*$ into the domain E of figure 2. Since eve­

ry element of E-B plays the role of the a^ of figure 1, we 

get that for any 9 , Y : 1 — > 2 t 9 r B - Y ^ B implies 9 = Y > 

which makes i to be an epi in POS(cc>), although it is not 

dense! 
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(Å#) 

figure 2: domain £ 

My aim is to generalize the properties of i in order to get an 

exact characterization of all epis of POS(Z), for arbitrary 

subset system Z. Note throughout the paper that the presence 

erf a bottom X would not change any of the results. Thus eve­

ry result holds for POSj_(Z), too. Here I would like to thank 

J.Reiterman for helpful conversations on the topic of thie paper. 
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2* A new closure operator 

Notation: Ord denotes the class of a l l ord ina ls . 

Def init ion 1: Let P e lPOS(Z)l , X £ P , a,b e P and cc e Ord 

be arb i trary. Then "a As oc-connected with b through X* - i n 

symbols a v-̂ -21 b - i f 

1), For oc ss o 

3YbfiLP:becl(Yb) & VyeY f e 3 x y 6 X : a 2 i ^ | , and 

2) For 06 .5- 0 

3Yb£P:becl íYb) & V y e l b 3 b ? e P S o ^ e Qrd: 

y ^ Ъ y & oC y^oc & a Č#ž- Ъ y. 

Remark: Note that in the case of the counterexample in 

131 for every a e vE\B> a \&?L a holds ! 

For the i l l u s t r a t i o n of Def in i t ion 1 see the figure 3 at the 

end of t h i s paragraph. 

The following Lemmas 1-5 give some of the most important 

propert ies of the r e l a t i o n " to be connected through X* def in­

ed in Definit ion 1. 

Lemma 1: For any P e }POS(Z)| , X s P , a , b e P and oo,/S € 

e Ord, i f co -r fi then a j - ^ * - b imp l ies a J&i b. 

Proof: I f /3= 0 then ev ident . 

Let p> >• 0. Then l e t Yfe = -lb*. Since b e c l <Yfe) and 

V y e Y b 3(hy*cC*b 3 b y = b e P : b y 2 y & a i - V . b y , 

a ^ b . Q 

2: For any 2 e |POS(Z)\ , X,Ys.P, oc e Ord and 

XS.Y then a v5-^- b imp l ies 

Proof: by transf in i te induction* 

a , b € P , i f XS.Y then a \£*%- b imp l ies a > - ^ - b . 
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I f oC= 0 then a | * » x . b means 3 Y b s . P : b e c l (Yb> & 
& y y € l b 3 x y e X £ Y : a 2 x > y . Hence a i 0 1 ^ b . 

Let o t > 0 and suppose that V/3 -*-* oo the Lemma h o l d s . 

Then a v - -^-b means 3 Y b £ P : b e c l (YfeJ & V y e Y b 3 b e P 

3 o r > y e 0 r d : o c y ^ oc & b y > y & a \uy•X b . Since by the induc­

t ion hypothesis VyeY f e: a \*yiY b , we get by Definit ion 1 

Lemma 3 : For any P e IP0S(2)| , X£P, a , b , c e P and oc e 

6 Ord, i f a 2 b and b v^A. C then a i * ' * c 

Proof: by transf in i te induction on oc . 

I f o C - 0 then b yu**- c means that 3 X A £ P : c c c l ( Y j & 
c c 

V y c Y c 3 x y e X : b 2 x y 2 y . Since a > b , Vy e Y c : a > x y > y, 
hence a i-^'*- c. 

Let o o - 0 and suppose that V/3 -*- oc the Lemma ho ld s . Then 

bj-*-JL c means that 3Y c P : c € c l (y ) & V y 6 Y 3oCx ,*0rd 
** c c y 

3 b e P: oCy <* cc & b 2 y & b l ^ y * b . Then by induction hy­

pothes is V y e Y :a t^yj b hence by Definit ion 1 a .**' X c. 
y a 

Lemma 4: For any P e IPOS(Z)| , X£P , a , b , c e P a n d 

cc € Ord, i f a y^JL b and b 2 c , then a r ^ ^ A c. 

Proof: Let Yc = { c } . Then c e c l (Yc) & V y e Y c 

3 o C y = o C e 0 r d 3 b y = b e P: ocy<oc • 1 & b y > y & 

& a |°Sy#X- b . Hence by Def ini t ion 1 a |5i±i-^ c . 

Lemma 5: For any Pe|POS(Z)I , for any X £ P and for any 

a e e l (X): a \^±L a . 

Proof: Let Y : = {x e X:a 2 x { . Then a e cl (Y J & 
• a a 

& V y e Y . 3 x (=y) e X:a2 x > y . Hence by Def ini t ion 1 
a y .y 
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a , a . Q 

Remember t ha t our aim e s s e n t i a l l y i s to f ind the co-congruen­

ce r e l a t i o n of maps of POS(Z). In the fo l lowing we wi l l see 

how the r e l a t i o n "To be connected through X" leads to t h i s 

aim. 

P ropo s i t ion 1: For any £ £ \POS(Z)\ , X £ P , a ,bfeP, 

oc c Ord and 9>Y : f— .*q.£Mo r POS(Z)t i f a ^ b and 9>rX= 

= Y^ x» t h e n 9(a^ z Y*b* a n d ^ ( a ^ - 9 ( b ^ # 

Proof: by t r a n s f i n i t e induc t ion on oc . 

I f OG a 0 then a V^-A b means 3 Yb£.P:b e cl (Yfe) & 

& V y c Y b 3 x y € X : a > x y 2 y . Then Vy c Yfe 9 ( a ) > y ( x y ) * 

= Y ( x ) 2 y ( y ) r e s p . Y ^ ^ Y ^ y ) * 9 ( - 0 2 ? ^ * Since 

b c c l (Yb) implies Y ( b ) 6 c l ( Y ( Y b , } r e s p # 9 ( ^ € c l ( y ( * b ) ) 

(s ince cp and Y a r e Z-cont inuous) , we get <p (a) Z iy(b) r e s p . 

Y(a) Z ^ ( b ) . 

Let oc :> 0 and suppose tha t Vfi < 06 the p ropo s i t ion i s t r u e . 

Then a ^--^--b means tha t J Y b £ P : b e c l (Yfe) & Vy € Y. 

3 c c y e 0 r d 3 b y € P <*y--: cc & b y 2 y & a t-*v#X
 b . By 

the induc t ion hypo thesis 

VyfeYb: y ( a ) 2 f ( b ) r e s p . Y ^ ~ 9 > ( b ) . 

Then V y e Y b : 9 (a) > Y<b
y> Z ^iy) r e s p . Y ( a ) £ y (b ) £ $>(y) 

and since Y ^ b ^ G c l < Y ( Y
b ) ) r e s p . 9 ( b ) <= c i ( ^ ( Y . ) ) , we get 

9 ( a ) > Y^D) r e s p . Y ^ a ^ - 9 ^ b ^ » 

Co ro l lary 1: For any P e|POS(Z)l , X c P ) a , b e P and oC e 
oc X 

e Ord, a I—2—b implies a 2 b . 
Proof: Let 9 = Y = i d p« p 
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Corol lary 2 : For any P c |POS(Z)l , X £ P , a c P, oc, e Ord 

and <3>,Y :P—>&6Mor POS(Z), i f a ^ a and g>rX = -y rX 

then cj»(a) = y ( a ) J 

Defin i t ion 2 : Let P€lPOS(Z) | and X £ P be a r b i t r a r y . 

Then CL(X):= 4a e P 1 3 oc, e Ord: a V ^ - a i . 

Having a r r ived at t h i s point we know tha t CL(X) i s con­

tained in the co-congruence r e l a t i o n of any map of POS(Z) 

with image X (see Cor. 3 of Prop. 2 ) . 

Now l e t us prove some p rope r t i e s of CL(X). 

Leir-ma 6: For any P 6 IP0S(Z)I and X £ P , cl(X) £ CL(X). 

Proof: by Lemma 5. 

Corol lary: For any P € |POS(Z) | and XEP, X£CL(X). 

Propos i t ion 2: For any P c IPOS(Z) I f X £ P , a , b e P and* 

oc e Ord, a i * ' C L ( * ~ b - = . » 3 f t e Ord: a h^llL b . 

Proof: by t r a n s f i n i t e induc t ion on oc . 

Let 06 = 0. Then b c cl (Yfe) & Vy e Yfe 3 x G CL(X) : a> x > y . 

Since x c CL(X) 3 oc. 6 Ord: x y *-***» x . Then by Lemma 3 

a h-£v^ x y . Now b € cl (Yb) &. V y c Y b
 3 x y * p 3 oOy€ Ord: 

^ v ^ ^ ^ u f v ( o C v + 1 } & x v 2 y & a t ^ * ^ x v * Then by Def in i -»/ y e ^ J J j 

t i on 1 a h-5-^- b . 

Let oc >* 0 and suppose tha t for any £ < o c the p ropos i ­

t ion holds . Then H \^CL(V b means tha t 3 Y b £ P : b € c l (Yb) & 

£ V y c Y b 3 b y 6 P 3 oCyc Ord: ocy< « <S. b y £ y & a t - 'V C - X * b y 

but then by induc t ion hypothesis Vy€Y fe 3 |3 eOrd : 

: 3 H £ * x - * - b y . 
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Then by Definit ion 1 for ft :* 21, C/Jv • l ) a , **' X b. ,_, 
' y * Y#, ' y tJ 

Corollarv 1: For any P s i POS(Z)l and X£P:CL(CL(X)) =• 

= CL(X). 

Proof: by Corollary of Lemma 6 and by Proposition 2 for 

a = b. Q 

Corollary 2: For any P e I POS(Z)| the operator CL: (P(P)-> 

>tP (P ) , which assigns to each X £ P CL(X), i s a closure o -

per a tor . 

Proof: By Corollary of Lemma 6 X£CL(X), by Lemma 2 if 

X£Y then CL(X)£CL(Y) and by the above Corollary 1 

CL(CL(X)) a CL(X). 

a 
Corollary 3 : For any P e | P O S ( Z ) | , X £ P and <J>, y:P—*>Q.e 

eMor POS(Z), i f y r X -» y r X then <yrCL(X) = i|rrCL(X). 

Proof: by Corollary 2 of Proposition 1. 

e t c . 
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Further on we shall symbolize becl (Yfe) by 

i.e. for ©0=0 the figure looks like that: & 
b 

For at > 0 we illustrate then Definition 1 by: 

xz(7^ 5 X 

f igure 3: I l l u s t r a t i o n of Def in i t ion 1 . 

3 . The ep i s of POS((Z). Now we are ready to give the ex­

act c h a r a c t e r i z a t i o n of epis i n POS(Z): 

Theorem: kny f :P—>QcMor POS(Z) i s an epi i f f 

CL(f(P)) » Q. 

Proof: I f CL(f(P)) = Q then f epi follows immediately 

from Corol lary 3 of P ropos i t ion 2 . 

Let f :£-—>^eMor P$S(,Z) be an epi in POS(Z). Denote 
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CL(f(P)) = Q and suppose Q - QQ4- fb. Then we const ruct 

<?t ^ : 2 . — * S 6 M^r POS(Z) with 9 - f =- £ - f but 9 + f which 

con t r ad i c t s the epiness of f. F i r s t we define the maps g> and 

y > namely <p : = id^ and y : = idQ O p , where $z>:Q - Q0^->*im^ 

i s a b i s e c t i o n (Q - Q o +0) with ±m <p Pi (Q-Q0) = ft. Let the 

s e t R:=* Q 0 im p . 

Vfe are going to define on R the r e l a t i o n .6R: Let a , b e R , t h e n 

,A: a 6 ^ b i f a ,b eQ f 

' - R b i f f 1 
: Ç> ""Чa) * Q $ > " X ( Ъ ) i f a , b є im p , 

C: p ~ (b) ь - ^ 2 — - a for an OCČ Ord i f a e Q , b e im r», 

p : D £b—£2. (ъ " ( a ) f0r a n oce Ord i f a s im p , b c Q , 

der* 

In the following we shall prove that .£--. is a partial or-

l) reflexive: VaeR:aeQ-=-=>a ^ a - ^ a -=„ a and 

. - 1 - 1 , e A R 
Ê І m p =-£• ço (a) - ѓ q p (a) a -frw a. 

2) ant isymmetr ic : l e t a .£R b and b -£R a. Then 

a) a,b 6Q ==-» a = b 
A 

b) a ,b e im to -===> <p~ (a) =- r©~ (b) =$• a = b 

3) a c Q , b e i m 50 =& <f>~l(b) i * * ' ^ ? and 

a^Љ?-Hь)=^f-hь) 
BtVOfu.i 

Q>: a and a Q2Г <p 
L ( ь Ь 

f - 1 ( b ) = 

- 1 dL Q 

^ a g Q-QQ. But a = 5© (b i 1 <*> ? a implies D-t-f of p ' ° 

ae CL(Q )__g_S
Q
 which is a contradiction. This means: 

a c Q,b € im p ==-=-> 1 (a-^R b & b ̂ R a). 

d) For a € im <& , b e Q we get the same. 

3) t r a n s i t i v e : l e t a -£R b -^R c. Then: 
a) a , b , c e Q =̂-> a ^ R c-

A R 
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b) a , b , c 6 i m p ====.> a -£R c 

c) a eQ,bc e im <p - ^ - ^ ^ ^ ( b ) ^ — a - a and 
* C,.E» J 

m"'1(b) £Q f ^ ( c ) .=======» p~ 1 ( c ) tfC» go a = = v a , c # 

d) For a e i m t p , b , c e Q dual ly by D and A. 

e) a , c e i m j > , b € Q -==-*-> b v*1*' <p ""1(a) and 

f) For a , c c Q , b eim<j> dua l ly by C,D and A. 

g) a ,b ,€ .Q , c £ im D̂ --^-»» a ^ ^ b and 

h) For a , b e i m p , c c Q dua l l y by B and D. 

Next we s h a l l prove tha t <j> and y a r e Z-continuous. For 

t h i s l e t Y be an a r b i t r a r y Z-set in Q with a = sup Y. 

F i r s t we show tha t op (a) = sup^ <^(Y). By A (of the d e f i n i t i o n 
R 

of ^ R ) i t i s c lear that a R-£ y VyeY and tha t V b £ Q, i f 

y-=R b V y £ Y , then a lso a ^ R b ho lds . Let b€imf> with 

y ^ R b Vy£Y« Then by C j> - 1 (b ) . * ¥ * ^Q y V y e Y , which 

by Def in i t ion 1 implies ^>'"1(b) .*» **<> a, where 

oo :=-. 2 1 (oG„r + 1 ) . Again by C we get a ^-r, b . 

Now we are going to prove tha t y ( a ) = suj), t | K ^ # 

K 

1. Suppose a c Q 0 (and hence ip (a )=a) . By A y ^ R a 

VycYHQ and by D (O ( y ) ^ R a Vy ^YO(Q-Q0) s ince for these 

y - 3 a h2uJ?a y.Hence z-*Ra Vz e y (Y) .Le t z .6Rb Vz 6 ^ ( Y ) . 

a) i f b e Q then by A z ^ b V z e z/r(Y) f) QQ and by D 

and Corol lary 1 of Propos i t ion 1 cj>"~ (z) ^ b Vz € if (Y) H im<i>. 

This means y -s^b VyeY, hence a ^ b and hence by A a -£Rb. 
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b) Suppose b e i m p . Then by B rf> ~ (z) -£Q tt> (b) 

Vz e y ( Y ) n i m t p and by C and Corol lary 1 of P ropos i t ion 1 

z ^ Q ^ " " 1 ( b ) V z € y ( Y ) . A Q 0 , i . e . z^Qft>""1(b) V y c Y . This im­

p l i e s a^QfT ( b ) . Since a e Q Q we can wr i te JD~ (b) l— !—& a, 

hence by C a -=j^b. 

2 . Let aeQ-Q 0 (and hence y ( a ) = f ( a ) ) . By B 

2 ^ R p ( a ) V z e y ( Y ) A i m p and by C also z ^ R cP(a) Vz*ey(Y}n 

AQ s ince for these z-a a i—-- -^ z . Now l e t z -^Rb Vzey(Y) 

a) I f b c Q then by D b .J-^XIJLCL- p " ' 1 ( 2 ) Vz e y(Y) A 

fUm<p and by A and the above remark b \~Q±-QSL Z VAZ € y(Y)A 

HQ0. Applying Def in i t ion 1 we get b \^> ®°- a, where 

oC := .21 ( o c z + l ) , which by D means p ( a ) ^ R b . 
ir^yCyjn-wVfp 

b) I f beim<p then by B jo ( Z ) ^ Q ^ > (b) 

V z e y(Y) Aim«> and by C and Corol lary 1 of Propos i t ion 1 

y-£ Q{jo~1(b) Vy€YOQ Q , i . e . y * Q rf"*1(b) V y e Y , hence 

a ^ 0 < p ~ (b).By B t h i s means <p(a) .-5.Rb. 

By Banaschewski-Nelson 12]or Meseguer £6] POS(Z) i s ( fu l l -mono)-

r e f l e c t i v e in ZPOS - the category of pose t s and Z-continuous maps. 

Let ^ R denote the (Z-continuous) POS(Z)-ref lec t ion of fii=(R, ^ R ) 

and' l e t y . - ^ j f Y and $ := ^l^'S* • Then f 4 = y s ince y 4 - y 

and y . f • cp • f s ince y* f = 9 * f # 

a 

4 . Some congruences 

Corol lary 1: An m:P—J>3 eMor POS(Z) i s an extremal mono 

i f f i t i s f u l l ( i . e . m(a) ^Qm(b) i f f a -*pb V a , b c P ) and 

CL(m(P)) = m(P). 
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Proof: l ) Let m be an extremal mono and l e t m=-f»e, wi th 

e ^ — ^ S t R : = s CL(m(P)), -£R:=- - ^ O R 2 and e:=m and f:R—>fi f 

f i * i d R . Since by Lemma 6 cl (R) « c l (CL(m(P))) » CL(m(P)) * 

s R, R€ \POS(Z) l , thus e , f eMor POS(Z). By the Theorem e i s an 

e p i , hence e i s an isomorphism. This implies m(P)=e(P)=~R= 

sCL(m(P)) and m2 ( * * ) = e 2 C «_) = <£R = ^ Q A R 2 = * Q f\ 

0 ( m ( P ) ) 2 . 

2) Let m be f u l l and l e t CL(m(P)) = m(P). Suppose m = 

as f • e with e :P—>R, f : R — * Q e Mor POS(Z) and e e p i . We have 

to show tha t e i s an isomorphism. 

By the Theorem we know tha t CL(e(P)) = R. Then f(R) = 

« f (CL(e (P) ) ) . By the Corol lary of the following Lemma 7 

f ( C L ( e ( P ) ) ) s GL(f(e(P))) =CL(m(P)) = m ( P ) . 

Before going on l e t us prove the 

Lemmq ? : For any f t p—>QeMor POS(Z), X£EP, cce Ord and 

a , b e P , i f a 1 * ' X~ b then f ( a ) \aC> f C X - f ( b ) . 

Troof: By t r a n s f i n i t e induc t ion . 

For oo- 0 3 Y b £ P : b e c l (Xb) & V y € Tb 3 x 6 X:a > x r y 

hence f ( a ) z f (x ) > f ( y ) . Since f ( b ) £ cl ( f (* D ) ) w e & e t b ^ De~ 

f i n i t i o n 1 f (a) ) Q ? f C X ) f ( b ) . 

Let oc > 0 and suppose that for any /3 < cC the Lemma ho lds . 

Then a i06* X b means tha t 3 T b £ P:b<s c l (\) & V y e Y b 3 b y £ P 

3 ac vfeOrd: oCv-=r oO & b 2:y & a 1°° Y* X b hence 
y y «/ •/ 

f(b )>f(y) & f(a) i 0 Cv^ C X ) ?(b
y
)# Again» s i n c e f ( b ) « 

£el (f(Yb)), we then get f(a) &1 *CX" f(b). 

• Lemma 7* 
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Corol lary: For any f :P—^Q€Mor POS(Z) and X ^ P , 

f(CL(X))c CL(f(X)). 

Let us continue the proof. We have got tha t f (CL(e(P) ))£. m(P). 

Then i f we knew tha t e-m~ . f g Mor POS(Z) then we would get 

tha t CL(e(P)) = e ( P ) , i . e . tha t e i s s u b j e c t i v e , s ince 

e»m . f=idR ( s ince e i s epi and e»m • f-e = e«m *m = e*idp = 

= id R - e ) and so VaeCL(e(P)) e(m""1(f ( a ) ) ) = a, i . e . a e e ( P ) . 

But even m • f e Mor POS(Z) s ince for any Z-set AS.R with 

a = sup (A), f(A) i s a Z-set and f ( a ) - sup f(A) and s ince 

f (R)g m(P) and m i s f u l l m""1(f(A)) i s a Z-set in P, so i t 

must have a supremum and t h i s i s nT ( f ( a ) ) . Since V a , b e P 

e (a ) -^e (b ) = - ^ f ( e ( a ) ) - s f ( e ( b ) ) ==» m(a)-£m(b) = = » a ^ b e i s 

a lso f u l l . Thus e i s f u l l and s u r j e e t i v e , i . e . an isomorphism 

and hence m i s an extremal mono. 

Q Corollary 1. 

Corol lary 2 : POS(Z) i s co-(wel l -powered) . 

Proof: I t i s enough to prove the fol lowing 

Lemma 8: For any P e lPOS(Z)| and X £ P , CL(X)gX"f where 

X i s the j o i n - c l o s u r e of X in P, i . e . X -* {sup S : S £ X i . 

Proof: We are going to prove by t r a n s f i n i t e induct ion 

on cc tha t a i ̂  . a implies a = sup X , where X„ = { x € X : a > x ^ . 
a a 

Therefore l e t bZx V x e X g for some be P. I f oc = 0 then 
3 1 £ P : a e c l (Y ) & VyeY Q 3 x%reX:a> x> y9 which immedia-a a ™ y y 
t e l y implies b £ a* 

Now suppose cc > 0 and that fo r any /3 -«-: oc the statement h o l d s . 

Then 3 Y o £ P : a e c l (YQ) & Vy € Yo 3oc v -£ oo 3b e P : b > y & a a a j j j 
& a t°S' *- b,,. Since by Cor. 1 of Prop. 1 Vy eYo X. £ X , 

y a D a' 
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by induct ion hypothesis we-get t h a t V y c Y g b£ b . Then b > y 

and a 6 cl (XQ) imply b£ a. 

D Lemma 8 and Corollary 2 
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