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Abstract: We consider anisotropic Sobolev and BeSOT .pace, 
and proT. imbedding, theorem, of SoboleT and Trudinger type. 
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°« Introduction. Let I = (0,1)x(0,1) c R , and p = 
=
 (PQ»P-(»P2) w i t h l ^ S Pi - co , i = 0,1,2 . We set 

W~ = wj(l) = (f€Lpo(I) >f D ^ €l_p (I) , i = 1,2}, 

and, for 0 < 8 < 1 , 1=,s = oo,1=p i,q i = oo, Vr± = 

= (1 - 6)/pi + 9 ^ , i = 0,1,2, 

4,. -4,.«> • (wJ(I)^(I))e,.;K 

(interpolation by the K-method (see, e.g. [3],[9])). The spaces 

W-. and B- are called anisotropic SoboleT and Be SOT space., 

reap, (of first order). 

Let us fix another notation. By L- __.__ = L- _..__(I) , q = 
^ q,mix q,mix * ^ 

= ( Q ^ ^ ) i 1 - q.| = oo , we denote the usual mixed norm space, 

and, for 0 < 8 < 1 , 1 = a = oo , 1= P i , Q i - oo , 1 / ^ = 

= (1 - e ) / P i + e / q i , i = 1,2 , 
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LJ..,»ix = Lr,-,«ix(I> = (Lp,«ix(I)'I'q,.ix(I))e,.;K 

will be the Lorentz mixed norm space. 

The plan of the paper is as follows. First, we obtain ia~ 
1 A beddings of W- and B~ into Lebesgue and Lorentz mixed norm 

spaces, resp. when 

V ? 1 -> 1/p2 > 1 , 

and then the limit case 

1/Pt + 1/P2 - 1 

will be considered. 

Imbeddings of type W- C^ L , 1/p + 1/p2 > 1 , were the 

subject of several papers (see, e.g. t8J under some additional 

assumptions upon the iadeces P-;)* As for the latter case let us 

notice that the classical Sobolev theorem states that W2 C>LQ 

for each q€<2,oo) and known counterexamples (see, e.g. [l]) 

show that there is n o imbedding of type W2 c> L ^ . It is 

the fundamental paper by Trudinger [11] where a better target 

space was found, namely, an Orlicz space generated by a Xoung 
2 

function asymptotically equivalent to the function t *-> exp t 

at oo • Other extensions and refinements were given by Hedberg 

[5], Moaer [6], Strichartz [9], ••• .An interpolation approach 

was used in [7] by Peetre and anisotropic spaces (mixed norm ani-

sotropy) were considered by Besov, Il'jin, and Nikolskii in [4]. 

Let us yet notice that higher order spaces on domains can be ta

ken into consideration, as well, however, it is technically more 

complicated, in particular, in the case of the Sobolev type im

beddings. 
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1. The case 1/pA + 1/p2 > ] . 

We suppose that the reader is familiar with elements of the 

interpolation theory. Basic concepts used here can be found e.g. 

in [3],[10]. For brevity, we shall frequently use the following 

standard terminology: If X , X. , i = 1,2, X c x . + X , are 
i 1 2 

normed linear spaces and 

1 - e ii n0 ilxllv = c llxll ' - e Hxll 
1 'X " ,,Ä"X„ '^"Xg 

for some 9 €(0,1) , we shall say that X is of the class 

J(9) = JOfX^Xg). 

In the sequel, we shall make use of the following interpola

tion result by Benedek and Panzone. 

!•--• Theorem (fel). Let p ( j ) = <P( j^t • •• »P( j)n) i J
 r 1»2 > 

^- P(j)i - °& , i = 1,...,n , j = 1,2 , and 0 < 0 < 1 . Let 

C = (O,1) ncR 0 and set p = ( p ^ . . . ^ ) where 

1/Pi = (1 - 0)/P(i)i + e/P(2)i ' i = 1 » * * * » n • 

Then Lp,mix<C> ^ of the class ^;L§^ >ffiix(C) , 1 ^ > a i x(C)). 

1 . 2 . Lemma. Let 1 5 p^ < oo , i = 0,1,2 , 1/p + 1/p2 > 1 , 

P0 = max (p^,p2) , and c* > 1 . Then 

(i) L(oo,o<),mix i8 of the class 

J(1/ol» ^ ( x - D A p . - D > wp> > 

(ii) L(*,oo),mix is of the class 

J ( 1 / w ; Lp2(^-1)/(p2-1) • v • 

475 



P r o o f . Using the Bappo-Leri def in i t ion of SoboleT ( i sotro

pic) Sobolev spaces and the Holder inequality, we g e t , for 

f t. C°°(I) , 

} 
I o^ii ltls<"*» «*1 * 

= c ( H 1 | f ( x ) | ( e < - 1 ) P 2 / ( P 2 - 1 ) d x ) ( P 2 - 1 ) / P 2 . B f » L • 
0 o -p 2 

r r , , ( ^ - 1 ) P 2 / ( P 2 - D ( P 2 - D / P 2 „ „ 
+ c ( [ [ If (x)l 2 2 dx) 2 2 . BD2f llL = 

0 0 

II<* - 1 
J U - 1 ) P 2 / ( P 2 - 1 ) wś 

= c IfttГ - ï llf II « . 
•W . _ 44- . / / - . „ 4 4 Ш 1 

Similarly, 

) <* * - 1 
( euo \tUifxp)\ dx2 * c l i f t llfll f 

g 0**^1
 1 2 2 L

U - 1 )
P l
/ ( p

r
1 ) wi 

--•3. Corollary. Let 1 ̂  p
i
 < oo , i s 0,1,2 , and 

1/P
1
 • Vp

2
 > 1 . 

*»* V
p

c
>

L
(q

l)q2
),iiix

 w h
«

r
« 

1/q4| » ©<PiP2 - P1 • P2)/<Pi • P2 - P.,P2> » 

1/q2 = (1 - e ) (p 1 P 2 + P 1 - P 2 ) / C P 1 • P 2 - P 1 P 2 ) 

with 0 < e < 1 . 

P r o o f . I f we se t 

«*1 • (P-|P2 * Pi " P2)/^Pi • P2 • P 1 P 2 * » 

* 2

 s ( p 1 p 2 " p 1 * p 2 > / ( p 1 * $2 " P 1 P 2 * » 
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and choose 6 so that 

q = Q i s q2 = 2 P l j > 2 / ( P l + P 2 - P l j> 2 ) 

we get from the preceding lemma 

1 - V* . V* 4 

^(oo, cX^mix ^q W-I 
(2.1) 

1 - 1/tXs \/u0 
HfIL = c |f|L

 2 | f | 2 . 
^(0^2, oo),mix ^q WJ 

According to the Benedek-Panxone theorem, inter P olat ing with 

G * (P1P2 + Pi - P2
)/2pip2 w e ***** 

(2.2) |f |L ^ c IfH 1 . 
q W P 

I$r density argument, (2.2) holds for each function from W- . 

Now, let us return to (2.1). With ex 1 , <x2 chosen as abo

ve (2.1) yields 

lflL = c |f| , 
L(oo, ex,),mix W-* 

l|flL * c |f| 1 
(t<2-00>»mix Wp 

so that the estimate 

| f l L - c IfI 4 
L ( q 1 f q 2 ) f m i x W^ 

follows hy interpolation with 8€(0,1) and 1/q * e/eX2 > 

1/q2 = (1 - 6)/ c< n . 

If p 0 < max (p̂  ,p2) we can iterate imbed dings with chan-

S e d p4>P2 *** o r d e r *° S8* *ne desired target space. Indeed, if 
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q*n' denotes the exponent in the n-th step it is 

q(n) _ 2 p(n-D p(n-1) / ( p(n.1) + pU-1) _. p(n-1)^11-1>, > 

= 2q ( n" 1 )/(1+ q(n"1) - q(n"1)) = 2q(n~1) , 

and q(1) = 2 as w i ^ W ^ ^ I ^ . 

An interpolation argument applied to the preceding corolla

ry directly gives 

1*5* Corollary. Let 1 < p^ < oo , i = 0,1,2 , 1 = s = oo , 

q. as in Corollary 1.4, i = 1,2 . Then 

BP,8C> L(q1,q2),s,mix • 

Another suitable interpolation (cf. e.g. [3, Thm. 3.8.1]) 

leads to 

1.6. Corollary. Let p. and q^ , i = 0,1,2 , j = 1,2 , be as 

above, and s • < q. , j = 1,2 . Then the imbedding of W- into 

L/a _ x „,. and the imbedding of B- _ into L/_ _ x _ m. , . s^ , s 2 ) , mix ° p, s v s . , s2) > s, mix * 

1 = s = co are compact. 

2. The case 1/p,. + 1/p2 = 1 . 

We shall present the basic estimate from which the imbedding 

into an Qrlicz space L ^ with <(>(t)~ exp t - 1 follows easily 

when considering the Taylor expansion of 4> • 

2«1» Theorem. Let 1 = p 0,p. ,p 2 < a* , and, say, p = p 2 . Let 

1/P1 + Vp2 = 1 and 8 > 0 be such that 

p 2 = 2( 1 + E )
2/( 1 + 2 E ) . Let G c R 2 be a bounded domain 
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haying the extension property with respect to the anisotropic Be-

SOT spaces. Then, for each re (1,oo) there exists a constant 

c > 0 such that 

llf|lL (Q) 2 cq | f| 

for each q = 2(1 + £ ) , 

P r o o f . Let 1 be dlfferentiable and suported In a cube 
I з G . Åa L 

^2(1+ є) 

. i s of the c l a s s J( 1 - 2( 1 +£>/q.j L 2 ( i + 8 ) , L ^ ) 

llfL S c »fL1 " 1 / (1 + £) • 2/q „ f | 1 /<1 + £ ) - 2/q 
L q L2(1 • £ > * 2 < ( 1 + f c ) 

therefore, in accordance with the imbedding wM+c 1 1+£) ^ 

G., -^2(1+ p) » ** follows that L i s of the c lass 

J ( V ( 1 + e) - 2 / q ; W(
1
1 + e ) 1 > 1 + £ ) , W 2

1
( 1 + £ ) ) . S e t ^ -

1/(1 + e ) ; then 

1/p1 =1 - "J + y2(1 + € ) , 

i/p2 = (1 - 7 )/(1 + e ) + y2( 1 + t) . 

1 1 
Let us interpolate between W M + e -j 1+£) and W2(1+£) witn 

parameters ^ and r€(1,oo). As W2(1 + £ ) ̂  W<1 + £ , 1,1+£ ) 

it is known from the interpolation theory that there exists a re-

presentation gf : (0,1) — > W2(/j + .̂) such that 

1 
t - [ gf(t) dt/t , and 

0 

J(t'gf(t)'W(1 + ;£,1,1+ £)'W2(1+£) } " 

= c K(t,f?W(1 + k,1,1+£)>
W2(1+£) > • 
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Set M = 1/(1+6) - 2/q • Integrating and using the Holder ine

quality , 

i f iL Š c í t - ^ « t , f f w / . + e > 1 t 1 + 0 , i ; ( 1 + E ) > « A 
q o 

1 

s C((th-^r / ( r-1 ) - 1 d t ) ( r - 1 ) / r lim , 
B P , Г 

« cq llfil . 

P,r 
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