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The homogenous Dirichlet problem for
non—elliptic partial differential equations
with strong nonlinearities

GERALD WARNECKE

Abstract. The existence of weak solutions to certain non-elliptic semilinear partial differ-
ential is shown. The use of anisotropic Sobolev spaces makes it possible to apply methods
developed in elliptic theory. The generating functions for the Nemytskif operators are not
required to be of polynomial growth.

Keywords: Anisotropic Sobolev Spaces, Semilinear Partial Differential Equations, Dirichlet
Problem, Strong Nonlinearities .

Classification: 35360, 35J70, 46E35

1.1. In this paper we study, for example, the following differential equations

(1.1) Uyy — Uzzzz — (g(uz))z = f,
(1'2) az:xz(uxux + Uzryy + uyyyy) + g(u) = f
or

(1.3) Uzzyy +9(u) = f.

Here g : R — R is a function that satisfies g(t)t > 0 for all t € R. We will show the
existence of weak solutions to a generalized Dirichlet problem. A point in this paper
is to show that methods used for elliptic equations with similar nonlinearities apply
also to these non—elliptic equations. This is accomplished by chosing an appropriate
anisotropic Sobolev space. For linear equations the generalized Dirichlet problem
has been studied by Doppel and Jacob [7], Jacob [13]. For semilinear equations
with a different type of nonlinearity an existence theorem using the mountain pass
lemma was given in Warnecke [31], [32]. Equations of type (1.1) are known as
Boussinesq equations. The nonlinearities discussed in this paper are not of the
same kind that appear in the original Boussinesq equation (cp. Boussinesq (3], [4]
or Zabusky [34]). In the original equation one has g(t) = t2, i.e. an even function.
This is the type of nonlinearity treated in Warnecke {31),[32]. In this paper we
treat nonlinearities that are generated by odd functions like g(t) = t??*1,p € N
(cp. Moser [21]). In Moser [21] equations like (1.1) are called hyperbolic. As
will be seen in the analysis below these equations are more elliptic than hyperbolic
in any sense of these terms. In order to avoid confusion one should be careful to
note the sign in front of the term u,,,,. Kalantarov and Ladyzhenskaya [15] are
occasionally cited in connection with Boussinesq type equations, but they treated
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equations like u¢ + Uzzzz + 9(uz): = 0. This a semilinear version of the hyperbolic
beam equation and has the opposite sign for the fourth order term. The linearized
version of equation (1.2) was studied by Herler [10]. It describes the deflection
of anisotropic shells. The linearized version of equation (1.3) was introduced by
Dynkin [8] for stochastic processes (cp. Doppel and Jacob [7]). Note that this is an
example of a non-hypoelliptic operator (for a definition see Hormander [12]) that
can be treated using “elliptic” methods.

1.2. We will study semilinear differential equations of the form

. (1.4) A(z, D)u(z) + N(u)(z) = f(z),z € G,

in a domain G C RM (G may be unbounded). Here A(-, D) is a linear differential
operator in divergence form (see Section 4.1) and N(:) is a Nemytskii or super-
position operator (see Section 4.4). The generating functions for the Nemytskii
operators will not be required to be of polynomial growth. The solutions to (1.4)
will be sought in a Sobolev space H'(G) that corresponds to the operator A(:, D)
(for definitions see Sections 2.5 and 4.1).For certain domains one can define trace
operators on the boundary. Thereby the solutions in H{}(G) can be shown to sat-
isfy .certain homogenous Dirichlet boundary data in a generalized sense (see also
Rékosnik [24] [25], Warnecke [31]).

If A(-,D) is an elliptic operator of order 2m then the Nemytskii operator N(-)
may include derivatives up to the order m — 1. This property will have to be
generalized for the non—elliptic operators to be studied here (cp. Chapter 4). The
linear differential operator A(-, D) will be an operator of order 2m that does not
contain all the derivatives of this order relevant for ellipticity. The main questions
to be addressed in this paper will be: 1.) Can the Hilbert space methods developed
for semilinear elliptic problems be modified for applications involving anisotropic
Sobolev spaces? Which derivatives may appear in the Nemytskii operators N(-)?

1.3. The generalized Dirichlet problem for non-hypoelliptic linear partial differ-
ential equations was studied by Nikol'skii [23] as well as Louhivaara and Simader
[19], [20]. The latter papers inspired Doppel and Jacob [7], Jacob [13], Schomburg
[26] to study very general classes of linear operators A(-, D) that have an associ-
ated bilinear form A[-,-] which satisfies a generalized Garding’s inequality on an
anisotropic Sobolev space, see also Jacob and Schomburg [14]. It was shown that
for linear boundary value problems the well known Hilbert space methods used
in elliptic theory (cp. Friedman [9] or Showalter [27]) may be applied to certain
non-hypoelliptic boundary value problems.

1.4. The treatment of equation (1.4) in the case of elliptic operators (including
quasilinear elliptic operators) goes back to numerous papers of Brézis, Browder,
Hess and others (for references see for example Brézis and Browder [5], Browder
(6], Hess [11], Landes [17] Lehtonen [18], Simader [28] and Webb [33]). The usual
techniques include a priori estimates and cut off functions for the type of nonlin-
earities considered here. The unbounded nonlinearity is approximated by bounded
terms with compact support. This reduced problem is solved using Schauder’s fixed
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point theorem. Then the a priori estimate and Vitali’s theorem are used to obtain
the solution to the original problem. The main ingredient in the a priori estimate
is that the Nemytskii operators N(-) are mainly generated by functions that satisfy
g(t)t = 0. In this paper it is shown that these methods may be modified to work in
the setting of anisotropic Sobolev spaces.

1.5. As mentioned above we would like to obtain a large set of derivatives that
may be used in the nonlinear operator N(-). This issue hinges on the existence of
compact embeddings for anisotropic Sobolev spaces. To the operator A(-, D) one
has to find a set of multiindices K(A) such that for bounded domains the embedding
H{G) — HOK (A)(G) is compact. A sufficient condition for K(A) will be given in
Section 3.5. This requires the use of very general Sobolev inequalities as given in
Theorem 3.4 (see also Tafel [29]). Results of this type for L? spaces are due to
Besov, I'lin and Nikolskif [2]. For compact embeddings see also Rakosnik [24], [25]
and Warnecke [31], [32]. .

I would like to take the oportunity to thank Prof.K.Doppel for suggesting this
research and introducing me to anisotropic Sobolev space. Also I thank Ralf Kieser
for his help in proof reading the manuscript.

2 Anisotropic Sobolev Spaces.

2.1. First all it will be necessary to introduce some notation. Let NY¥ denote the set
of multiindices a = (a),...,an) with aj € Ng for j =1,...,N, N € N(Np =
{0}JUN). Analogously NV denotes the set of multiindices with positive components.
We introduce the order of a : |a| := a1 + -+ + an and set 8% := 9 ...9%",
where Gy := a‘:—b for 1 < k < N. Further we define for z € R" the exponents
g =z . 2§l

2.2. Take z,y € RV then we define a partial ordering by z < y iff z; < y; for
all j =1,...,N, and resp. = < y, iff z; < y; for all j = 1,...,N. Also for
j €{1,...,N} we define the special multiindices ¢; := (6y;,...,6n;). Here

1 fork=j
by = { o J denotes the Kronecker symbol.
0 fork#j

2.3. Let M C RN be a finite set, M = {a®,...,a®},k € N,a) € RV for
J=1,...,k. Then the convex hull ch M of M is given by

(2.1) ch M := {z € R"| There exist t,,.. ., € [0,1] such that
k k
th =landz= Et;a(j)}.
j=1 Jj=1

Take A # @ to be a finite set of multiindices, i.e. 4 C NY,4={a,..., M} ke

329



330

G.Warnecke

N. We introduce the following notations:

A : = {a]a € N} and there exists a o € A such that a < o},
Al := max la| (the order of A) ,
ol

konv A: = ch ANNY,
#A — number of elements in A.

2.4. In this paper G will always be a domainin RV, i.e. an open connected subset.

~ We write G' CC G for a bounded subset G' of G with G’ C G. Further we will only

consider function spaces of real valued functions. For spaces not introduced in this
paper we use the notation of Adams [1]. Let B, := {z € R*| |z|] <n}forne N
and set

1 forzeG . e .
xG(z) := to be the characteristic function of a set.
0 forz¢G
2.5. By ||-lo = || |lo,c we denote the norm on L%(G). For a finite set of multiindices
A C NY and an arbitrary function ¢ € C§°(G) we define the norm
o 1
(22) - elag =1 l10°0lE 6 + llelld 612

a€A

One has |l¢]la,c < oo for all ¢ € C°(G). Obviously || - ||a,¢ is a norm. If no
ambiguities concerning the domain G occur we will just write | - || .

Now we may introduce the following linear space:
Hg(G)-the completion of C§°(G) with respect to the norm || - || ,G-

If the domain G is unbounded will assume that A = A throughout the paper. This
condition will allow us to use the Leibniz rule for the differentiation of products.
On bounded domains the above restriction is not necessary due to the Poincaré
inequality (3.4). It implies that the norms defined by A and 4 are equivalent.

2.8. For p,% € C§°(G) let us introduce the bilinear form
(2.3) {p,¥)ac = Z/ 3"(p3"1/)dx+/ o dz.
aca’G G

Since (p,9)4,6 = ll¢ll%, this form is positive define. The Cauchy-Schwarz in-
equality gives

(2.4) e, ¥)a,c < llellacllidllac,

i.e. (,')a,G is a continuous scalar product on the space C§°(G). It follows that
Lemma 2.1. The space H{*(G) is a separable Hilbert space with the scalar product
(.’ ')A,G-

PROOF : See Warnecke [32]. L
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Comment 2.2. If A = {a € N}||a] < m} for some m € Ny one obtains the
classical Sobolev space Hy"*(G) with the norm [|w|[%,, = ¥ [|0°w||3 for all
laj<m

w € H*(G) (cp. Adams [1], Chapter III).

2.7. The elements v € H{}(G) have weak derivatives 8v,a € 4, in L(G). For let
(¥n)neN, C C§°(G) be a sequence such that ¢, — v with respect to || - ||4. Then
the sequence (8%%n)neN, converges in L%(G) to an element v, € L?(G) for every
a € A. Due to the uniqueness of weak derivatives one has v, = 0%v (cp. Adams
(1], Section 1.57).

3 Embeddings of anisotropic Sobolev Spaces.

3.1. In this chapter we have collected some inequalities that are used to obtain
embedding theorems for anisotropic Sobolev spaces. Corollary 3.3 will allow us
to deduce continuous embeddings from relations between multiindex sets. We will
present the inequalities.

.

3.2. Let A and A; be finite non-empty subsets of RY such that A; C A. We define

(3.1)
ch(A; A;) == {z]z € RV and there exists an element a € A,

and an s > 1 such that a + s(z — a) € ch(4)}
(cp. Tafel [29], Def. (17.1)).

Theorem 3.1. (Ehrling’s Lemma) Let A, and Az be two finite subsets of NY¥ such
that Ay # 0 and A := A; U A;. Take B € NY. Then 8 € ch(4; A1) iff for every
€ > 0 there ezists a constant C(e) > 0 such that

(3.2) 10°¢llL2ny < ellpllas,my + CElella, my
for all p € CP(RYN). Further § € konv A iff a constant C > 0 ezists such that

(3:3) 10°¢llLamny < Cllell amn
for all ¢ € C(RN).
PROOF : This is shown in Tafel [29], Theorem (19.2). ]

3.3. For bounded domains one has the following Poincaré inequality:
Theorem 3.2. Let G be a bounded domain and take d € RV such that d; =

331

sup{|z;| |z = (z1,...,2N) € G}, forj=1,...,N. Furtherlet ACNY,A#0,bea -

finite multiindez set and a € A an arbitrary multiindez. Then for every multiindez
B € NY such that B < a the inequality

(3.4) 0% ullo < 21=Pld==2||%ullo

holds for all u € H(G).
PROOF : See Doppel and Jacob [7], Lemma 1. n
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Corollary 3.3. Let G be a domain. Take A, B C NY to be two finite multiindez
sets such that B C konv A. Then the space H{(G) is continuously embedded in the
space I_I_‘P (G). Further our general assumptions on multiindez sets imply H{'(G) ~
HFonv A(@Q) ~ HA(G).

PROOF : Take an arbitrary ¢ € C§°(G). Then (3.3) and (3.4), in case G is
bounded, otherwise our assumption A = A for unbounded domains imply the in-
equalities

(3.5) lellz < lellxonns < C'lleltz < Cllella < Cllellz < Cliellione -

The constants C',C > 0 have to be chosen appropriately (C' = C for unbounded
domains). Since C§°(G) is a dense subset of the spaces we are concerned with, the
corollary is proved. n
We now have a sufficient criterion to tell us when two finite multiindex sets
A,B C N} give the same anisotropic Sobolev space, i.e. HA(G) ~ HZ(G). This
is true when konv 4 = konv B.
3.4. Our compact embedding theorem will be proved with the help of the compact
embedding properties of the usual Sobolev spaces. In fact, we will only need the
Rellich lemma, namely the compact embedding of the Sobolev space Ha'z( G) into
L*(G).
Theorem 3.4. Let G be a bounded domain. Further take k € N,m € Ng. Then
the embedding of the space HM*%(G) into the space H"*(G) is compact.

PROOF : See Adams [1], Theorem 6.2. ]

3.5. We will now define for a given finite multiindex set A # # a multiindex set
that gives a compactly embedded space. We set:
(3.6) K(A) := N nch(4,{0}),
for the notation remember (3.1). Let us consider, for example, the multiindex sets
for the equations in Section 1.1. The set A := {(4,0),(3,1),(2,2)} contains the mul-
tiindices for equation (1.2). Then we have K(4) = {(0,0),(1,0),(2,0), (3,0),(0,1),
(1,1),(2,1)}. In case of equation (1.1) we have A = {(2,0),(0,1)} and therefore
K(A) = {(0,0),(1,0)}. Finally, for equation (1.3) the multiindex set is A = {(1,1)}
giving K(4) = {(0,0)}.

In order to show that for bounded domains G the anisotropic Sobolev space
H#(G) is compactly embedded in the space H K(A)(G) we will need the following
lemma. Remember the notation (1) = {a € N{||a| = 1}.

Lemma 3.5. Let G be a bounded domain. Further let A be a finite multisndez
set with the property that (1) C konv A. Then every sequence (un)nen C HPG)
that is bounded with respect to the norm || ||4 has a subsequence (ux)reN such that
(8"ur)ken converges in L*(G) for every v € K(A).

PROOF : Take v € K(A). Then (3.2) and (3.4) imply that for each € > 0 there
exists a constant C(¢) > 0 such that

(3.7) 107ullo < ellulla + C(e)llullo
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| _
| for all u € H(G) (since C3°(G) is a dense subset). Since (1) C konvA Corollary
3.3 implies that

(3-8) llull,z < C'llulla

for some constant C' > 0 and all u € H(G).

Now let (un)nen C H@(G) be a bounded sequence. We may assume that
lunlla < 1 for all n € N. By (3.8) this sequence is also bounded in the space
Hy*(G). By the compact embeddings in Theorem 3.4 there exists a subsequence
(uk)keN converging in L2(G). Using (3.7) for this subsequence we obtain

(3.9) [107(ur — up)llo < 26 + C(e)||ur — uplfo-

Since ¢ may be chosen arbitrarily small and (uk)ken converges in L%(G) the right
hand side of (3.9) can be made arbitrarily small. Therefore, the sequence (07ux)ren
is a Cauchy sequence in L?(G). This is true for any v € K(A). ]

Corollary 3.6. Under the assumptions of Lemma 8.5 the embedding of the Sobolev

space HP(G) into the Sobolev space HOK(A)(G) is compact. Therefore, bounded

sequences in H{(G) have convergent subsequences in H, K(4)
f 9 0

sequences in H(G) converge in Hg((A)(G).

Lemma 3.7. Let G,G' C RN be domains such that G' N G # 0. Further, take
¥ € CP(G') and let A be finite multiindez set. Ifu € H{(G) then yu € H{(GNG").

PROOF : The Poincaré inequality for bounded domains, Theorem 3.2, or respec-
tively our assumption A = A for unbounded domains imply that the Leibniz rule
for derivatives of products may be used in our spaces. This gives ||Yulla,6 <

C(#)llulla- "

Lemma 3.8. Let G, K C RN be domains such that K cC RN and GNK # 0.
Take A to be a finite multiindez set. If (up)nen C H‘;‘(G) is a sequence that is
bounded in the norm || |4 then there ezists a subsequence (ux)ken and an element
u € H{(G) such that:
(i) ux — u in HA(G) and 8%ux — 8%u in L*(G) for all a € 4.
(i) The restriction of the sequence to the set K NG converges ui|gn, — Y|GnK
with respect to the norm || - || k(a),6nk-

(iii) The sequence converges pointwise almost everywhere 8°ux — 8%u in G for
all @ € K(A).

# and weakly convergent

PROOF :

(i) Follows from the fact that in Hilbert spaces bounded sets are weakly rela-
tively sequentially compact and from Corollary 3.3.

(ii) Let K' be a domain such that K cC K’ CC RN and take ¢ € C?(RV) to
be a function with ¢ =1 on K, ¢ =0 on RV \ K'. According to Lemma 3.7
pur € HA(GNK'). Since GNK' is bounded Corollary 3.6 gives a convergent
subsequence in H:( B@Gnk "). Because ¢ = 1 on K we obtain (ii).
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(iii) By (ii) we have a subsequence (ui)ieN converging with respect to
Il - lkca),6nB,- Then there exists a further subsequence (up)ien with
0°upy — 8°u almost everywhere in G N B, for all a € K(A) (cp. Kol
mogorov and Fomin [16] Section 7.2.5). We apply this procedure inductively
to the domains GNB,,n = 1,2,3,.... A diagonal sequence will have all the
desired properties.

a

4 Operators, Fixed Point Theorem.

4.1. We begin by introducing a class of linear operators. For convenience we will
not take the most general definitions. Let G C R" be a domain and A C N} be
a finite multiindex set. Further suppose that A has the property that ¢; € 4 for
j=1,...,N (ie. (1) c A). We will consider the following linear differential
operators

(4.1) A(D) = Y (-1)*18%ans(-)0".
o,fEA

We assume that the coefficients aag : G — R satisfy aqg € CE(G) for m = |af
(for notation see Adams [1]). We demand that aqp # O for at least one pair of
multiindices a, 8 € A with |a| = |8| = |A|. Therefore A(-, D) will be a differential
operator of order 2|A|. Also we assume a,g = agq for all @, € A. To the
differential operator A(-, D) and its’ multiindex set A we associate the Hilbert space
H$(G) with the scalar product (-,-) 4, defined according to (2.4), cp. Chapter 2.

4.2. Further we define the bilinear form associated with the operator A(-, D)

(42) Ao tli= Y [ aual@)0p0%pds

a,pea G

for all p,9 € C§°(G). The Cauchy-Schwarz inequality implies the continuity of
the bilinear form on the space H(G), i.e. Alp,¥] < Call¢llall¥lla for a suitable
constant C; > 0. It can therefore be extended to the whole space Hf\(G).

4.3. We say that A(-, D), respectively A[-, ] satisfies Garding’s inequality on the
space Hf!(G) if there exist constants Cy,C) € R,Cp > 0, such that
(4.3) . Alu,u] 2 Collull} — Cullullf

for all u € H{(G). Linear operators with this property were, for example, studied
by Doppel and Jacob [7], Jacob [13], Jacob and Schomburg [14], Schomburg [26]
as well as Herler [10].

4.4. Let r = #K(A) (cp. Sections 2.3 and 3.5). A function b: G x R™ — R is said
to satisfy the Carathéodory condition iff

(4.4) ‘ (a) b(z, -) is continuous for almost all z € G
(%) b(-,t) is measurable for all t € R".
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If u: G — R is a measurable function then the Carathéodory condition implies
that b(-, u(-)) : G — R is measurable (see Vainberg (30}, §18). We set ¥"(G) :=
{#: G — R" | up measurable }. Then the function b(-,-) generates the Nemytskif
operator B : ¥"(G) — V!(G) defined by u — B(u) := b(-,p(-)) for all u €
¥"(G). We will suppose that the multiindices in K(A) are numbered, i.e. K(A) =
{a1,...,a,}. For u € H{(G) we set p(u) := (8*y,...,0%u) € (Lz(G))',a,
K(4A), 1 < j £ r. Now we can define the Nemytskif operator B: H{(G) — ¥1(G)
by setting B(u)(z) := b(z, u(u)(z)) = B(u(u))(z). For L*(G) spaces one has the
following important property of the Nemytskii operators:

Theorem 4.1. For all v € (L*(G))" one has B(v) € L*(G) iff there ezists a
function a € L*(G) and a constant d > 0 such that

(4.5) 6(z, t)| < a(<) + dlt|

for all (z,t) € G x R". In this case the operator B : (L*(G))" — L*(G) is auto-
matically continuous and bounded, i.e. it maps bounded sets to bounded sets.

PRroOF : This is a special case of Theorem 19.2 in Vainberg [30]. ]

4.5. Let X,Y be Banach spaces. A continuous operator T : X — Y is said to be
completely continuous if it maps bounded sets in X to relatively compact sets
inY.

Corollary 4.2. Let A be a multiindez set with (1) C A. Further suppose that
b: G x R™ = R is given as above. If u € HA(G) and the function b(-,-) satisfies
(4.5) then B : HA(G) — L*(G) is continuous and bounded. If G is a bounded
domain then B(-) is also completely continuous.

PROOF : Obviously the map p : H#(G) = (L*(G))" is continuous and bounded.
If G is a bounded domain it is also oompletely continuous by Corollary 3.6. Since
B : (L*G))" — L*(G) is continuous and bounded the operator B(-) has the desired
properties. ]

For completely continuous operators one has the well known
Theorem 4.3. (Schauder’s Fized Point Theorem)
Let X be a Banach space and K a closed, bounded, convez, nonempty subset of X.

Suppose that the operator T : K — K is completely continuous. Then T has a fized
pointz € K, i.e. T(z) =z.

PROOF : See Zeidler [35] Theorem 2.1. ]

5 Bounded Nonlinearities.

5.1. In this chapter we prove an existence theorem for every restricted class of
nonlinearities. Namely, the type of nonlinearities one obtains in applying the cut
off procedures to be introduced in Section 6.3 (cp. Simader [28]).
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Lemma 8.1. Let G be a domain and A a finite nonempty multiindez set. Further
suppose we are given for each a € K(A) a function by : G x R™ — R,r = #K(4A),
that satisfies the Carathéodory condition (4.4) as well as the inequality (4.5) with
d = 0 and a common function a € L*(G). We require that the function a has ¢
compact support if G is unbounded. By B,(-) we denote the respective Nemytskii
operators By : H(G) — L*(G). Let f € L*(G) be an arbitrary but fized function.
Then for all u, € H{(G) the equation

(5.1) (N(w),pda:=(f,edo— 3. (Ba(u),8%0)o

a€K(A)

defines a completely continuous operator N : HA(G) — H{(G). For any u €.
H$(G) we have

(5.2) IN(u)lla < Ca(f,a).

PROOF : Since the functions ba(:, ) satisfy the inequalities (4.5) we may apply
Corollary 4.2 to give B,(u) € L*(G) for all u € H{}(G). Therefore, using ||0%¢p||o <
Cll¢lla (C as in (3.5)) the right hand side of (5.1) defines a continuous linear ,
functional in ¢ on H{(G) for every fixed u € H{(G). The Riesz representation
theorem gives us an element w € H§*(G) such that

(5:3) (0, 0)a=(fipdo— Y (Balu),8%)o
a€K(A)

for all ¢ € H#(G). Now define the operator N : H{(G) — H{(G) by setting
N(u) := w as in (5.1). We will now show that the operator N(-) is completely
continuous. Let us set ¢ = N(u) — N(v),u,v € H{(G), in (5.1) then we obtain

IN(u) = N(@)|% = (N(u), N(u) = N(v))4 = (N(v), N(u) = N(v))
= Y (Ba(u),8*(N(u)) = N(v)))o

a€EK(A)

= Y (Ba(v),0*(N () = N(v)))o

a€K(A)

< ( Y l1Ba(w) - Ba(v)llo) 1N (u) = N()llk(a)

a€K(A)
(54) IN(w) = N@)la< Y. [1Ba(s) = Ba(v)lo-
a€K(A)

Alternatively one also obtains

(6:5) [IN(u) = Nk < ( Y. IBa(w)lo + IlBa(v)llo) 1V () = N(v)llxca)-

a€K(A)
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From (5.4) we obtain the continuity of the operator N(-) since the operators By :
H#(G) — L?*(G) are continuous due to Corollary 4.2.
We will now show (5.2). From (4.5) with d = 0 and G’ :=suppa(-) C G we have

= xr upnrT 2 a\T 2 = {ia 2.
68 1Bull = [ e uw)Pde < [ o) de = fal}
Using (5.1), (5.6) and (3.5) with r = #K(A) we obtain

(5.7) (N(),0)a < [flloliello + D 1Ba(@llo,crloello,cr
a€K(A)
< Ifllollello + 7 - llallollell 4y
< Cs(f,a)llella

for a suitable constant C3(f,a) > 0. Setting ¢ := N(u) this immediately implies

(5.8) IN(u)lla < Cs(f,a)

for all u € H{(G).
Now let us take (5.5) and use (5.6) to get

(5.9) IN(u) = N)I% < 2r - [lallol|¥ (x) = N(v)l|x(a),6'-

Take (u5)nen C H{(G) to be a bounded sequence. Due to (5.8) the sequence
(N(un))nen is also bounded in H§!(G). If G is a bounded domain then Corollary 3.6
gives a subsequence (N (uk))keN converging with respect to the norm || || x(a),c. If
G is an unbounded domain then we obtain a subsequence converging with respect to
the norm ||+ || k(4),c by applying Lemma 3.8 (ii). Using (5.9) we may now conclude
that this subsequence converges with respect to the norm || - ||4. Therefore, the
operator V() is completely continuous. ]

Theorem 5.2. (Existence theorem for bounded nonlinearities) Let G be ¢ domain.
Take A[-,] to be a continuous and positive bilinear form, i.e. it satisfies Gdrding’a
inequality (4.8) with Cy = 0. also suppose that for each o € K(A) we are given a
function by : G x R™ — R that satisfies the assumptions of Lemma 5.1. Then there
ezists for each f € L*(G) an element u € H{(G) such that

(510) A[u’ ‘P] + Z (Ba(u): au"a)o = (fa ‘P)o
a€K(A)
for all p € HPG).

PROOF : Since the functional Alu,] : H{}(G) — R is linear and bounded for each
u € H{(G) we may apply the Riesz representation theorem to obtain a bounded
linear operator T : H*(G) — H#(G) such that

Alu, ] = (Tu,p) 4.
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We have assumed that Afu,u] = (Tu,u}4 > Cy||lu||3. Therefore, the operator T is
continuously invertible with ||T~*|| < C;}. Taking N(-) defined as in (5.1) we may
rewrite (5.10) as follows

(Tu,0)a = Alu, 9] = (N(u),p)a
for all ¢ € H{{(G). We see that (5.10) is equivalent to the equation Tu = N(u) or

u = T~1N(u). By Lemma 5.1 the operator T-! N(-) is completely continuous. Due
to (5.2) it maps the closed ball

K = {ulu € HG), |lulla < Cs(f,a)C5"}

into itself. The statement of the theorem now follows by applying the Schauder
Fixed Point Theorem 4.3. ]

6 Existence Theorem for strong Nonlinearities.

6.1. The following conditions for nonlinearities are generalizations of the conditions
given by Lehtonen [18] (see also Simader [28]). In the case of elliptic operators the
condition N (ii) is due to Browder [6].

Condition (N). Let G be a domain and A a finite multiindex set with (1) C A.
For each a € K(A) we assume we are given a function by : GXR"™ — R, r = #K(A),
that satisfies the Carathéodory condition (4.4). Further we will suppose that the
following conditions hold:
(i) The functions b, may be split into two parts:
ba(z,t) = ha1(2,t) + haa(z,t) for z € G,t € R*. The functions hg(-,-) and
ha2(+,) shall both satisfy the Carathéodory condition (4.4).
(ii) For the functions h,; we suppose the existence of a function ko € L!(G), kp <
0, such that

(61) Z hal(zv t)ta 4 kﬂ(x)
a€K(A)

for almost all z € G and all t € R",t = (ta1,.-.,tar). Further we suppose
that for each £ > 0 there exists a function k. € L}, .(G) such that

(62) (et <e 3 hule s+ ke(a)
BEK(A)
for almost all r € G, all t € R" and all a € K(A).
(iii) For the functions h,; we suppose that there exist functions k; € L%(G),k; €
LY(G),k; <0, and constants C,,C5,Cs > 0, C-Cs < Cp, (C asin (3. 5))
Cs > C1 (Cy,C, as in Garding’s inequality (4.3)) such that

(63) |ha2($, t)l < kl(z) + C4ltl
for all « € K(A) (cp. (4.5)) and
(6.4) 3" has(z,t)ta 2 ka(z) - Cslt* + Clto|*
a€K(A)

for almost all z € G and allt € R".
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Remark 6.1. The type of nonlinearities dism.lssed in the paper of Simader 28],
where po(z)ga(ta) with pa € Li (G), pa > 0,94 € C*(R) and gq(te)ta > 0, satisfy
the condition (N) with hao(z,t) = 0,ke(z) =0 and

k@)= 3 2{ max |ga<ta)|}pa(z>

ack(a) Ut=€13H1)
This is true since
lpu(z)ga(tal < Epa(x)ga(ta)t
for €|ty| = 1. For €ltq| < 1 one has

[Pa(z)ga(ta)l < €pa(z)9altalta + palz)lgalta)(l — ta)l
< epa()9a(telta + 2Pa(Z)|ga(ta)l-
Examples. We will restrict our attention to nonlinearities consisting of odd pow-
ers. Let us take the linear operator Aju = tyy — Uzzz.. In Seetion 3.5 we had
seen that K(A4;) = {(0,0),(1,0)}. Therefore our conditions include equations of
the following kind
Uzzzz — Uyy + u?rt! + (u:q-f-l )z = f,

with p,g € N. Taking Ayt = rzzs(Uzzzz + Uszzyy + Uyyyy) We may construct
nonlinear terms that include the following derivatives u,ts, Uzs, Uz 2z, Uy, Uy and
uzzy. For example we could take

zz:z(uzzzz F uzryy + uzzzz) + (u2p+l)zy + (uiqztl)lt! =f

for p,q € N. Finally looking at A3u = u,,,, we may only take functions of u, i.e.

2p+1
Uzzyy +u Pl = f

with p € N.

6.2. We will now introduce the cut off operators A,(-). Let f: R™ —- R,m € N,
be an arbitrary function then we set

T T for f(z) #0
s (e) = { s o ;8 70
The cut of operators A,, may now be defined as follows

f@)  forlf(a)l <n
Anf(2) = { nsgnf(z) for |f(z)| > n.

If f € L?(G) then Anf € L*(G). For n > 0 and o € K(A) we define
(6'5) haj.n(z’t) = XB..(I)Anhﬂj(z’t) J =1,2.
From now on we will denote the respective Nemytskii operators using capital letters,

e.g. Hal n(u) for hal,u( ,I"(u)( )) etc.
By i : R — R we denote the identity map, i.e. the map defined by i(t) = ¢. As

above we set in(z,t) : XB, () - Ani(t) or
(6.6) In(u)(z) i= in(z, p(u)(2))-
Then i,(-,-) satisfies the assumptions for by(,-) in Lemma 5.1.
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Remark 6.2. Take (z,t) € G x R". If hgi(z,t)tq > 0 then hain(z,t)te > 0.
Therefore, in (6.1) one can replace the terms hq1(+,+) by ha1,a(-, ). In on the other
hand hay(z,t)te < 0 then we have hqy n(z,t)ta = hai(z,t)ts. This implies that
in (6.1) all functions hyi(+,+) may be replaced by the respective cut off function
ha1,n(+y+)yn € N. For the functions h,2 and inequality (6.4) the same is true by
analogy.

The conditions N (ii) do not guarantee that Hay(u) € L%(G) for u € H{(G). We
will therefore need the following technical lemma that will be applied in the proof
of Theorem 6.5. The condition (6.7) will be verified there.

Lemma 6.3. Let (ui)ren a sequence in HF(G) that converges weakly to u €
H{(G) such that for all @ € K(A) one has 8*ur — 0%u pointwise almost ev-
erywhere in G. Suppose that the functions hai(:,-) satisfy condition (N(i), (ii)).
Further assume that

(6.7) . sup SM<oo

kEN

/ Y Hoyn(u)®ur da
G

a€EK(A)

for @ constant M € R. Then one obtains Ha1(u) € Li,(G) and S Hay(u)d%u
a€K(A)
€ LY(G). For any function ¢ € C°(G) and every a € K(A) one has

(6.8) [ Haatuopds = [ Ha@oods
G

for k — 0. Furthermore one also obtains (Ix(ux), o = (u,p)o for k — co.

PROOF : Obviously the functions hag i(-,-) Will also satisfy the Carathéodory
condition (4.4). Therefore the functions ha1,k(, #(uk)(-)) and hqy(-, p(u)(-)) are
measurable (cp. Vainberg [30], Theorem 18.3). Take z € G with hqay(z,-) contin-
uous and 8%uy(z) — 8%u(z) for all @ € K(A). Then the functions hqy i(z,) are
continuous for all k € N. Now it follows that for any k € N : hyy x(z, p(un)(z)) —

vhal,k(zyl‘(u)(z)) for n — oo and hal,k(zyﬂ(u)(z)) = hai(z, p(u)(z)) for k —

oo. This implies for the diagonal sequence n = k that haii(z, p(ur)(z)) —
ha1(z, p(u)(z)) for almost all z € G. Due to inequality (6.1) we have (( Y-  haix
a€K(A)
(z, p(ur)(2))0%uk(z)) — ko(z) > 0). Therefore our assumption (6.7) and Fatou’s
Theorem imply that Y  hai(z,p(u))0%u= Y. He(u)d*u € L'(G) and we
aEK(A) a€K(A)

also obtain [, Y Hay(u)d%udz < M.
a€K(A)

Now let G" CC G' CC G be otherwise arbitrarily chosen domains. Then from
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inequality (6.2) we get

(6.9)
[ aaun)@lde = [ Thasate, stun)e)lds
[ G"

<e [/c" ( Z hpx,k(x,#(uk)(z))a"uk(x)) -—ko(z)dx]

BEK(A)

+/ ko(z) dz +/ k.(z)dx
GII Gll
<eM + 25"k0”L1(G) + "ke”Ll(G")

for any ¢ > 0.

This implies that the sequence (Hqi,k(uk))ken which converges pointwise al-
most everywhere has uniformly absolute continuous integrals on G' (cp. Natan-
son [22], Chapter VL.3). For, take any A > 0 then there exists a §(1) > 0 such
that ¥(G") < &(\) (here v denotes the N-dimensional Lebesgue measure) im-
plies that [, |Ha1,k(uk)|dz < A. (For a given A one may choose ¢ so small that
eM +2¢||ko|| 11 (Gy < A/2. Now one can take §(A) > 0 small enough so that the abso-
lute continuity of the Lebesgue integral implies | k.|| L1 (g) < A/2 for all G" CcC G’
with ¥(G") < 86()).)

Since G' was chosen arbitrarily we now obtain Ha1(u) € Ll (G) by applying
Vitali’s Theorem ( for N = 1 see Natanson [22], Theorem VI.3.2). Analogously
as in (6.9) one can show for any arbitrary but fixed function ¢ € C§°(G), setting

G" = 11 =C
supp as well as maa):légf'la“?(z)l (),

|, 1ot twn)0pl do < C(o)eM + 26l + Deellacan)

Now we may again apply Vitali’s Theorem in order to obtain the convergence in
(6.8). Finally let us set hqy(-,-) = 0 for a # 0 and set hoy x(z,t) = ix(z,t). Then
due to Remarks 6.1 and the condition N (ii) is fulfilled. Therefore we may apply
what we have just shown to this case and obtain {Ix(uk),®)o — (u,¢)o for k — co.

=

Now we will prove the important a priori inequality.
Lemma 6.4. (A priori Inequality) Let A[-,] be a continuous bilinear form defined
on the space H(G) that satisfies Gdrding’s inequality (4.3). Suppose that for each

a € K(A) we are gwcn a function by(-,-) such that the condition (N) is fulfilled.
Take f € L*(G), u € H{(G) and suppose that for some n € N

(6.10) Alu, 0] + Ci(u, )0 = Cr{Ia(u), p)o

+ Y (Ha1,n(4) + Haz,n(4),8%¢)o = (£, 0)o
a€K(A)

341
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is valid for all p € H(G). Then one has

(611) "“"A < C(’Co., k2’ f)a

tndepently of n € N.
PROOF : By using (4.3) and (6.10) for u € Hf'(G) we obtain the estimate

(6.12)
Collully < Alw,u] + Cillullf = = > (Ha1,n(u) + Haz,n(u),8*u)o
a€K(A)

+ (f,u)o + C1{In(u), “)9-
Since 0 < In(u) - u < |u|? this implies

CO"""?A <—( Z (Haa,n(u),0%u)o + (Haz,n(u), 0%u)o)
a€K(A)

+ (£, u)o + Calullg.

Using the modified inequalities (6.1) and (6.4) (cp. Remark 6.2), the fact that
C} — Cg < 0 due to condition N (ii) and taking C as in (3.5) we obtain from (6.12)
the estimates

(6.13)

Collullh < / —ko(z) dz + / —ky(z)do
+Cs / 16%u[? dz + (C1 — Co)llulld + I fllolullo
a€K(A)
< lkollzr(ay + lk2llLr () + Collullkecay + | fllollullo
< C(ko, k2) + CCs|lull?y + || fllollulla-

Since due to condition N (iii) we have Cy — CCs > 0, we may chose an € > 0 such
that £ < co — CCs. Now using 2ab < ea? + -:-b’ we obtain

(Co - CCs)lullh < Clko, k2) + NfllolluﬂA
< Clko, k2) + 52 Ilfllo +3 ”““A

Since (Co — CCs) — £ > 0 we have shown that ||u||% is bounded, i.e. that (6. 11)
holds.

Theorem 6.5. (Ezistence Theorem for strong Nonlinearities) Let G C RV be
- & domain. Take A[-,-] to be a continuous bilinear form that satisfies Gdrding’s
inequality (4.3). Suppose we are given functions by(:,-),a € K(A) that satisfy the
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condition (N). Then for each function f € L?(G) there ezists a solution u € H{(G)
satisfying Bo(u) = ba(-,u(u))(-) € L} (G) as well as T ba(-, #(u)(-))0%u €
a€K(A)

LY(G) such that the functional equation

(6.14) A+ S /G Ba(w)3°pdz = (f,0)o

aEK(A)

holds for all ¢ € C§°(G).

PROOF : Take f € L*(G) arbitrarily but fixed. Due to |hqjn(2,t)| < nxs,(2),
j = 1,2, and in(z,t) < nxB,(z) these functions fulfill the assumptions of Lemma
5.1. The bilinear form A[-,-]+C) (-, -)o is positive. Therefore we may apply Theorem
5.2 for each n € N to obtain a solution u, € H$}(G) to the equation

(6.15) afun, 0] + C1{tn, )o — C1{In(un), ¥)o

+ Z (Hnrl,n(un) + Haz,n(un), )0 = (f, ¥o
a€K(A)

for any ¢ € C§°(G). Due to Lemma 6.4 the sequence of solutions (u,)nen is
bounded in H#!(G) independently of n € N. Using (6.3) we deduce that

(6.16) 1Haz,n(un)llo < llkallo + Callunllxca)

holds, i.e. for every a the sequence (Haz,n(%n))neN is bounded in L?(G). Using
Alug, un) + Cillunll2 2 0, [ In(un)llo < lluallo and (6.15), (6.4) we obtain

Z (Ha1,n(tn),3%un)o = —Alun,un] - C1 "“n"?) + C1{In(ua), tn)o
a€EK(A) >

- Z (Hoﬂ,n(“n), aa"n)o + (fv “n)o

a€K(A)
< Cilluallg + k2l z1(6) + CCsllunll’
— Celluall + I fllollnllo-

Because of the assumption C; — Cg < 0 this implies that

3" (Ha1n(un), 8un)o < lk2llzre) + CCsllunlll + I llollunlla-
a€K(A)

On the other hand we may deduce from (6.15) and (6.16) (C3 as given in Section
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4.2)

- Z (Hal,n(un), 3«,‘")0 = A[umuﬂ] +C1 ""n"g - Cl(In(u")’u")o
a€K(A)

+ Z (Hoﬂ,n(“n)v aaun)o = (f,un)o

a€K(A)

SColluali+ Y. (lkallo + Callunllcay) 18%uallo
a€EK(A)

+ 1 fllolluall
< Callunls + € [(Ilksllo + GCullunll) llunlla
1 flollwalla]-

We have now shown that the sequence ( Y. (Ha1,n(tn),8*Un)o)nen is bounded
a€K(A)
in R.

Since the sequence (uy)nen is bounded in Hf(G) we obtain from Lemma 3.8 a
subsequence (u)ren that converges weakly to an element u € H{!(G). Further we
have 0%ur — 0%u pointwise almost every where in G for all & € K(A). Now we may
apply Lemma 6.3 to (Ix(ur), p)o + %:(A)(H.,l,k(uk), 9%p)o. Due to ix(z,t0)to 2 0

a€

and Remark 6.2 the condition N (ii) is satisfied even if hoyi(:,-) is replaced by

ho1x(:y+) + ix(-,"). Therefore we obtain Hay(u) € LY (G), Y Ha1(u)d%u €
a€K(A)

LY(G) and we get the convergence

(Ti(ur), p)o + Z (Haa,k(ur), 0%p)o
a€K(A)

= (wedo+ Y, (Ha(u),d%)o
a€K(A)

for any ¢ € C§°(G). Due to (6.16) the subsequence may be chosen such that
Hoaz k(uk) converges weakly in L?(G). Since 8*u; — 8®u converges pointwise al-
most everywhere it follows that the sequence Haz x(ur) — Haz2(u) converges point-
wise almost everywhere. Because weak limits are unique it follows that Hgp x(u)
converges weakly to Haz(u) in L%(G), i.e. (Hazk(uk),0%p) — (Ha2(u),8%p) for
all p € C§°(G).

Since the map A[-,¢) : H{(G) — R defines for any given ¢ € C$°(G) a contin-
uous linear functional the weak convergence of the sequence (ui)ren implies that
Alug, ] = Alu,¢] for k — co. Now take p € C§°(G) arbitrarily but fixed. Then
we take the limit k — oo in (6.15) to obtain

Alu,ol+ Y (Haa(u) + Haz(v),8%0)0 = (f,¢)o
a€K(A)

for all ¢ € C$°(G), i.e. (6.14) holds. =
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