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Mathematical modelling of an electrolysis process

MiLosLAV FEISTAUER, HARIS KALIS, MIRKO ROKYTA

Dedicated to the memory of Svatopluk Fuéik

Abstract. The paper is devoted to the mathematical and numerical study of a problem
arising in the investigation of the electrolytical producing of aluminium. The electrolysis
process is described by the Poisson equation for the stream function to which we add
nonlinear Newton boundary and transmission conditions representing turbulent flows in
the boundary and anodes layers. The solvability is proved by the use of the monotone *
operator theory. The problem is discretized by conforming linear triangular elements and
the solvability of the discrete problem and the convergence of approximate solutions to the
exact solution is studied.
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Introduction.

The electrolysis belongs to modern technologies of obtaining aluminium. The
motion of the aluminium metal and the electrolyte induced by the electromagnetic
forces is described by the Navier-Stokes equations. In [1] it was shown that provided
the forces flux is in the range 200 - 250 kA and the thickness of the aluminium -
electrolyte layer (0.05 — 0.3 m) is small in comparison with the horizontal size of the
equipment (4 — 10 m), then the nonlinear terms can be neglected and the process
can be averaged in the vertical direction. Then we come to a two — dimensional
model problem in a domain Q C R2?. This domain consists of several subdomains
Qi,t = 1,...,N - for simplicity we shall suppose that N = 2 - which represent
electrolytical tanks and of the common boundary (92; N 8Q;) N § representing
the channel with anodes (see Fig.1). Let us assume that the flow is laminar in
Q4 and Q3. Then the so—called stream function satisfies a linear Poisson equation
in ©; U Q3. However, in thin layers near the boundary 9Q and in the channel
0Q; N 9N, of anodes we get turbulent flows (see [13]). These flows need not be
resolved and their contribution can be included into a boundary condition on 9§
and a transmission condition on 8€; N 9.

As a result we get a boundary value problem in the domain € for the stream
function, which is discontinuous across 9Q; N 8N in general, satisfies the Pois-
son equation in Q; (i = 1,2), nonlinear boundary condition on 6Q and nonlinear
transmission condition on 9 N 89,.
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Here we shall deal with the solvability and the finite element approximation of
this problem, provided the domains Q;(: = 1,2) are polygonal. (More general
situation with nonpolygonal domains will be studied in a forthcoming paper [4].)

1. Continuous problem.

Let Q,9Q,,9Q; C R? be bounded polygonal domains with their boundaries 8, 09,
89, and closures ©,1,,(1; satisfying the relations € =, US,, 2, NN, = 0. We
denote I's = 9§, N 9N, and T'; = 3N; —T's, i = 1,2 (see Fig. 1).
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Fig.1

We consider the following boundary value problem: Find u; : @; — R}, i = 1,2,
such that

(1.1) Aui=divf in® i=1,2,

(1.2) %‘; + klui|%u; = fo = f.m  only, i=1,2,
du Ou - 3

(1.3) a—n% = —'a—n% = klug - ull"(uz - ul) + f . ﬂl on I‘3

Here f = (fi,f2) : @ = R? is a given vector field (determined from Maxwell’s
equations), © = (n1,nz) and n* = (ni,n}) denote a unit outer normal to IQ and
to 0Q;, respectively, k > 0 and a > 0 are given constants. (The case a =0ora >0
corresponds to linear or nonlinear turbulence law, respectively, in the neighbourhood
of 8Q and I'3.) 8/0n and 8/0n’ denote the derivative in the direction n and n*,
respectively. Of course, n! = -2 and 8/8n! = —8/? on Ty, n = n', 8/on =
8/nionTi,i=1,2
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1.4. Definition. Let f € [C}(S)]?. We say that u = (u;,u;) is a classical
solution of the problem (1.1) - (1.3), if u; € C3(%;)(i = 1,2) satisfy equations
(1.1), boundary conditions (1.2) and transmission condition (1.3).

Let us notice that provided u = (u;,u2) is a classical solution and we define
T: N UQ, — R by & | i = u;,i = 1,2, then in general, & has a discontinuity
acroes I'y defined together with u by equation (1.1) and conditions (1.2), (1.3). On
the other hand, the derivative £ is “continuous” across I'y.

Let u = (u;,u3) be a classical solution. If we multiply equation (1.1) by an
arbitrary v; € C°(;) (i = 1,2), integrate (1.1) over ;, apply Green’s theorem
and use conditions (1.2), (1.3), we get

Z Vu. Vv.dz+z / kju;|“uv; dS+

i=1 i=1

5) / klu — a|*(uz — uy)(vz — v1)dS = E / f - Vuids

=1

(v1,v2) € C(8) x C=(TT2).

(Here V = (8/0z,,8/0z;), * = (z1,%2).) Identity (1.5) leads us to the concept of
a weak solution of the problem.

We shall deal with the well - known Lebesgue and Sobolev spaces L’(ﬂ),
L2(9;), L*(89), WhP(Q), WE2?(Q,) (etc.) (1 < p< 00,1 £ k < oo, k is an in-

teger), equipped with the norms || - [lo».0, |- lopir Il lop.00, Il lep2s I+ it
(etc.), respectively. (See e.g. [10],{11}, [14].) By |- |x,p,0 We denote the seminorm
in Whe(Q):

*u
1.6 ulkp0 = —— 5,0 ue whr(Q).
( ) | ll,r,ﬂ (a_gik " 8zg'az;’ "o,p,n) Q)

Let us remind the completely continuous imbedding W'3(Q;) <+ L1(8%;) for

all g € {1,+00) - see [11], [14]. Hence, there exists a constant ¢; = ¢c;(¢g) > 0 such
that

.7 lullogson, < erllullizg, — ueWh Q)
and from each sequence {u,} bounded in W3(;) we can choose a subsequence

strongly convergent in Lf(9%;).
In the sequel we shall assume that

(18) 7 e[z @p
Let us define the Hilbert space H(Q) = W13(£,) x Wh3(Q,), equipped with the

norm

(1.9) lullizn = (luallf 2.0, + luall? 2,0,)'% v = (u1,u2) € H(Q),
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and define the forms
2
(1.10) Nu,v) = Z/ Vu; - Vv, dz,
i=1 Y
2
c(u,v) = Z/ klui|*u;v; dS,
i=1 /T4

d(u, 0) = '/r Huz - ull"(ug bt ul)(vz - v;)dS,

2 End
L(v) = Z‘[) f - Vvidz,

=1
a(u,v) = Hu,v) + c(u,v) + d(u,v),
u= (ul’uﬁ)v v= (vva) € H(Q)'

Let us notice that the forms ¢ and d are well-defined in virtue of (1.7).
In H(Q) we shall also use a seminorm |- |} 2,0:

(11) lul2,0 = (Ju1l} 5.0, + [u2l} 20,02 v =(u1,u2) € H().

1.12. Definition. We say that u = (u;,43) is a weak solution of problem (1.1) -
(1.3), if

(1.13) a) u€HQ),
b)  a(u,v)=L(v) VveH(Q).

1.14. Lemma. The form L is linear and continuous on H(Q). For each u €
H(Q) the forms a(u, ), ¥u,-), c(u,-) and d(u,) are linear and continuous on H(Q).
Moreover, b is a continuous bilinear form on H().

From the above considerations it follows that problems (1.1) - (1.3) and
(1.13, a-b) are formally equivalent in the following sense: If u = (u;, ;) is a classical
solution, then it is also a weak solution. On the other hand, provided u = (u;,u3)
is a weak solution and u; € C?(§};), i = 1,2, then u is a classical solution.

If a = 0, then the problem is linear; for & > 0 we have a nonlinear problem with
a similar structure as problems studied in [9] with the use of a variational approach.
Here we shall apply the monotone operator method.

2. Solvability.
First, let us prove some auxiliary assertions.

2.1. Lemma. Let g > 1. The there ezists a constant c; = ca(g) such that

2
lul} 20 + lulii 2% (Z luill§ g r, + s = uzll&,,,r.) >
(22) -

2 ealullf 20

Vu=(u1,ug)EH(Q), u#0.
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