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Higher monotonicity properties
of special functions:

application on Bessel case |v| <

N

ZUzZANA DoSLA

Abstract. Suppose that the function g(t) in the differential equation
) v +ae(t)y=0

is decreasing on (0, c0). We give conditions on ¢ which ensure that (*) has a pair of soluticns
v1(t), y2(t) such that the n-th derivative (n > 1) of the function p(t) = yZ(t)+y2(t) has the
sign (—1)**+! for sufficiently large ¢, and that the higher differences of sequences related to
zeros of solutions of (¥) are ultimately monotonic. In particular, we prove the conjecture
of [5] for sufficiently large ¢.

Keywords: Higher monotonicity properties, ultimate monotonicity, Bessel functions
Classification: 34A40, 34C10

1. INTRODUCTION

The aim of the present paper is to study monotonicity properties of solutions of
the second order equation

(1) ' ¥ +q(t)y=0

with the function ¢ decreasing to a positive constant. In general, ¢ is n-time mono-
tonic function, i.e. sgn ¢®(t) = (—1)%, k =0,... ,n on (@,o0). This investigation
is motivated by the following conjecture of L. Lorch and P. Szego [5, p. 51] given
on the basis of the numerical evidence and the Sturm comparison theorem.

Conjecture. Let c i denote k-th positive zeros of any Bessel function C, of order
lv| < 3. Then

2 (-1)"A",x >0 n=23,...k=1,2..."

If n-th differences have the constant sign and (2) holds for all n or n up to N, we
say that the sequence is completely monotonic or N-time monotonic, respectively.
M. Muldoon [8] proved the validity of (2) for 1 < |v| < 1 but the method used
there cannot be applied to the range |v| < . We are successful in proving (2) for
[v| < § in the sense of ultimate monotonicity, i.e., for each n fixed, (2) holds for all
cuky k =1n, I+ 1,... (I integer) or, by other words, a finite number (depending

*)The symbol A™t; means, as usual, the n-th (forward) differences of the sequence {t;}, i.e.
Aty = ty, Atg = tgyy — tr, A" = A(A™11,).
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on n) of the first members of the sequence {c,x}§2, must be omitted in (2) (see
Corollary 2).

Our approach is based on the following ideas:

(i) to study monotonicity properties of the function p(t) = y¥(t) + y2(t), where
Y1, Y2 are suitable linearly independent solutions of (1). As was showed in [5,8], this
is closely related to the monotonicity properties, e.g. higher differences of zeros, of
any solution of (1);

(ii) to investigate certain differential operators on the half-line (a,c0) for using
[1, Theorem 22.1,] and [8, Theorem 2.1]. To this end we make some constructions
about the signs and asymptotics of monotonic functions and their quasiderivatives;

(i) to investigate Bessel functions of order |v| < } and other Sturm-Liouville
functions as solutions of the differential equation of the form (1).

Originally, the idea to study n-time monotonic functions and sequences (as the
spacing of zeros of special functions) in the theory of ordinary differential equations,
was used in [1] and [5] for the case of g(t) increasing (and in general, ¢' is n-time
monotonic) with applications on Bessel functions of order |v| > 1. These results
were followed by a lot of papers and this case was in detail resolved, e.g. [6, 7, 8,
9, 10]. It is worth to note that the "nonsymmetry” of both cases of monotonicity
g and ¢’ is caused by the properties of the composition of monotonic functions and
sequences.

Our method and results cover the case ¢ converging to a positive constant with
just the order t¢, as it corresponds to the Bessel functions. The case g converging
"slowly” to a non-negative constant will be solved in [12].

2. STATEMENT OF RESULTS.
Let us define the sequence {M;}2, by

tigr
® M= [Tperewere =01,
where y(t) is an arbitrary (non-trivial) solution of (1), {¢;}$2, denotes any sequence
of consecutive zeros of any solution z(t) of (1) which may or may not be linearly
independent of y(t), p(t) = y*(t) + y2(t) and y1(t), y2(t) are linearly independent
solutions of (1), A> -landa <1+ %

By a special choice of numbers A, a we get quantities of various geometrical
meaning and describing oscillatory properties of any solution of (1), e.g. ifa = A =10
then M;‘ = At,' = ti+l - t,‘.

Agreement. Throughout this paper, the symbol f = O(t~%) for ¢ — co means
the order properties of the best estimation, i.e. we write f = O(t™*) t — oo if

i) im sups—co| f(2)[t* < 00, ie. f=O(t%),

i) lim¢—oo | f()[t2+€ = oo for every € > 0.
Theorem. Let n > 0 be a fized integer. Let the function q in (1) satisfy g(o0) >0
and fork=0, 1,... n42

(4) (-1)*¢®(@#) >0, oO0<t<oo
(5) ¢® =0t~ ¢*+9) t 5 o, €>0.
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Then (2) has a pair of solutions y;(t), y2(t) such that the function p(t) = y3(¢t) +
y2(t) satisfies p(t) — 1 for t — oo,

(6) (=1)Fp*HD() >0, pr<t<oo, k=0, 1,...,n,
where {ur}} is e nondecreasing sequence and py = ppyq only if uy = 0;
(7 PP =0t "9 t 500, n>4,k=12,...,n-3
and the corresponding quantities M; defined by (3) satisfy

(8) (=D)*AMIM; >0 k=0,....n=3,i=1, L+1,...,

where Iy = (k) is integer, 0 =1lp < I; < - < l,_3 and lp =l only if [, =0.
In particular, we have for the sequence {ti}l?:,(k) of positive zeros of any solution

of (1)
(1AM, >0 k=0,...,n=3,n>3, =1 L+1,...

Remark 1. If the function g satisfies (4) (i.e. ¢ is monotonic of order n + 2), then
¢® = O@t*), k = 1,...,n + 1 (see [11]), but (5) need not hold. For example
h(t) = 1+ 1/Igt is completely monotonic (i.e. (4) holds for k¥ = 0,1,...) and
lim;_.o0 h't11€ = —oc0 for any € > 0.

A typical example where our theorem is applicable, yields the equation

(9) y' +[1+ 8ty =0, B, v>0.

P. Hartman [2, Theorem 11.2] proved that (9) has the solutions y;(t), y2(t) such
that p(t) =y¥ +y2 — 1 as t — oo and

(10) -5V >0 k=0, 1,...

for 0 < ¥ < 1 and ¥ = 2 (the case of Bessel functions), p' is not completely
morotonic on (0,00) for 4 > 2 (i.e. (10) does not hold) and the case 1 < v < 2is
not completely settled. Therefore this result of Hartman is partially completed by
the following

Corollary 1. Equation (9) has a pair of solutions y,(t), y2(t) such that p(t) =
Y2 +y2 —1ast— oo and

0<t<oo for0<y<1lory=2

—1)EHD(8) > 0 {
(-1)°p ) pr <t <oo otherwise

where {px}R2, s @ nondecreasing sequence and px = pypyy only if pp = 0. In
particular,

1
p'>0andp" <0 fort> M T
T+2
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Moreover, for the sequence {t,‘}'?;,(k) of zeros of any solution of (9), the result (8)
holds.
In the sequel, we adopt the usual notation for Bessel functions C,(t) = AJ,(t) +
BY, (t) and its positive zeros c,x (kK =1,2,...).
If we consider the generalized Airy equation (cf. [8])
1 ., 1
(2u)7t w=0 (V 2>1)
having a pair of solutions w(t) = t!/2J,(2vt!/(3"), $1/2Y, (20t!/(2*)), then the
derivative of the carrier ﬁi—);tf"z of (11) is completely monotonic for 3 < v < 3.
If we reduce the Bessel equation

(11) w' +

y”+%y’+(1-:—:)y=0
to the equation
v
2
having a pair of solutions 2(t) = t1/2J,(t), t!/2Y,(t) then the carrier of (12) is

completely monotonic for |v| < % Thus Theorem can be applied and the conjecture
(2) is proved in the case of ultimate monotonicity.

Corollary 2. If A > —1 and |v| < }, then

(12) Z" + (1 + )z =0

Coyk 41
(13) (-1)"A" {/ |t%C,(t)Pdt} >0 n=0,1,...; k=1ln, ln+1,...

vk

In particular, (2) holds for fized n > 2 and k =1,, In +1,..., where {I,}32, is
a nondecreasing sequence of integer numbers and lp = ln4y only if ln =0.
Remark 2. If } < v <1, -1 < X <2, then (13) holds for k = 1, 2,... (see
Corollary 4.2.[8]).

3. ON DIFFERENTIAL OPERATORS: SIGNS AND ASYMPTOTICS.

We start with additivity of O-symbols.
Lemma 1. Let f = fi + fo, f1 = O(t™%), fo = O(t™P), a < B. Then there ezists
T such that sgnf(t) = sgnfi(t) for t 2 T and f = O(t™*) for t — 0.
ProoF : It holds

sgnf = sgnltP(fit*t? " + [,1°)] = sgn(f1t*t? " + fot°) = sgn i,

since 8 > a > 0 and thus f,t*t#~* — oo and f;t# < oco. Further, f = O(t~°) and
for 0 < £ £ B — a limeo | FIt*HE > limyoo(|f1t2FE — | f2[toHE) = 0. =

In what follows, we describe the sign and asymptotics of quasiderivatives of two
functions. Note that this does not hold for ¢ = § = 0, corresponding to a slow
convergence of lim;_o, ¢(t) in (1).

The notation (fD)*(g) means that the differential operator f(t)$; is applied -
times.
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Lemma 2. Letn > 1 be a fized integer. Let the functions f, g be such that f(t) > 0,
f&) = O(t—(k+e)), gk) = O@t=*+9) as t 5 00,€>0,6 >0, k=1,...,n. Then
(fD)¥(g) = O(t=*+9) and there ezists a nondecreasing sequence {Ti}? such that
Tk = Tk41 only if Tk = 0 and sgn(fD)*(g) = sgng*) on (Tk,00).

PROOF : Note that f' = O(t~(!*9) implies f bounded and the conclusion for
n =1 is obvious.
Let n > 2. By [5, pp.57-58] it holds for k = 1,...,n

(14) (fD)*(g) = f*g™ + Y &(k,t)gP 7,
where ®(k,t) is a homogeneous form in f',..., f(*~1) whose typical term is

(15) const(f')* ... (f("’l))“""

Let us investigate asymptotic properties of functions in the right-hand side of (14).
Since (f() = O(t~*(+9) and Zf_l a; > 1, we have (fD)¥(g) = O(t~¥+9) +
O(t™*), where p = Y ¥ P iai+e T8 ! aitB+6 = k+e ;! ait6 > kt+et6 > k+6.

Hence, applying Lemma 1 in (14), we get the existence of a sequence {7} }} such
that sga(fD)*(g) = sgng®® on (T, o).

Note that if the function ¢ is n-times monotonic on (0,00) and g # const, then
9®(t) #0 for t € (0,00), k=1,...,n—1 (see e.g. [9, Lemma 0.3]).

Let

withl1 < ay, 8,7 <k-1, 5 io;+8=kand0 < o; < k—ifori=2,...,k—i+1.

T = min{T : sgn(fD)*(g(t)) = sgngP(t) fort >T}, k=1,...,n.

Suppose, by contradiction, that there exists k € {1,...,n — 1} such that Tx41 > Tk
or Ty = Tiyy > 0. Without loss of generality suppose ¢g‘*+1)(t) < 0 and ¢(¥(¢) > 0
for t € (0,00), k = 1,...,n — 2. Putting Fy = (fD)*(g), k =1,...,n — 1, we have
Fiyy = fDF;. ke {1,...,n—2} it holds

DF; <0fort > Tiy1, Fi>O0fort>T;.

Thus with respect to the continuity of Fi and definition of Tk we get Fi(Ti:) =0
and Fy(t) is decreasing for t > Ty > Tiyy, ie., Fi(t) < 0 for t > T, which is a
contradiction with the definition of T}.
Similarly, if k = n — 1, then Fy,_1(T,—;) = 0, Fpy(t) < 0 for t > Tpy,
DF,_1(t) 2 0for t > T, > Ty, which is the same contradiction as above. ]
The last auxiliary result concerns the composition of monotonic functions, in

particular, if f is an n-times monotonic function, then f* is ultimately monotonic.
It should be compared with [3, Theorems 5 and 8).
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Lemma 3. Let n > 1 be an integer and X # 0 & real number. Let the function
f(t) satisfy 0 < f(t) < 00 and f® = O@t~*+)) ast - 00, >0,k =1,...,n.
Then (fA)®) = O(t~(*+)) k =1,...,n and there ezists a non-decreasing sequence
{Ti}} such that T = Tiyy only if Tx = 0 and sgn[f*(t)]® = sgnrsgnf®(t) for
T <t<oo.

PROOF : The statement obviously holds for n = 1. Let n > 2. We will prove by
induction that for k=1,...,n

(16) (PO = AP0 £ 3 B(k, 1) f7

holds, where v = A — 2,..., A — k and ®(%,1) is of the form (15) with 1 < a; <k,

gy =k, 0<a;<k—ifori=2,.. k—i+1l

Suppose the validity of (16) for k. Then (f*)(*+1) = [(fA)B] = AfA-1f(k+1) 4
MA=1)FA=2f fO) L S d(k+1,)f7, where y = A—2,...,A—k—1and ®(k+1,¢)
is a homogeneous form in f', ..., f*) whose typical term is const(f')% ... (f(®)%,
where 1< By <k, ¥ ifi=k+1,0< i <k~i+1fori=2,...,k—i+1 Thus
(16) holds for k + 1.

Now according to (16) it holds (f2)® = O(t~(*+9) 4 O(t~*) where p = k +
€ Zf—l a; 2 k+ 2¢. (The equation Ef_l ia; = k shows that at least two of the a’s
must be > 1.) Hence we can apply Lemma 1 to the right-hand side of (16). The
rest of the proof is analogous to that one of Lemma 2. |

4. PROOF OF THE THEOREM.
The idea of the proof is based on Lemma 2 jointly with the following results

Theorem A. [1, Theorem 22.1,] Let n > 0. Let () be non-increasing, g(co) > 0
and

(17) (-1)*(¢'D)¥(-2¢'¢7*) >0 k=0,...,n+1.

Then (1) has a pair of solutions y,(t), y2(t) such that p(t) = y? +yZ 5 1 ast — o0
and

(18) (-D¥q DY) =20, k=0,1,...,n.

Theorem B. [8, Theorem 2.1 where W(t) = 1. Let y1(t), y2(t) be the independent
solv*.ons of (1) on (a,b) and p(t) = y?(t) + y2(t). Suppose that for k=0,1,...,n

(19) ‘ (pD)k(pi+ir-2)

has a constant sign € (= x1) on (a,b), where A > -1, a < 1+ A/2. Then we have
sgnA*M; = ¢, (k=0,1,...,n,i=1,2,...).

PROOF of the Theorem in Section 2: consists of the following steps:

@),5) -2 18) 2 6),(1) -2 (19) = (8)
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Step (a). Let the function g satisfy the assumptions of Theorem. Then by Lemma 3
the functions f = ¢™!, g = (¢~2)' = —2¢'q~2 satisfy the assumptions of Lemma 2,
from where sgn(g™!D)¥(—2¢'q™%) = sgn(—2¢'q~*)(¥) = sgn[(¢~2)*+!] =
= sgn(—g**1)) = sgng® = (-1)* on (Tk,0), Tk < Tik41 and Tg = Tiyy only if
Ty = 0.

Hence, by applying Theorem A on (T, o0) we get the validity of (18) on (T}, o).

Step (b). We use the result proved in (a) and show that (6) holds. Consider the
functions v = f: gds = f(t) and p(v) = p'(f~(v)), for which f'(t) = ¢(t) and
P(v) is n-times monotonic function of t and v, respectively. By the rule for the
composition of monotonic functions [6, pp. 1241-1242] it holds that p(f(t)) = p'(t)
is the n-time monotonic function of t.

We show next that for k =1,...,n—3

(20) Jim [p® |5+ < oo,
— 00
(21) tlim |p®|tk+e+€ = 0o for every £ > 0.
—00

To this end, recall that the function p satisfies the Appell equation

(22) p" +49p’ +2¢'p=0.

Since p"’ > 0 for sufficiently large t, we get —g'p > 2¢p’ and in view of (5) (k = 1)
and the fact that p, ¢ — const, we have the validity of (20) for £ = 1. Supposing
the validity of (20) for k let us prove (20) for k + 1. By differentiating (22) k-times,

k < n -2, we have

P+ __42( ) (D plkt1-0) _ 22 (:) G+ plk=s)

=0 j=0

= — agplh+y _ 42( ) () plk+1=0) _ g(k+1)p_

=1
-1

-9 Z ( )q(1+l)p(k—.v)

j=0

It follows from the induction assumption and from (5) that

k-1
Zq(u)p(k+1—:) =0(t~ (k+l+2e)) _ Zq(ﬁl) (k—J)
=1 j=0

thus

(23) pEFD) = _gqp(kHD) _ 9g(k+1)p, 4 (4= (k+1426)),

239
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Since ¢(¥*Vp = O(t~(k+1+¢) (k+3) _
ld f?)r " +p1. ( ) sgnp(:+3) = sgnp(¥+D) for sufficiently large ¢, (20) is

Finally, if { < min{2, ¢}, then multiplying (23) by tHHI+HE e gt
i k .
4 lim g|p(kn)jphtitete 2 lim plgt+D|ght1+ere - o,

because
cllolgo sup |p(k+3)’tk+l+s+€ < zl_iff.lo sup Ip(k+3)|tk+3+e < co.

The proof is complete.

Step (c). In applying Lemmas 2 and 3 to obtain the last conclusion, we set f = p
(p(t) > 0), g = p*, a > 0 real number. Then

sgn(pD)¥(p") = sgn(p®)® = sgnp® = (=1)¥*! on px < t < oo,

and the sequence {ux}] is nondecreasing such that pup = g4y only if ux = 0. Let
l; = I(k) be the smallest integer such that lx-th zero tx) > pi. Applying Theorem
B on (s, 00) we get sgnA*M; = (=1)F+ fork=1,...,n=3,i =1, lx+1,... and
sgnM; = sgnp' = 1 for i = 0,1,.... The monotonicity property of {lx}373 follows
from that one of {uk}.

If A = a = 0 then M; = At;. The proof is complete. .

PROOF of Corollary 1: Let g(t) =14 8/t7, B >0, v > 1, 7 # 2 (otherwise see
Theorem 11.2 of [2]). By a routine computation we get from Theorem A, i = 1,2,
3¢'? < qq¢" for t7 > B(2y — 1)/(y + 1) and 10¢"¢'q — 15¢'* — ¢"'¢® > 0 which is
satisfied if 10¢"¢' —¢"'q > 0. This inequality holds for t > §(9y —2)/(y +2), hence
the first one holds for the same ¢. Since -27;7_-;—11- < 9;"_—5‘1, we have the conclusion. =

5. CONCLUDING REMARKS

(i) We comment here our attempts to finish the proof of (2) on the whole interval
(0, 00).

The first one*) consists in investigating A”c,; as a function of order v for each
fixed k, n = 1,2,..., as was done for |v| > ] in [4]. As it has been emphasized
in [4, p. 95, some "balancing” in differential expression for [f(g(t))]™ - similar
to (14) — may still leave that expression of an appropriate sign without every term
individually being of that sign. A similar idea was used de facto in Lemmas 2 and
3 for sufficiently large ¢ and leads to the ultimate monotonicity in the general case.
This is the reason why we were not successful to resolve the whole interval (0, co)
in the case of Bessel functions even if knowing here explicitly the function p(t) and
the fact that p’ is completely monotonic on (0, c0).

The second approach to the resolving (2) is based on the fact that every com-
pletely monotonic function and sequence can be expressed in the form of Laplace-
Stieltjes integral (see e.g. [2, 3, 11]). Taking into account the properties of {ux}?

*)proposed to the author by Professor L. Lorch under personal communication.
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in Theorem and the result of [2]**) this may turn out to be useful in proving (19)
on the whole (0, 00).

(ii) We call attention to some further application of the method and results used
in Section 3. In [5], in addition to the conjecture (2), conjectures concerning pos-
itive zeros of Legendre polynomials Pp(cos#), Hermite and Laguerre polynomials
are given by making numerical checks. In the same manner, by Theorem B and
Lemma 2, similar results may be established for these conjectures — that all differ-
ences of the zeros are non-negative. ’

Acknowledgement. The author wishes to thank Professors L. Lorch and M. E.
Muldoon for their helpful comments.
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