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Časopis pro pěstování matematiky, roč. 105 (1980), Praha 

FIXED POINT THEOREMS FOR CONTRACTIVE MAPPINGS 
IN METRIC SPACES 

JANUSZ MATKOWSKI, Bielsko-Biala 

(Received March 17, 1975) 

1. In this paper we extend Banach's and Kannan's fixed point theorems as well 
as some results of D. W. BOYD and J. S. W. WONG, A. MEIR and E. KEELER, S. REICH 
and C. S. WONG. 

Our main result is the following 

Theorem 1. Let (X, d) be a complete metric space and let T:X -> X. Suppose 
that for every e > 0 and x, y eX, 

(1) 0 < d(Tx, x), d(y, Ty), d(x, y) , d(Tx> y)+ <*(*> Ty) ^ £ ̂  ^ Jy) < £ 

If for every e > 0 there is a 8 > 0 such that for x, y eX, 

e < d(x, y) < e + <5 

(2) 0<d{Tx,x)/(K,y) + d(X,Ty)<e^Ty)<E + 5 \=>d(Tx,Ty)<e, 

then for every xeX, the sequence {THx} converges. If, moreover, Tis continuous or, 
given e > 0, there is a /z, 0 < \JL < e such that for x, y e X 

0<d(Tx,x),d(Tx'y) + d(X>TyUe\ MT _ , , 
(3) v " 2 ~ [ -> d(Tx, Ty) < s - /i, 

0<d(x,y), d(y,Ty)<n 

then T has a unique fixed point peX and for every xeX, lim Vx = p. 

Proof. Take an xeX and put x„ = Vx, n = 0,1, . . . . We can assume that 
d(x„, xB_t) > 0, n = 1,2 Note that 

(4) d(xn+1, xn) < d(xn. xn. i ) , n = 1, 2,.... 
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For an indirect proof Of (4) suppose that d(xn+1, x„) •=_ d(xn, xn„t) for some n = 1. 
Assuming x = x„, y = xn^1, s = d(x„+1, xn) we have d(Tx, x) = e, d(x, y) = 
= d(j, Ty) = e and 

d(Tx, y) + d(x, Ty) = d(xn + 1, xn-t) = d(xn + 1, xn) + d(xn, xn_x) = 2e . 

Hence, using (l), we get d(Tx, Ty) = d(xn+1, xn) < e. This contradiction proves (4) 
and, consequently, the sequence {d(xn + 1, xn)} converges. We shall show that 

(5) ' c = lim d(xn + 1, x„) = 0 . 
H-->QO 

Suppose that c > 0. Then there is n0 such that 

c < d(xn+1, xn) < c + S(c) , n = n0. 

Using (2) for x = xM+1, y = xn we hence obtain d(xn+2,
 x

n+i) — c, n = n0. This 
contradicts the previous inequality and proves (5). 

Let us fix an e > 0. Without loss of generality we can assume 

(6) d = 3(e) <s. 

By (5) there is a k such that 

(7) d(xn+1,xn)<\5, n = k. 

We shall prove that 

(8) d(xn+m, xn) < e + \b , n = k , 

for m = 1, 2, . . . . By (7), this is the case for m = 1. Suppose that the inequalities 
(8) hold for some m _ 1. If d(xn+m, xn) = e, then by (7) 

" ( X r + m + l» xn) — d(xn + m+1, X„ + m ) + a(x„ + m , X„) < 6 + 2O • 

If e < d(xn+m, xn) < a + id then, by (7), we have for x = x„+m, y = xn, 

s < d(x, y) < e + \b , d(Tx, x) < id , d(y, Ty) < id , 

0 < d(Tx, y) + d(x, Ty) = d(Tx, x) + 2d(x, y) + d(y, Ty) < 2(e + d) . 

Now (2) yields d(Tx, Ty) = d(xn+m+l, xn+1) = 8. Thus 

d(x„ + m+u Xn) = ^ n + m+l^ Xn+l) + d(xn+1, Xn) < 8 + id , 

and induction completes the proof of (8). 
Now (8) and (6) imply that {xn} is a Cauchy sequence ,and, since X is complete, 

{xn} converges to a point p e X. 

Suppose that the condition (3) holds and 8 = d(Tp, p) > 0. By the preceding part 
of the proof we can find n0 such that d(p, xn) < in, d(xn+l, xn) < ifi for n ^ n0. 
Hence, assuming x = p, y = xn, we have d(Tx, x) = e, d(x, y) < fi,d(y,Ty) < /xand 

d(Tx, y) + d(xy Ty) < d(Tp, p) + d(p„xn) + d(p, xn^)' = e + fi < 28 . 
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, , x,yeX; 
2 

Using (3) we obtain d(Tx,Ty) = d(Tp, Txn) < s — pi. This implies 

d(Tp, p) = d(Tp, Txn) + d(xn+l9 p)<8-n + $n<89 

which is a contradiction and therefore Tp = p. 
The uniqueness of the fixed point follows from (l) . 

Remark 1. Suppose that for every e > 0 there is a <t> > 0 such that 8 g d(x, y) < 
< e + S implies d(Tx, Ty) < e, x, y eX. Then (1) and (2) are fulfilled and T is 
continuous. Thus Theorem 1 generalizes the result of Meir and Keeler [2]. 

2. We arjply theorem 1 to obtain a fixed point theorem which generalizes some 
results of Boyd and Wong [1], Reich [3] and Wong [4]. 

Theorem 2. Let (X,d) be a complete metric space and let T:X -* X. Suppose 
that there exists a function a : <0, oo)4 -+ <0, oo) such that 

(9) d(Tx, Ty) S a (d(x, y), d(x, Tx), d(y, Ty), 4*> 7 » + <%» Z>)> 

(10) ot(t, sx, s2, s3) is increasing with respect to s1? s2, s3 ; 

(11) 0 < t = s => a(t, s, s, s) < s ; 

(12) lim sup oc(t, u9 u,u) < s for s > 0 . 

Then for every x eX, the sequence {Tnx} converges. If, moreover, 

(13) lim sup ot(t, s, u, s) < s for s > 0 , 
t,u-+0 + 

then T has a unique fixed point peX and lim Tnx = p for xeX. 

Proof. Take an e > 0 and note that 

(14) 0 < t( = e (i = 1, 2, 3, 4) => a(tl9 t2, t3, t4) < e . 

In fact, if tx gt max (t2, t3, t4) then by (10) —(11) we have 

a('i- t2, t3, t4) S <*(tl9 tl9 tl9 tx) <tt £e. 

If t1 < s = max (t2, t3, t4) then by (10) —(11) we have 

a(tl9 t2, t3, t4) S «(ti, s, s, s) < s ^ s 

which proves (14). 

It follows from (12) that for every 8 > 0 there is a 3 > 0 such that 

8 < U , S < 8 + S => Ol(u, S, S, s) < 8 . 

Hence and from (10) — (11) we easily obtain 

(15) 8 < tx < 8 + 8 , 0 < t2, t3, t4 < 8 + S => a(tl912, t3914) < 8 . 
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Finally, the condition (13) implies that for every e > 0 there is a /z, 0 < \i < e, such 
that 

(16) 0 < tt, t3 < ii => (x(tu e,t3,e) < e - fi. 

To prove (16) we put s = lim sup a(fl9 e, t3, e). By (13) there is a fi > 0 

such that for 0 < ty, t2 < ft we have a(tu e, t3, e) < e — \(e — s). Evidently, 
H = min (fi, %(e — s) satisfies the condition (16). 

Now, setting tt = d(x, y), t2 = d(x, Tx), t3 = d(y, Ty), t4 = ±(d(x, Ty) 4-
+ d(Tx, y)) and taking into account (9) and (14)—(16) we see that all the assumptions 
of Theorem 1 are fulfilled. This completes the proof. 

Remark 2. If a does not depend on t2, t3, t4 then the condition (9) takes the form 
d(Tx, Ty) = y(d(x, y)), x, y e X. Suppose that y(t) < t for t > 0 and y is upper 
semicontinuous from the right. Then the conditions (It)) —(13) are fulfilled, and, 
consequently, Theorem 2 implies the result of Boyd and Wong [1]. 

Theorem 2 generalizes also the results of S. Reich ([3], Th. 1) and C. S. Wong 
([4], Th. 1). 

Remark 3. In this paper "increasing" means nondecreasing. Note that in Theorem 
2 the function a need not be increasing with respect to the first variable (cf. Remark 2). 

The author thanks the referee for his valuable remarks. 
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