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Časopis pro pěstován! matematiky, roč. 108 (1983), Praha 

REMARK IN CONNECTION WITH AN ARTICLE OF HAMEDANI 

BOGDAN RZEPECKI, Poznaň 

(Received Juny 15, 1981) 

1. G. G. Hamedani [1] proved under suitable assumptions that the equation 

y'(t) = f[t, yQi^t)),.... y{hn{t)), y'{h„+1(t)),..., y'(hn+m{t))> *) 

has exactly one solution defined in an interval J = ( — a, a) and fulfilling an initial 
condition y(6) = tj, and this solution depends continuously on the parameter L 
In this note we use a contraction principle (given in Sec. 2 as Proposition) to establish 
the well-posedness of the Cauchy problem for the above type functional-differential 
equation withf, hh A and n in certain £*-spaces (see e.g. [2]) which arise in a natural 
way. We shall treat the case n = m = 1 and J = [0, oo), since for n, m > 1 and J = 
= ( -a , a) with 0 < a g oo 0 g ^ h(t), |h/(r)| g t, te J, the proof is similar and the 
reader can repeat it himself. 

2. Let E be a Frechet space with a saturated sequence pu p2,... of seminorms 
which generates the topology of E (see e.g. [5]). Let A be a nonempty subset of E 
and let Tbe a one-to-one transformation of A into E foi which T[A~\ is a closed set. 
Suppose that Fn(n = 1,2,...) and F0 are mappings from A into E satisfying the fol­
lowing conditions: 

(1) Fn[A] c T\A\ for all n ^ 1, (2) lim Fnx = F0x for all x in A, and (3) 
H-+00 

Pi(Fnx - Fny) = k. pt(Tx - 7>) for all i = 1, n = 1 and x, y in A, where 0 = 

= k < 1. 

Now, we give the following result of the type of Banach contraction principle: 

Proposition ([3], [4]). Under the above assumptions there exists a unique point xm 

(m = 0, 1, ...) in A such that Fmxm = Txm, and Txn -• Tx0 as n -> oo. 

3. Throughout this part, J = [0, oo), R is the Euclidean space, and C(J) denotes 
the set of all continuous real functions defined on J. 

The set C(J) let be considered as a vector space with the topology of almost uni­
form convergence (i.e., uniform convergence on compact subsets of J). This topology 
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is determined by the sequence (pn) of seminorms given as pn(x) — sup |x(t)| for x 
in C(J), and therefore C(J) is a Frechet space. -*-n 

Let K and L < 1 be nonnegative constants, and let G be a locally bounded function 
of J into itself. JNext, we use the following notation: 

% — the set of all continuous real functions / defined on JxRxRxR such 
that \f(t, xl9 yl9 X) - /(*, x2, y2, X)\ ^ K\xt ~ x2\ + L\yt - y2\ for t £ 0 and 
oc1,x2,y1,y2,Xin R; 

g0 - the set of all / i n g such that \f(t, x, y, Xx) - f(t9 x9 y9 X2)\ g G(t) \XX - X2\ 
for t ^ 0 and x, y, Xx, X2 in R; 

U — the set of all continuous functions q> of J into itself with cp(i) ^ t for t ^ 0. 

By (PC) we shall denote the problem of finding the solution on the half-line t ^ 0 
of the differential equation 

y'{t)=f{t,y{g{t)),y'{h{t)),X) 

satisfying the initial condition 
y(o) = ^; 

here fe%,g and h in U, and X, ^ in R are given. Obviously, our (PC) problem is 
equivalent to the equation 

*(0 = fU n + J *(*)ds, x(h(t))9 X\ 

in the space C(J). 

Theorem. For an arbitrary fe g, aeU, heU, XeR and ^eR there exists 
a unique function y(f,g,hix,tt) satisfying the (PC) problem on J. 

Assume, moreover, that the sets g0, U are given the 2*-space structures ([2]) 
by the almost uniform convergence onJxRxRxR and J, respectively. Then 
the transformation 

(/, g, h, X, */) H+ y(f,g,h,x,n) 

maps continuously the 2*-product ([2]) g o x U x U x K x j R fnt0 C(J). 

Proof. Let r > 0 be a constant such that r - 1K + L < 1. Let \j/ -= (/, g, h, X, rf e 
eftxUxllxRxR. Define: 

(Tx)(0 = exp(- rOx(0 , 

(Fx)(0 = exp{-rt)fft,n + f" x(s)d5,x(/i(0),^ 

for x in C(J). Then T[C(J)] c C(J) =*- T[C(J)]. For a positive integer n and w, t; 
in C(J) and 0 <£ f ^ n, we have 

/ ( ' , ^ + I <*) ds, v(h(0), M - / / M , + i#(s) ds, u(h(0), A 

134 



rg(t) 

= K \u(s) - v(s)\ ds + L|w(h(0) - v(h(t))\ = 

= K J 'exp (rs) \(Tu) (s) - (Tv) (s)\ ds + L exp (rh(0) |(Tu) (h(f)) - (Tv) (h(t))\ = 

= | exp (rs) ds + Lexp (rt) J pn(Tw - Tv) ^ ( r - 1 K + L) exp (rt) pn(Tu - Tv) , 

and it follows that pn(Fu — Fv) ^ ( r _ 1 K + L) P„(Tw — Tv). Consequently, Proposi­
tion is applicable to the mappings T, F and the space C(J). We conclude that there 
exists a unique x^ in C(J) and 

**(0 = /( f > n + I x^s) ds, xl>(h(0), Aj for t = 0 , 

which proves the first part of our result. 

Let il/m = (fm9 gm, hm9 Xm9 r\m)e g 0 x U x U x R x R for m = 0, 1, ... . Assume 
that limf. = f 0 , lim gn = g0, lim hn = h0, and |An — A0| -* 0 and \rjn - r\0\ -> 0 

n-»oo n-»oo n-+oo 

as n -> oo. Further, let / ( = [0, a]) be a compact subset of J. We prove that 
S U P \y+Sf) ~ >Vo(0| -> 0 as n -> oo. 

Denote by C(/) the Banach space of all continuous real functions on / with the 
usual supremum norm || • ||. Now, let us denote by T, Fm (m = 0, 1, •...) the mappings 
on C(/) defined as above whenever f = fm9 g = gm9 h = hm9 X = lm9 r\ = r\m and 
x G C(I). Obviously, F„[C(/)] c C(/) = T[C(/)] and \\FHu - Fnv\\ = (r~*K + L ) . 
. || Tu — Tv|| for n _ 1 and w, v in C(/). Moreover, for n ^ 1 and x in C(I) we obtain 

I fgn(t) rgo(t) 

\(Fnx) (t) - (F0x) (0 | ^ K\tiu -tj0\+K x(s) ds - x(s) ds 
jo jo 

+ L\x(h„(t)) - x(h0(t))\ + G(t) \kn - X0\ + 

ego(t) \ / fg0(t) 

+ 
/ Гgo(t) \ / çgo(t) \ 

fniUЦo + \ *(s) ds, x(h0(t)), X0 ) - f0 í t, rj0 + x(s) ds, x(h0(t))9 Å0) 

for t in I. So we have ||Fnx — F0x|| -> 0 as w -> oo. 

Finally, by our Proposition there exists a unique xmeC(I) (m = 0 ,1, . . . ) such 
that 3tym|j = xm and ||̂ c„ — x0|| ~> 0 as w -> oo. This completes the proof of the 
theorem. 
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