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Časopis pro pěstování matematiky, roč. 109 (1984), Praha 

KERNELS OF LATTICE ORDERED GROUPS DEFINED 
BY PROPERTIES OF SEQUENCES 

JAN JAKUBIK, Kosice 

(Received September 13, 1983) 

If p is a property related to convex /-subgroups of a lattice ordered group G, 
then the kernel of G with respect to the property p is denned to be the largest element 
of the system of all convex /-subgroups of G possessing the property p (if such a largest 
element does exist). 

Several types of kernels of lattice ordered groups have been studied (cf., e.g., [1], 
[4] and the articles quoted there). 

In this paper we investigate two types of kernels of abelian lattice ordered groups 
which are defined by means of properties of sequences. The first one is defined by 
means of the o-convergence, the second by means of the lateral convergence (cf. 
[5]; in the latter case we assume that the lattice ordered groups under consideration 
are completely representable. 

1. PRELIMINARIES 

Let G be an abelian lattice ordered group. We recall some notions and notations 
concerning the o-convergence of sequences in G (the definitions are the same as for 
the case of vector lattices, cf. Luxemburg-Zaanen [6]). 

Let {un: n = 1, 2,...} be a sequence in G. If ux _ u2 = u3 . . . and /\n un = u, 
then we write u„ | u. A sequence {fn: n = 1, 2,...} in G is said to be order convergent 
to an element fe G whenever there exists a sequence un [ 0 in G such that |f — fn\ _ 
_ un holds for all n. This will be denoted by fn -> /. Clearly f, -• j ' <=>f„ - f -» 0 o 

<H/*-/|-*0. 
.A sequence {gn: n = 1, 2,...} in G is called fundamental if, whenever {gnu):J = 

= 1,2,...} and {gmU):j = 1,2,...} are subsequences of {gn: n = 1,2,...}, then 
9n(j) - 9m(j) ~> 0 (j = 1, 2,...). A subset Gx of G is called Cauchy complete if each 
fundamental sequence in G1 order converges to an element of Gt. 

An element e > 0 of G is an order unit in G if for each 0 < g e G we have e A g > 
> 0. We write un \ 0 (cf. [5]) if u„ [ 0, ux is an order unit in G and 

(u n _i — un) A un+l = 0 for each n > 1 . 
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For a sequence {fn: n = 1, 2, . . .} in G andfe G we write f, -»Lf(and we say that 
the sequence {fn: n = 1, 2, . . .} laterally converges to f) if there exists a sequence 
{un: n = 1, 2, ...} in G such that un \ 0 and 

|f - fnj g un for each n . 

A sequence {gn: n = 1, 2, . . .} in G will be called /-fundamental, if there is a se
quence {un: n = 1, 2, ...} in G such that un \ 0 and |gn + p — gn| ^ un holds for each 
pair of positive integers n and p. 

A subset Gx of G will be called /-complete if for each /-fundamental sequence 
{gn: n = 1, 2, ...} in Gx there is g e G1 such that gn ~>L g. 

The lateral convergence in archimedean lattice ordered groups was studied in [5]. 

2. AUXILIARY RESULTS ON o-CONVERGENCE 

Let c be a fixed element of G. For each x e G we denote x' = x A c, x" = x v c. 

2.1. Lemma. Let u, v e G, u S v. Then v — u = (v' — u') + (v" — u"). 

Proof. Put t = v' v u. Since v' A u = u', we obtain l — u = v' — u'. Next we 
have u" A v = (c v u) A v = v' v u = t and clearly u" v v = v", thus v — t = 
= v" — u". Therefore v — u = v' — u' + v" — u". 

2.2. Lemma. Lcr p,qeG. Then \p - q\ = \p' - <?'| + \p" - q"\. 

Proof. We have \p — q\ = p v q — p A q; further, 

|P' ~ q'\ -(p A c) v (q A c) - (p A c) A (q A c) = (p v q)' - ( P A q)f, 

and similarly 

|P" ~ q"\ - (P V q)" ~ (p A q)" . 

Thus in view of 2.1, \p — q\ = \p' — q'\ + \p" — q"\. 

2.3. Lemma. Let xne G (n = 1, 2, . . . ) , x e G, xn -> x. Then x'n -> x' and xn -> x". 

Proof. This is a consequence of the fact that the operations A and v are con
tinuous with respect to the O-convergence [3] (cf. also [6] for the case of vector 
lattices). 

2.4. Lemma. Let xn e G (n = 1, 2, . . . ) , s1? s2 e G, xn -> s1? xn -> s2. Then xn -> 
-> st + s2 — c. 

Proof. For each n we have xn — xn = c — xn, hence xn = xn + xn — c. Since 
the operations + and — are continuous with respect to the O-convergence (cf., e.g. 
[3]), we obtain xn -> Sj + s2 — c. 
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2.5. Lemma. Let {xn: n = 1,2,...} be a fundamental sequence in G. Then 
{x'n: n = 1, 2, ...} and {x"n: n = 1, 2,. . .} are fundamental sequences in G. 

Proof. Let {n(j): j = 1, 2,. . .} and {m(j):j = 1, 2,. . .} be increasing sequences of 
positive integers. Since {xn: n = 1,2,...} is a fundamental sequence, we have 
xn(j) ~~ xm(j) ~* 0 (j = 1- 2, . . . ) . Hence there is a sequence {uy.j = 1, 2,. . .} in G 
such that Uj J 0 and \xn(j) — xm(j)\ g u} for eachj. In view of 2.2, the relations 

\X'nU) - X'm(j)\ ^ UJ a n d \Xn(J) ~ XmU)\ = UJ 

are valid for each j ; hence x'n(j) - x'm(j) -> 0 and xn(j) - xm(j) -> 0 (j = 1, 2, . . . ) . 
Thus both {x'n: n = 1, 2,. . .} and {xn: n = 1, 2,. . .} are fundamental sequences. 

2.6. Lemma. Let a, b, c e G, a g c _̂  b. Assume that both \a, c] and \c, b] are 
Cauchy complete subsets of G. Then \a, b] is also a Cauchy complete subset of G. 

Proof. Let {xn: n = 1, 2, . . .} be a fundamental sequence in G, xn e \a, b] (n = 
= 1,2,...). Then x'n e \a, c] and x"n e \c, b] for each n. In view of 2.5, both {x'n: n = 
= 1, 2,. . .} and {xn: n = 1, 2,. . .} are fundamental sequences. Thus in view of the 
assumption there are elements sx e \a, c] and s2 e [c, b] such that x'n —> sx and x"n -> 
-> s2. According to 2.4, xn -> sY + s2 — c. Clearly st + s2 — ce \a, b]. Hence 
\a, b] is a Cauchy complete subset of G. 

2.7. Lemma. Let a, b, d e G, a g b. Assume that \a, b] is a Cauchy complete 
subset of G. Then \a + d, b + d] is also a Cauchy complete subset of G. 

Proof. This follows from the continuity of the operation + with respect to the 
o-convergence. 

From 2.6 and 2.7 we obtain: 

2.8. Corollary. Let a, b e G, a ^ 0, b ^ 0. If the intervals [0, a] and [0, b] are 
Cauchy complete subsets of G, then [0, a + b] is also a Cauchy complete subset 
ofG. 

3. Cfr-KERNEL O F A LATTICE O R D E R E D G R O U P 

Again, let G be an abelian lattice ordered group. A subset G1 of G will be called 
Cauchy b-complete in G if each fundamental sequence in Gj which is bounded 
in Gj, order converges to an element of Gx. 

3.1. Lemma. Let 0 < a e G and let Gl be the convex l-subgroup of G generated 
by the element a. Assume that [0, a] is a Cauchy complete subset of G. Then Gt 

is Cauchy b-complete in G. 

Proof. We have Gx = \j\-na, na] (n = 1, 2, . . . ) . Let X = {xn: n = 1, 2, . . .} 
be a fundamental sequence in G such that X .= Gx and X is bounded in Gt. Hence 
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there is a positive integer n withX c [ — na, na]. From 2.8 and by induction we infer 
that [— na, na] is a Cauchy complete subset of G, hence there is x e [ — na, na] 
such that xn -> x. Thus Gx is Cauchy b-complete in G. 

Let us denote by C the system of all convex /-subgroups of G; the system C is 
partially ordered by inclusion. Then C is a complete lattice and the operation V i n C 
coincides with the operation of the join in the system of all subgroups of the group G; 
hence for {Gi}ieI ^ C, V.6/ &i is the subgroup of G generated by the set (J.e/ G,-. 

3.2. Theorem. Let G be an lattice ordered group. Let S= {Gj i e / be the system 
of all convex Cauchy b-complete l-subgroups of G. Then the system S possesses 
a largest element. 

Proof. Put H = Vie/ G> It suffices to verify that H is a Cauchy b-complete subset 
of G. Hence we have to verify that each interval of H is a Cauchy complete subset 
of G. In view of 2.7, it suffices to show that for each 0 < v e H, the interval [0, v] 
is a Cauchy complete subset of G. There are elements al9 ..., an e \JieI Gt such that 
0 < at (i = 1, 2, ..., n) and v ^ v' = ax + a2 + . . . + an. Hence in view of 2.8 
(and by induction) the interval [0, v'] is a Cauchy complete subset of G (since all 
intervals [0, at] are Cauchy complete subsets of G); therefore [0, v] is a Cauchy com
plete subset of G as well. 

3.3. Theorem. Let G be an abelian lattice ordered group. Let Ht be the set of all 
veG such that the interval [0, |v |] is a Cauchy complete subset of G. Then Ht is 
a convex l-subgroup of G. 

Proof. Let H be as in the proof of 3.2. It suffices to verify that Hx = H. Let 
v e H. Then |v| e H and hence [0, |v |] is a Cauchy complete subset of G; thus v e Hv 

Conversely, let veHx. Hence [0, |v |] is a Cauchy complete subset of G. Let Gt be 
the convex /-subgroup of G generated by |v|. In view of 3.1, Gx is a Cauchy b-complete 
subset of G. Therefore Gx ^ H and thus veH. 

The element / of a lattice ordered group G is said to have the Egoroff property if, 
given any double sequence {unk: n,k = 1, 2, . . .} in G such that, for every fixed n, 
the relation 

\f\^unk[0 (fc = 1,2,...) 

is valid, then there exists a sequence vm | 0 in G with the property that for every 
pair (ra, n) of positive integers there exists a positive integer k(m, n) such that vm ^ 
^ W/,,fc(m,«) holds. 

The assertion (i) of the following theorem can be considered analogous to Thm. 3.3. 

3.4. Theorem. (Cf. [6], Thm. 67.3.) Let G be an abelian lattice ordered group. 
Let A be the set of all elements of G which have the Egoroff property. Then (i) A is 
a convex l-subgroup of G; (ii) if ane A (n = 1, 2 , . . . ) , g e G and if Vn=i,2,... an — 
= g holds in G, then g e A. 
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(In [6], Thm. 67.3 it is assumed that G is a vector lattice, but the proof remains 
valid for abelian lattice ordered groups as well. Let us also remark that the /-sub
group Hx from Thm. 3.3 need not fulfil the condition (ii) of Thm. 3.4; cf. Example 
3.5 below.) 

Again, let H be as in the proof of 3.2. Then H will be said to be the Q,-kernel of G. 
Let us remark that H need not be a Cauchy complete subset of G. This can be verified 
by the following example: 

3.5. Example. Let R be the additive group of all reals (with the natural linear 
order) and let I be the set of all positive integers. For each i e I let Gt = R; put G0 = 
= Il / 6 / G,. For each g e G0 we denote by 1(g) the set of all i e I such that g(i) is 
irrational. Let G be the set of all g e G0 with the property that I(g) is finite. Then G 
is an /-subgroup of G0. The Q-kernel H of G consists of all g e G with finite supports. 
For each i el let ht e G such that ht(j) =j for each j = i and h((j) = 0 for j > i; 
further, let g e G such that g(i) = i for each i e I. The relation ht -> g (i = 1,2,...) 
holds in G, hence {hf: i = 1, 2,. . .} is a fundamental sequence in G, and each h{ 

belongs to II. On the other hand, g does not belong to II, hence H fails to be a Cauchy 
complete subset of G. Also, H fails to fulfil the condition (ii) of Thm. 3.4. 

3.6. Example. Let G be an abelian lattice ordered group and let St = {K,} ie/ 

be the system of all convex /-subgroups of G which are Cauchy complete subsets 
of G. Then Sx need not have a largest element. In fact, let G be as in 3.5. By way of 
contradiction, assume that Si has a largest element K0. We can identify Gf with the 
set of all g e G such that g(j) = 0 for each j e I, j 4= i. Then Gv e Sl for each i e I; 
thus G' = Vie/ Gt = K0. We have G' = II, where H is as in 3.5. In view of 3.5, H fails 
to be a Cauchy complete subset of G, hence the same holds for K0, which is a contra
diction. 

4. LATERAL CONVERGENCE IN A COMPLETELY REPRESENTABLE 
LATTICE ORDERED GROUP 

An /-subgroup G of a lattice ordered group G0 is said to be a regular /-subgroup 
of G0 if, given a subset {gi}ie/ of G such that V/e/ 9i = 9 holds in G, then g is the 
supremum of the set {gi},6/ i n G0

 a s we-l- (Under this assumption the corresponding 
dual condition is also valid.) 

In this section we shall asssume that G=t={0} is lattice ordered group which can be 
embedded as a regular /-subgroup into a direct product of linearly ordered groups; 
lattice ordered groups having this property are called completely representable. 
(It is well-known that an abelian lattice ordered group is completely representable 
if and only if it is completely distributive (cf. [2], Theorem 5.10).) 

Hence without loss of generality we can assume that G is a regular /-subgroup of 
a group G0 = ITie/ Gh where each G£ is a non-zero abelian linearly ordered group. 
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In the definition of the relation un \ 0 in Section 1 above it was assumed (in view 
of [5]) that ux is an order unit in G; the following considerations remain valid without 
this assumption. 

4.1. Lemma. Let {un: n = 1, 2,. . .} be a sequence in G such that un \ 0. Then 
there are disjoint sets Tn _ I (n = 0, 1, 2, ...) such that (i)I = (JTn (n = 0, 1, 2, . . . ) , 
(ii) for each pair of positive integers m, n with m ~ n + 2 and for each t e Tn we 
have um(0 = 0, and (iii) un(t) = 0 for each positive integer n and for each t e T0. 

Proof. For each positive integer n we denote 

Tn = {tel: u,(t) = un(t) > un+l(t)} . 

Let t e Tn and let m = n + 2. Because of un \ 0 we have 

("» - un + i) A un + 2 = 0 

and 0 _ um = un+2, thus 
K - Un+l) A wm = 0 . 

Therefore 

(un(t)-un+1(t)) A um(0 = O. 

Since Gt is linearly ordered and un(t) — u„+i(0 > 0, we must have um(0 = 0. 

Thus (ii) is valid. 

Put T0 = I \ \JTn (n = 1, 2, •••)• In view of the definition, (i) holds. Let t e T0. 
Then 0 = ux(t) = w2(0

 = M3(0 = ••• • Because of f\un = 0 and since G is a regular 
/-subgroup of G0 we obtain A^„(0 = 0 (n = 1, 2, . . . ) , therefore w„(0 = 0 for each 
positive integer n. If m, k e {0, 1, 2 , . . . } , m 4= k, then clearly Tmn Tk = 0. 

4.2. Lemma. Let {xn: n = 1, 2, . . .} be an l-fundamental sequence in G. Then 
there are disjoint sets Tn _ I (n = 0, 1,2, ...)such that (i)I = U r »( w = °» -U 2, •••), 
and (ii) if n is a non-negative integer, m and mx positive integers with m — n + 2, 
m± = n + 2 and t e Tn, then xm(t) = xmi(0-

Proof. This is a consequence of 4.1 (in view of the definition of /-fundamentality 
of the sequence {xn: n = 1,2,...}). 

4.3. Lemma. Let {xn: n = 1,2,...} and {un: n = 1,2,...} be sequences in G 
such that (i) un \ 0, (ii) \xn+p — xn\ = un holds for each n and each p, (iii) y e G 
and xn ->L y. Then \y — xn\ — un is valid for each n. 

Proof. In view of xn ->L y there exists a sequence {vn: n = 1, 2,. . .} in G such that 
vn \ 0 and \xn — y\ = vn holds for each n. We apply Lemma 4.1 for the sequence 
{vn: n = 1, 2 . . . . } ; we obtain disjoint subsets Sn (n = 0, 1, 2, . . .) of I fulfilling (i), (ii) 
and (iii) from 4.1 (where un is replaced by vn). From the assumptions (i) and (ii) of 
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the present lemma it follows that the sequence {xn: n = 1,2, ...]• is /-fundamental, 
hence the assertion of 4.2 is valid. Let Tn (n = 0, 1, 2, ...} be as in 4.2. We construct 
x e G0 as follows. For each t e I there exists n e {0, 1, 2,. . .} with t e Tn (and this n 
is uniquely determined); now we put x(t) = xn+1(t). 

Let t G Tand let m be an arbitrary element of the set {0 ,1 ,2 , . . . } . Let k be a posi
tive integer, k = max {n + 2, m}, where t e Tn. In view of 4.2 (ii) we have x(t) = 
= xn+2(t) = xk(i), thus from the assumption (ii) of the present lemma we infer 
that the relation 

\x(t) - xjt)\ = \xk(t) - xM(*)| ^ um(t) 
holds, hence 

(*) . \X ~ xm\ ^ um 

is valid for each m. 

Let t' el. There are non-negative integers n(i) and n(2) such that t' E Tn(i) and 
? e Sw(2). Let n(3) ^ max {n(l), n(2)} + 2. Hence x(t') = xn(3)(f). Further we have 
^(3)(0 = 0> a n c * t n u s t n e relation |x,,(3) — y| ^ v,,^) yields xn(3)(f') = y(t'), therefore 
x = y. Now (*) implies \y — x„| = un for each n. 

5. THE KERNEL DEFINED BY THE LATERAL CONVERGENCE 

Again, let G be a completely representable lattice ordered group. We adopt the 
same notations for G as in Section 4. 

5.1. Lemma. Let {un: n = 1, 2,. . .} be a sequence in G such that un \ 0 and let k 
be a positive integer. Then kun \ 0. 

This follows immediately from the definition of the relation un \ 0. 

5.2. Lemma. Let a, b, c e G, a :_ c ^ b. Assue that both the intervals \a, c] and 
[c, b] are l-complete subsets of G. Then \a, b] is also an l-complete subset of G. 

Proof. Let {xn: n = 1,2,...} be an /-fundamental sequence in G, xn e \a, b] 
(n = 1, 2, . . . ) . As in Section 2, for each z e G we denote z' = z A C, Z" = z v c. 
We have xn e \a, c] and xn e [c, b] for each n. There exists a sequence {un: n = 
= 1, 2,. . .} in G such that un \ 0 and 

\Xn + p — Xn\ = un f ° r e a C n n an(^ e a C n P • 

Thus in view of 2.2, 

(5.1) |x^+p — xn\ g wn for each n and each p , 

(5.2) \Xn + p ~~ Xn| = Un f ° r e a C n W an(^ e a C n P • 

Therefore both the sequences {x'n: n = 1, 2, . . .} and {xn: n = 1, 2,. . .} are /-funda
mental; hence there are elements zx e [a, c] and z2 e [c, b] such that x'n ->L zx and 
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x'̂  ~*L z2. Thus from (5A), (5.2) and 4.3 we infer that the relations 

| x ; - z . | : g U n , \x;-z2\£uH 

are valid for each n. Put x = zi + z2 — c. We have 

K - *| = \x'n + X"n-c- (z, + z2 - c)| = 

= |w - -O + (*: - ^)| = \< - M| +1< - -2I = x . 
Hence in view of 5A, the relation xn ->Lx is valid. Thus the interval [a, b~\ is /-
complete. 

If [yn: n = 1, 2,. . .} is a sequence in G, y e G, a e G and >>„ ->L y, then clearly 
j ' . , + a ->L >' + a and —yn ->L - 3;. Hence from 5.2 we obtain as a corollary: 

5.3. Lemma. Let a, b e G, a ^ 0, b = 0. Assume that the intervals [0, a] and 
[0, b] are 1-complete. Then the intervals [0, a + b] and [ - a , 0] are l-complete as 
well. 

From 5.3 we infer (by an analogous reasoning as in 3A): 

5.4. Lemma. Let 0 < a e G and let Gx be the convex l-subgroup of G generated 
by the element a. Assume that [0, a] is an l-complete subset of G. Then each interval 
of Gx is an l-complete subset of G. 

5.5. Theorem. Let G be a completely representable lattice ordered group. Let H 
be the set of all elements a e G such that the interval [0, |a |] is an l-complete subset 
of G. Then H is a convex l-subgroup of G. 

The proof can be established by analogous arguments as those applied in the proofs 
of 3.2 and 3.3 with the distinction that instead of 3A we now apply Lemma 5.4. 

The /-subgroup H of Theorem 5.4 is obviously the largest element of the system S' 
which consists of all convex /-subgroups Gt of G having the property that each interval 
of Gt is an /-complete subset of G. The lattice ordered group H will be said to be the 
/-kernel of G. 

5.6. Example. In this example we show that if xn ->L x and yn ->L y hold in G, 
then the relation xn + yn ->L x + y need not be valid. (This is the reason why we 
cannot apply the same method as in Section 3 above when proving the existence of 
the /-kernel of G.) 

Let No be the additive group of all integers with the natural linear order and let I 
be the set of all non-negative reals. For each i el let Gt = A o B (the symbol o 
denoting the operation of lexicographic product, A is an /-ideal in Gt), where A = 
= B = N0. Put G° = n / e / Gf. For g e G the symbol gt or g(() denotes the com
ponent of g in Gt. The elements g have the form gt = (g\, g]) with g\ e A, g\ e B. 
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Let G be the set of all g e G° with the property that for each non-negative integer n, 
g\ is a constant on the set 

{/eI : n g i < n + 1} . 

Then G is a regular /-subgroup of G°. 

We define elements xn and y,, of G as follows: 

(*„)} = 0 for each n and each / eI; 

(x j ? = 1 for each /eI ; 

if w > 1, then (xn)] = 1 whenever / ^ rc — 1, and (x„)f = 0 otherwise; 

(yn)] = 0 for each n and each / eI; 

(yi)f = 1 for each /eI ; 
if n > I, then (y„)J = 1 whenever 0 < / ^ 1/w, and ( j JJ = 0 otherwise. 

In view of this definition, both xx and yy are order units in G and x„ \ 0, yn \ 0. 
Thus x„ ->L 0 and y„ -+L 0. Put zn = x„ + y„. 

Assume that zn -*L 0. Then there is a sequence {v„: n = 1, 2,...} in G with v„ \ 0 
such that zn ^ v„ is valid for each n. We have f\vn = 0; because G is a regular sub
group of G°, the relation /\(vn)0 = 0 is valid. Since vx ^ zx > x1 ? there exists a posi
tive integer rc(l) such that (vn{l))l < (vt)l = 1 holds. Put n(l) + 1 = m. Thus we 
necessarily have 

Wo = 0, 

and so (vm)o = 0, implying (vm)? = 0 for each i el with 0 g / < 1. Hence for each 
such /, (vm) ; < (vjf, thus (vm+l)i = 0. We obtain vm+1 ^ ^:m + 1, which is a contra
diction. 

5.7. The question whether Thm. 5.5 remains valid without assuming that G is 
completely representable remains open: 
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