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A NOTE ON PERMUTABIL1TY IN VARIETIES 

IVAN CHAJDA, Pferov 

(Received January 4, 1988) 

Summary. It is well-known that a variety is permutable if and only if the free algebra with 
three generators is permutable. The paper contains characterizations of varieties whose free 
algebras with two generators are permutable. 
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Denote by Con A the congruence lattice of an algebra A. A is called permutable 
if 9 . ^ = 0 . 9 for each two congruences 9, $ e Con A. A variety if is permutable 
if each A e Y has this property. The permutability is very important because 

(i) for any 9, <P e- Con A, the relational product 9 . 4> is a congruence on A if and 
only if 9 . <2> = <£ . 9; 

(ii) if A is permutable, the lattice operation of join in Con A has the simplest 
form, namely 9 v $ = 9 . <P. 

Especially, (ii) enables us to give simple characterizations of some important proper
ties of permutable algebras and varieties. 

Denote by F^(x1?..., xn) the free algebra of a variety if with n free generators 
x l 9 . . . ,xn . A. I. MaPcev [4] gave a simple characterization of permutable varieties: 

MaPcev Theorem. For a variety if, the following conditions are equivalent: 

(1) if is permutable; 
(2) F^(x, y, z) is permutable; 

(3) there exists a ternary term t(x, y, z) such that t(x, y, y) = x andt(x, x, y) = y. 

The ternary term t(x, y, z) from (3) is called the MaVcev term. Using MaPcev 
Theorem, one can easily show that every variety of groups, quasigroups or Boolean 
algebras is permutable, i.e. it has permutable F^(x, y, z). On the other hand, no 
nontrivial lattice variety has this property. Since lattices play an important role in 
algebraic investigations, we have a natural problem: How to characterize varieties 
of algebras having permutable algebras with two generators (but not necessarily 
ones with three generators). The aim of this paper is to give some properties and 
examples of such varieties. 
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Theorem 1. Let 'V be a variety. The following conditions are equivalent: 
(1) Each i e f with two generators is permutable. 
(2) For every three binary terms r, s, q there exists a binary term p such that for 

each AeV and every x, y of A we have: 
if s(x, y) = q(x, y) then r(x, y) = P(x, y) and 
if r(x, y) = g(x, y) then s(x, y) = p(x, y). 

Proof. (1) => (2): Let a, b, c e F^(x, y). Then 

<a, c> e 9(a, b). 0(b, c), 

thus (1) implies <a, c> e 0(b, c) . 0(a, b). Since a, b, c e Fi (x, y), there exist binary 
terms r,s,q such that a = r(x, y), b = q(x, y), c = s(x, y). By the last relation, 
there must exist a binary term p(x, y) e Fr(x, y) with 

<r(x, y), D(x, y)> e 0(g(x, y), s(x, y)) , 

<p(x, y), s(x, y)> e 0(r(x, y), g(x, y)), 

whence (2) follows. 
(2) => (1): Let A e "T have two generators, say x, y, and let 9, $ e Con A and 

a,ceA. Suppose (a,cy G9 . <P. Then < a , b > e 0 and <b, c> e <2> for some beA 
and there exist binary terms r, s, q such that a = r(x, y), b = q(x, y), c = s(x, y). By 
(2), there exists a binary term p(x, y) satisfying 

<a, p(x, y)y = <r(x, y), p(x, y)> e 0(q(x, y), s(x, y)) = 0(6, c) £ 0 , 

<p(x, y), c> = <p(x, y), s(x, y)> e 0(r(x, y), q(x, y)) = 0(a, b) c 0 ; 

thus <a, cy e<I>. 9. which proves the permutability of A. • 

Example 1. Every variety "T of lattices has permutable members with two 
generators. 

Evidently, the only binary terms in f are x, y, x v y, x A y. Without loss of 
generality suppose 

r(x, y) = x , q(x, y) = x v y , s(x, y) = x A y . 

Then we can put p(x, y) = y, which yields the implications: 

if s(x, y) = q(x, y), i.e. x A y = x v y , then x = y which gives 

Kx> y) = Kx» /J ' 
if r(x, y) = g(x, y ) , i.e. x = x v y , then y = x which gives 

s(x, y) = x A y = y = p(x, y) . 

The proof for any other choice of terms r,s, qe {x, y, x v y, x A y} is analogous. 

Example 2. A nontrivial variety of semilattices has no permutable members with 
two generators. 
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Chose e.g. r(x, y) = x, s(x, y) = y, q(x, y) = x v y and suppose there exists 
(x, y) satisfying (2) of Theorem 1. Then 

if s(x, y) = q(x, y) , i.e. y = x v y , then x — y which gives 

K*> y) = KA*> •>') > Le- x = K x > -V) > 
if r(x, y) = g(x, j;) , i.e. x = x v y , then y ;= x which gives 

K*> y) = Kx> y) • j-e- y = K*> y) • 
This implies p <£ (x, j>, x v j / ) . but x, y, x v y are the only binary terms in the join 
semilattice. 

The condition (2) of Theorem 1 is in the form of an implication which is not a suit
able form for some applications. We will proceed to finding a more suitable sufficient 
condition which can be also necessary in some important cases. 

Theorem 2. Let a variety i~ satisfy the following condition: 
(*) for every binary terms r, q, s there exist A-ary terms w, u such that 

r(x, y) = w(q(x, j>), s(x. y), x, y) 

s(x, y) = u(q(x, y), r(x, y), x, y) 

w(s(x, y), q(x, y). x, y) = u(r(x, y), q(x, y), x, y). 

Then each Ae't" with two generators is permutable. 

Proof. Let i e f have two generators x,y, let 6, 0 e Con A and suppose 
<a, b> e 9 . <$ for some a, b of A. Then a = r(x, j/) and b = s(x, y) for some binary 
terms r, s and there exists c = q(x, y) e A with 

<KX> y)> 4(x> y)> e 9 and <q(x, v), s(x, y)> 6 ^ # 

Put d = w(s(x, >), q(x, j>), x, y). Then lJe/4 and, by (*), we obtain 

<a, d} = <r(x, y), w(s(x, y), q(x, y), x, y)} = 

= <w(q(x, j;), s(x, j!}, x, j;), w(s(x, y), q(x, y), x, y} e <2>, 

<^, b> = {w(s(x, y). q(x, y), x, y), s(x, y)} = 

= <w(r(x, y), q(x, y), x, y), u(q(x, y), r(x, y), x, y)> e 0 , 

thus <a, b}e<P.9. • 

Example 3. Let if be a variety of rectangular bands, i.e. a variety of semigroups 
satisfying x2 = x and J;XJ; = x. Then each A e Vwith two generators is permutable. 

It is evident that rT has only four binary terms, namely x, y, xy, yx. Suppose e.g. 
r(x, y) = xy, s(S, y) = yx, q(x, y) = x. Then for w(a, b, x, y) = ay, u(a, b, x, y) = 
= j>a we have 

w(q(x, y), s(x, y), x, y) = xy = r(x, y) , 
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u(q(x, y), r(x, y)9 x, y) = yx = s(x, y) , 

KK*> y)> «(*> y)> *> y) = yx • y = y = y • * y = w(r(*> y)> «(*, y)> *> y) • 
The assertion can* be shown analogously for another choice of 

r,s,qe {x, y, xy, yx] , e.g. for r(x, y) = x , s(x9 y) = y , q(x, y) = xy 

we have w(a, b, y) = ax , u(a, b, x, y) — ya , 

for r(x, y) = x , s(x, y) = xy , q(x, y) = >> we have 

w(a, b, x, y) = bx , u(a, b, x, y) = ba , 

for r(x, y) = yx , s(x, y) = x , q(x, }>) = xy we have 

w(a, b, x, y) = yax , u(a, b, x, y) = ax , etc. 

Let us introduce the following concepts. By a tolerance on an algebra A we mean 
a reflexive and symmetrical binary relation on .A which is compatible with all 
operations of A, i.e., it is a subalgebra of A x A. Clearly, every congruence on A 
is a tolerance on A but not vice versa, see e.g. [2], [5]. The set of all tolerances on A 
forms a complete lattice with respect to set inclusion, see [2]. Thus for any elements 
a, b of A there exists a tolerance T(a, b) which is the least tolerance containing the 
pair <a, by. An algebra A is tolerance trivial if each tolerance on A is a congruence. 
A variety if is tolerance trivial if each A e if has this property. By [1], if is tolerance 
trivial if and only if if is permutable. An algebra A is principal tolerance trivial 
if each tolerance of the form T(a, b) is a congruence on A, i.e., if T(a, b) = 9(a, b) 
for each a, b of A. Some characterizations of principal tolerance trivial algebras 
are in [1]. 

Lemma. Every distributive lattice is principal tolerance trivial (but not tolerance 
trivial in the general case). 

For the proof, see e.g. [1] or [3]. 

Theorem 3. Let "K be a variety in which F^(x, y) is principal tolerance trivial. 
The following conditions are equivalent: 
(1) each Aeif with two generators is permutable; 
(2) if satisfies (*) of Theorem 2. 

Proof. By Theorem 2, it remains only to prove (1) => (2). Let r(x, y), s(x,y), 
q(x, y) be binary terms in if. Clearly 

<r(x, y), q(x, y)y e 0(r(x, y), q(x, y)) = 6t , 

<q(x, y), s(x, y)y e 0(q(x, y), s(x, y)) = 02 , 

i.e. <r(x, y), s(x, y)y GOX.62 in Con F^(x, y). Since Fr(x, y) is permutable, we 
have <r(x, y), s(x, y)y e 02 . 01?A.e. there exists an element p e Fr(x, y) such that 

<K^^-P>e0(#>^)>5(x>^)) and <p^(x^y)>€e(ri^yl^y))' 
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Since Fr(x, y) is principal tolerance trivial, by Theorem 13 in [2] there exist binary 
algebraic functions q>, xj/ over Fr(x, y) such that 

Kx> y) = <P(<I(X> y)> s(x> y)) > 

p = cp(s(x, y), q(x, y)) . 
and 

p = \l/(r(x, y), q(x, y)) , 

s(x, y) = \//(q(x9 y)9 r(x, y)) . 

Since F^(x, y) has only two free generators x, y, there exist 4-ary terms w, u such that 

cp(a, b) = w(a, b, x, y) and \jj(a, b) -= u(a, b, x, y) , 

whence (2) is evident. 

Example 4. Let f be a variety of lattices. The free algebra Fr(x, y) is a four 
element lattice, hence it is distributive. By Lemma, F^(x, y) is principal tolerance 
trivial. Since x, y, x v y, x A y are the only binary terms in Y', suppose (without 
loss of generality) e.g. 

r(x, y) = x A y , s(x, y) = x v y , q(x, y) = x . 

Then for w(a, b,x,y) = a A y, u(a, b,x, y) = a v y we obtain 

w(q(x, y), s(x, y), x, y) = q(x, y) A y = x A y = r(x, y) , 

u(q(x, y), r(x, y), x, y) = q(x, y)vy = xvy = s(x, y) , 

w(s(x, y), q(x, y), x, y) = s(x9 y) A y = (x v y) A y = y , 

u(r(x, y), q(x, y), x, y) = r(x9 y) v y = (x A y) v y = y . 

The proof for any other choice of r, s, q is analogous. 

Example 5. Evidently, in every permutable variety Y, algebras with two genera
tors are also permutable. Moreover, V is tolerance trivial (see [1]) and hence F^(x, y) 
is tolerance trivial, thus also principal tolerance trivial. Hence "T must satisfy (2) 
of Theorem 3. Let t(x, y, z) be a Mal'cev term of "K. For given r(x, y), s(x, y), q(x, y) 
put 

w(a, b, x, y) = u(a, b, x, y) = t(r(x, y), b, s(x, y)) . 

Evidently, we obtain 

w(q(x, y)> s(x> y)> x> y) = f(r(x> y)> s(x> y)> s(x> y))= r(x> y) > 

w(q(x, y), r(x, y), x, y) = t(r(x9 y), r(x, y), s(x, y)) = s(x, y), 

w(s(x> y)9 qO*, y)? x, y) = t(r(x, y), q(x, y)9 x, y) = u(r(x, y), q(x, y)9 x, y) . 

Remark 1. Following Example 5, we can ask if a suitable condition for permu-
tability of two generated algebras in if can be formulated in the form similar to 
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that of Example 5. We show that it is impossible: suppose if is a variety with per-
mutable algebras with two generators and suppose there exists a ternary term t(x, y, z) 
such that 

t(O(x, y), b(x, y)9 b(x, y)) = a(x, y), 

t(a(x, y), a(x9 y), b(x, y)) = b(x, y). 

Let Y he a variety of lattices which is non-trivial. Put a(x, y) = x A y, b(x, y) = 
= x v y. Since a(x, y) = b(x, y) and the lattice terms are monotone, we obtain 

b(x, y) = t(a(x, y), a(x, y), b(x9 y)) = t(a(x9 y)9 b(x9 y)9 b(x, y)) = a(x9 y) 

which implies x = y, i.e. f is trivial, which is a contradiction. 
On the other hand, if f is a variety of lattices, for every binary term q(x, y) there 

exists a ternary term t(x, y, z) such that 

t(x, q(x, y), q(x, y)) = x , 

t(q(x, y), q(x, y), y) = y . 
Explicitly, 

for q(x, y) = x A y we have t(a, b, c) = a v b v c , 

for q(x, y) = x v y we have t(a9 b,c) = a A b A c , 

for q(x, y) = x we have t(a9 b, c) = c , 

for q(x, y) = y we have t(a9 b9c) = a . 

We can find a similar condition which holds also in other varieties with permutable 

2-generated algebras: 

Corollary. Let ir be a variety in which Fr(x9 y) is principal tolerance trivial 
and permutable. For each binary term q(x9 y) there exist 4-ary terms p9 t such that 

x = p(x, y, y, q(x, y)) , 

y = t(x, x, y, q(x, y)) , 

p(x, q(x, y), y, y) = f(x, q(x, y), y, x) . 

Proof. If we put r(x, y) = x, s(x, y) = y and 

p(x, a, y, b) = w(b, a, x, y) , t(x9 a, y, b) = u(b9 a9 x, y) in (2) 

of Theorem 3, we obtain Corollary. • 

Example 6. If "V* is a variety of lattices and q(x, y) = x v y, then p(a, b, c, d) = 
= a A d, t(</, b, c, d) = a A c. Evidently, we obtain 

Kx» >7' ^' ^(x' y)) = (^ v y) A x = x , 

t(x, x, y, q(x, y)) = (x v y) A y = y , 

p(x, q(x, y), y, y) = x A y = t(x, g(x, y), y, x ) . 
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Similarly, for q(x, y) = x A y the terms p, t are dual. For q(x, y) = x we have 
p(a, b, c, d) = d, t(a, b, c, d) = c, for q(x, y) = y we have p(a, b, c, d) = a, 
t(a, b, c, d) = d. 

Remark 2. Analogously we can investigate varieties in which algebras with one 
generator are per mutable. Clearly every idempotent variety if has this property 
since a one generated algebra is a one element algebra (hence the variety of all 
semilattices has this property). The varieties of BCK-algebras or of implication 
algebras have this property as well since their algebras with one generator have only 
two elements. In general, such varieties can be characterized by conditions similar 
to those given above, only the binary terms are substituted by unary ones. 
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Souhrn 

POZNAMKA O PERMUTABILIT6 VE VARIETACH 

IVAN CHAJDA 

Je znamo, ze varieta je permutabilni, pravS kdyfc ma tuto vlastnost volna algebra s tfemi 
generatory. V praci jsou charakterizovany variety, v nichz" jsou permutabilni voln6 algebry 
s dvSma generatory. 

Pe3K>Me 

3AMEHAHHE O nEPECTAHOBOHHOCTH KOHrPyaHLJHH 
B MHOrOOEPA3JMX AJITEBP 

IVAN CHAJDA 

H3BecTHO, HTO MHoroo6pa3He HivieeT nepecTaHOBOHHwe KOHrpyeHHHH Tor^a H TOJH>KO Tor/ja, 
Kor,zia 3TO CBOHCTBO HMeeT CBo6o,zniaH ajrre6pa c TpeMta o6pa3yK>mnMH. B pa6oTe xapaKTepH3Hpo-
Bam>i MHoroo6pa3HH, B KOTOPMX CBo6oflm»ie ajrre6pi>i c ^ByMbg o6pa3yioir|HMH HMCIOT nepecraHO-
BOHHbie KOHrpy3HHHH. 
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