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A REMARK ON [[-AUTOMORPHISMS

BOHDAN ZELINKA, Liberec
(Received July 28, 1964)

In this paper one problem of S. M. Ulam is solved.

S. M. ULAM in his book [1], page 18 of the Russian translation, defines the []-
isomorphism and the H-automorphism in the following manner. Let E be a set,
m = 2 a positive integer. The [[-isomorphism is defined as a one-to-one mapping
which maps each element of the Cartesian power E™ with coordinates [x,, X, ..., Xn]
onto the element of E™ with coordinates [ f(x,), f(X2), ..., f(X,)], where f is some
mapping of the set E onto E again. When a set A = E™ is given, then a [[-auto-
morphism of the set A is defined as a [[-isomorphism which maps 4 again onto A.
Now in [1] the question is posed whether, for every positive integer n, there exists
aset 4 in E™ which has exactly n [[-automorphisms different on 4 (one assumes that
E is infinite).

The answer to this question is affirmative, even in the case that E has a finite
number of at least n elements, and in the case that E is infinite and instead of a finite n
the cardinal number N, is given.

Let a positive integer n be given, and let N be the set of residue classes modulo n
(we shall denote its elements by the representatives of these classes). In the set E
choose distinct elements d; for all i € N. To each i € N assign that element a; of E™
whose first coordinate is d; and all other coordinates are equal to d;,,. Denote the
set of all elements d; (or a;) for i € N by 4 (or A respectively). To each k € N assign
the mappingfk of E onto E defined by the equations .

fk(ﬁ,-) = d;y, forall ieN,
filx) =x for xeE-—4A.

It is easily verified that each f',, induces a [ [-automorphism of the set A, and that for
different k the [J-automorphisms f; induced by the mappings-f, are different in 4.
The number of these [[-automorphisms is exactly n. Therefore it remains to prove
that there are no further [[-automorphisms of the set 4 (when we do not consider
the values on E™ — A).

Let g be some [[-automorphism of A induced by the mapping g of E onto E.
Let g(ao) = a,, where e N. This means that g(do) = d;, g(d;) = dy4, as do, 4,
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are coordinates of the element a, and d,, 4, are the corresponding coordinates of
the element a,. As a, has the first coordinate 4, and g is a [ [-automorphism of 4, the
image of a, in g must be such an element of A, whose first coordinate is d,,,. But

the only such element is @, and so g(a,) = a,+,. Then obviously g(d,) = 4,4,
must hold and therefore g(a,) = a;+,. We may continue thus and after a finite
number of steps we prove that

g(a) = d;4, forall ieN

and therefore g = f, on A; hence g = f, on A. This is the proof for positive integral n.
In the case that instead of n the cardinal number ¥, is given, we can construct the
set A analogously, only instead of N we must take the set of all integers. The proof
of the theorem is also analogous (in proving g = f, we must progress from zero
both to the positive and the negative numbers).
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Vytah
POZNAMKA O [[-AUTOMORFISMECH

BOHDAN ZELINKA, Liberec

V tomto ¢ldnku je ddna kladnd odpovéd na otdzku z [1], zda ke kazdému pfiroze-
nému n pfi dané mnoZin& E a pfirozeném &islu m = 2 existuje mnoZina A v E™,
kterd md prdvé n [J-automorfismid réznych na A (pfi¢emZ E obsahuje alespoii n
prvki).

Pe3oMe

3AMETKA O [[-ABTOMOP®M3MAX

BOT'JAH 3EJIMHKA (Bohdan Zelinka), JIu6epenx

B 3T0if CTaThE JaH MOJIOXHATENBHBIH OTBET Ha Bompoc u3 [1], cymecrsyer nu nas
BCAKOro HATYpPaJbHOTO n IpPH 3aJaHHOM MHOXecTBe E M HaTypaJdbHOM YHCIIE
m = 2 mHOXectBO A B E™, KoTOpoe obmamaeT TOYHO n H-aBTOMop(bmmamn,
pasnuynbiME Ha A (mpudeM E mMeeT o MeHbLIeH Mepe n 3JIeMEHTOB).

100



		webmaster@dml.cz
	2012-05-11T21:14:44+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




