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1. INTRODUCTION

Let S* denote the class of functions f(z) analytic in the open unit disc E{z : |z| <
< 1}, normalized so that f(0) = 0 = f’(0) — 1 and univalently starlike in E. The
properties of the elements of this class have been investigated extensively for many
years. One of the more important early discoveries for the class S* was that f(z)
satisfies the inequality

|V(Elf(2) =1 > 1, (zeE).

This fact may also be expressed in the form

Re (/(2)2) 2 - +1|Z| >1)2, (z€E).

Then f(z)/z < (1 + z)~2 in E (where < denotes subordination) and there exists an
analytic function w(z), |(z)| < |2| < 1, such that

fe)_ 1 e
9 - z - (1+o(2)?’ (z€E).

Proofs of this attractive result are due to Marx [4], Strohhécher [8], and to Robertson
[6]. Motivated by this discovery, we introduce the class S(«, B) as follows.

A function f(z) = z + ), a,z" analytic in the unit disc E is in the class S(a, f) if it
n=2

satisfies the condition

(1.2) 1) [_I_L(Z"‘_ﬂ;i)_z]z (z<E)

z 1+(28-1)z

where a and B are arbitrary fixed numbers,0 S a < 1,0 < g = 1.
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It follows from the definition of subordination that f €.5(a, B) has a representation
of the form

(13) f(@) _ [1 + (2« — 1) w(z)]z’ (eB)

z 1+ (28 -1)o(2)
for some function w, analytic in E, and satisfying the conditions w(0) = 0 and
lw(z)] < 1, z€eE. '

A function f € S(, f) may not be univalently starlike in E as is easily seen from
the example f(z) = z(1 + z*)"% e S(1/2, 1).

The class S(1/2, 1) has been investigated by Dvotak [2], Duren and Schober [1],
and Reade and Umezawa [5]. We, further, note that the class S(1/(20),1) =
= S(1/(2e)), e > 1/2, is larger than the class introduced and studied by Goel [3].

In this paper, we obtain the radii of starlikeness and coefficient estimates for the
functions in the class S(«, f§).

-

2. RADII OF STARLIKENESS

Let B denote the class of analytic functions ® in E which satisfy the conditions
(i) @(0) = 0, and (ii) |o(z)| < 1 for z in E.

Theorém 1. Let f € S(x, B) and let ry be the smallest positive root of the equation

(2.1) 2B-1)Q2ep—1)r* =228 — 1) (22 — 1) r* —
—2B+af+2ap* - 1)r* —2r+1=0.
Then

(i) for 0 < r < ro, f is starlike in {zl < ry, where r, is the smallest positive root
of the equation

(2.2) @2 -1)Qep-1)rP +2Baf—B—-1)r+1=0,

(i) for ro £ r < 1, f is starlike in |z| < r,, where r, is the smallest positive root
of the equation

(2.3 (16 —9 — o) r* — 2(80p + 3 — 3)r* + (¢ — 1) = 0.
The bounds for |z| in (i) and (ii) are sharp.
Proof. If f(z) = z + a,2* + ... and

24) | dﬂ:G@Yi

V4
then p(z) is analytic in E and p(0) = 1. Thus (1.3) may be rewritten as

1+ (208 — 1) af2)
@) =T e e
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where w € B. Taking logarithmic derivatives of (2.5), we find that

@ ) Re zw'(z)"
) re {275 - -2 - oy f + @ = 1) ola) (1 + o 1) O

From (2.4) we may write

e [z f'(z) _ 2 p'(2)
(2.7) R{ (z)} 1+2R{ (z)}
Combining (2.6) and (2.7), we get
@) _ ) 2 0(2) |
@9 xS = 1= 400 - ) e T e
It is well known [7] that if w € B, then for all z € E,
(2.9) |z 0'(z) — w(z)| £ lzf* ~ Jo(z)}* .

L=

Equation (2.8) yields in conjunction with (2.9),

@) re T 214 gt vefen - nae + 2 -

_2AB+ap—1) 2B — 1) p(z) — (e — 1) — |1 — p(z)*
Al — o) Bl = ) (1 = r*) |p(z)|

where r = lzl zeE.

Noting that the transformation (2.5) maps the disc |w(z)| =< r onto the disc
|o(z) — a| < d, where

1= =1)(2«p - 1) r? d 20— &) r
1-(2-12rr 1-(28-1)>r%

we set p(z) = a + u + iv and R = |p(z)| in (2.10). Taking M(u, v) as the expression
on the right hand side of (2.10), we get

(21) M(u, v) = E(—l—l———) [(2 —B—=3af)+ (28— 1)(a+u) +

(2aﬂ - 1)(a + u) (1-(28- 1)2 r?) (d* — u* — vz)]
R? 1 -7 R

By differentiating (2.11) partially with respect to v, we obtain
OM(u, v) __> vR™*N(u, v)
ov Bl —a) ’
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where

N(u, 0) = 2(1 — 208) (a + u) + L= = 1)21ri) (‘fz —w- AR,

; LA =B 1R
1-1r2

It is easily seen that N(u, v) > 0, and so the minimum of M(u, v) on every chord
u = constant is attained on the diameter v = 0. Taking v = 0 in (2.11), we get

- _2—B—3ap 2 .
L(R) = M(R,0) = = TR
{B(1 = (26 = 1)) R + af(1 — (2af — 1) ") R™* — a(1 = (26 — 1)* )},

wheré a — d £ R = a + d. Now it is easy to see that the absolute minimum of L(R)
in (0, o0) is attained at

_ fa(1 = (2ap — 1) rP)\'/?
1) R°_( 1—(@B—1)r ) ’
and equals
(2.13) LRy =1+ 2Hr%bh)

(t-a-r)

u(r, @ ) = 21 — (28 — 1) r*) (1 = (248 — 1) P?))/* —
-—(l+a)+ @4ap—a-1)r*.

where

We note that R, < a + d. However, R, may not afways be greater than a — d.
Hence, when R, € (0, @ — d], the minimum of L(R) is attained at

(2.14) R‘=a..d=1_i"_(2_“ﬂ:_.lﬂ,
1+@28-1)r
and is equal to
(2.15) LR)=1- 4B =) r .
M+@-1)r)(1 + (2B - 1)7r)
The two minima given by (2.13) and (2.15) coincide for such values of ¢, 8 (0 < a <1,
0 < B < 1) for which Ry = R,, which implies (2.1). We thus conclude that

(. Y
(216 ReZLE ) (-a-r)
_ 4p(1 — @) r , Ry<R,.

AT -nNa+@E-nn 0T
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Therefore wne function f is starlike if

(2.17) 2u(r,a, B) + (1 —a)(1 = r*) >0, Ry 2Ry,
(218) 1+(2B-1)r)(1+Qep—-1)r)—4(1 —2)r >0, Ry ZR,.

Now it is easy to see that (2.18) and (2.17) are satisfied, respectively, for |z| < r,

and ]zl < r,, where r; and r, are the smallest positive roots of the equations (2.2)
and (2.3). This completes the proof of the theorem.

The functions given by
1 + (208 — 1) 2)?
file) = z 1+ @2ef-1)z ,
1+(28-1)z

fol2) = 2 1 — 2aBbz + (20f — 1) 2*
e {1-—2ﬂbz+(2p—1)zz}’

where b is determined by the relation

1 — 2afbr + (2«8 — 1) r* _ R = ol — (208 — 1) )12
1—28br+ (26— 1)r2  ° 1-(28-1)r

show, respectively, that the bounds in |z| for (i) and (ii) are sharp for all admissible
values of o, f (0 S @ < 1,0 < B < 1).

The following Corollary arises from Theorem 1 by an easy computation.

Corollary. Let f(z) = z + Y, a,2", analytic in E, satisfy the inequality
n=2

Re \/(/(2)/2) >0 (o> 12)

forall z in E. Let g, > 1/2 denote the smallest positive root of the equation

320% - 10402 + 98¢ — 27 = 0.
Then

(1) for 1]2 < @ £ 0o, f is starlike in

2| < {8 V(40 —2) — (62 + 5)}m’

189 — 17

(i) for @ = @o, f is starlike in

] < J(200* — 280 +9) ~ (4o = 3)
2(e - 1)
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These bounds for |z| are sharp for the functions given by

file) = 2 {Mﬂ’__l)z}z,

1+:z

fo(z) = z {1 — (1)) bz + (1) — 1) z,},_,

1 — 2bz + 2?2

where b is determined by the equation

1—(1o)br + (1o —1)r* _ {1 —(1fo = 1) rz}llz.

1—2br+r* 20(1 = r?)

Goel [3] has proved the above result for the case of ¢ > 1.

3. COEFFICIENT ESTIMATES

Theorem 2. Let f(z) = z + a,z* + ... be in S, p). Then
(3.1) la < 4B(1 — o) {1 — 2B(1 —a) + B — @) n}, (n22)
for all values of a, B (0 La <1, 0<pB= 1). The result is sharp.
| Proof. Letting : .

o1+ QB =) _
(2 o(z) 1+ (28 — 1) o(2)

1+p12+...,

we may rewrite (1.3) as
z4z,2% + ... =z[1 + piz +...J*.

Equating the coefficients of z>™ and z2"*!, we get

@3 Qi1 = P+ Wm+2 T pDss
and
(3'4) Aom+2 = 2P2m+1 +2 Z PiDs » (m =1,2, '-') .
r+s=2m+1
Further, (3.2) gives
Cw o
(3.5) (28(1 — ) +kzl(2ﬂ - 1) pM) o(z) = —k; J A

We observe that the coefficient p, on the right of (3.5) depends only on p,, p,,
on the left of (3.5). Hence for n 2 1, it follows that

(80— ) + %28~ 1) i} o) = -Tadt- 3 at,
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[
where Y, d,z* converges in E. Then
k=n+1

(3.6) [28(1 — «) +:§(2ﬂ - 1)p2| 2 |k;§ Pzt + Z dz* .

k=n+1

Squaring both sides of (3.6), integrating round |z| =7, 0 <r <1, and finally
taking the limit as r — 1, we get

(0~ o + 3,08~ 1 [ 2 o + Tl
Simplifying and using the relation 0 < f < 1, we obtain
(3.7 | 2261 — ), (n21).
Using (3.7) in (3.3) and (3.4), we obtain
(38) |aznss| < 4B(1 — o) + 867(1 — @)’ (@%—'—%)

(39) la2m+2| =< 4ﬂ(1 - tX) + 8ﬁ2(l _ a)z <2m +22 - 2) .

Combining (3.8) and (3.9) we have

|a.| < 4B(1 — ) + 8,8_2(1 —a)’ ("—;3)

which yields (3.1).
~ The equahty in (3. 1) holds for the functlon given by

el

Remark. Setting « = 1/2 and 8 = 1 in Theorem 2, we get |a,| < n, (n 2 2). This
result was obtained by Dvofdk [2]. Further, replacing o by 1/(2a) and settmg ﬁ =1
in Theorem 2 we have a result obtained in [3].

References

[11 P. L. Duren, G. E. Schober: On a class of schlicht functions. Michigari Math. J. 18 (1971),
353—356.

[2] 0. Dvordk: Uber Schlichte Funktionen, I. Cas. pést. mat. 92 (1967), 162—189. .

[31 R. M. Goel: On a class of analytic functions. J. Australian Math. Soc. 20 (1975), 46—53.

[4] A. Marx: Untersuchungen iiber schlichte Abbildungen. Math. Ann. 107 (1932), 40—67.

[5]1 M. O. Reade, T. Umezawa: An inequality for univalent functions due to Dvorak. Cas. pé&st.
mat. 96 (1971), 265—267.

[6] M. S. Robertson: On the theory of univalent functions. Annal of Math. 37 (1936), 374—408.

[71 V. Singh, R. M. Goel: On radii of convexity and starlikeness of some classes of functions.
J. Math. Soc. Japan 29 (1971), 323—339.

[8] E. Strohhdicker: Beitrage zur Theorie der schlichten Funktionen. Math. Z. 37 (1933), 356—380.

Author’s address: School of Mathematical Sciences University of Khartoum, Khartoum, Sudan.

271



		webmaster@dml.cz
	2012-05-12T12:33:12+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




