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A NOTE ON THE GP-INTEGRAL 

SHUSHENG FU, Fuzhou 

(Received November 2, 1986) 

Summary. Jifi Jarnik, Jaroslav Kurzweil, Stefan Schwabik in [1] gave an example which showed 
that the GP-integral generally failed to depend continuously on the domain of integration. 
However, in this note, we show that the GP-integral depends continuously on the domain of 
integration except on the boundaries. 

Keywords: Generalized Perron integral, continuous dependence on the integration domain. 

Let / c [a, b\, a, be Rn, be a Cartesian product of compact intervals [ah bj = R 
with ax < b{, i = 1, 2,..., n. A p-partition of the interval/ is (cf. [2]) a finite family 

/7 = {(x1,/1),...,(xw,r)} 

where V are intervals such that [V,..., Im} is a partition of/ and 

x*eV (j = l ,2, . . . ,m). 

With Ma whin [2], let us call the irregularity 5.(17) of TI the positive number defined 
by 

Z(/7) = [max G(V)~\\G(I) 

where the rate of stretching <r(l) of the interval / is defined by 

o(l) = [ max (bt - a,)]/[ min (bt - at)] . 

Theorem. Let f be GP-integrable on [a, 6], a, be Rn, let x e (a, b). Let {lk}?=t 
be a sequence of intervals with xelk and lim diag/k = 0; then lim (GP) jIkf = 0. 

x->oo fc-»oo 

Proof. We prove the theorem for n = 2; when n > 2, the proof is similar. Sup
pose x is in (a, b), and the theorem is false at x. Then there exists a sequence {Ik}k=i 
of intervals such that x elk, k = 1,2,..., lim diag/k = 0, but (GP) J/*/-*-* 0. We 

fc->oo 

may suppose that J / k / > a > 0; Otherwise, we would consider — f, where J7kj < 
< a < 0. 

Without loss of generality, we suppose that J// = 0. Given e > 0, r\ = 2, let 5 
be such a gauge on / that 
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|S(/,L/7)-(GP) J , / | < -

for every 5-fine p-partition IT of I with 2.(i7) ^ */. 
We notice that o(Ik)jo(l) may be larger than rj. Next, we show that we can always 

construct a sequence {J*}r=i of intervals such that lim diag Jfc = 0, o(Jk)\o(l) ^ j/ 
fc->oo 

and |jjkf| > a/3. Since xe(a9 b), we suppose that each ifc, 1 ^ fc, is contained in 
a fixed square, centered at x and contained in (a, b). 

If <j(lk)\o(l) = i,, put Jfc = ifc. Suppose a(ifc)/a(i) > rj, lk = [afc, bfc] x |> fc, fcfc] 
and suppose b\ — a\ > b\ — a\. Put 

Ii = [6*i, -*] x [„*,Vj , 

1\ = [d\ â -] x [a\, b\-\ , 

where cfc, dfc are chosen such that 

o(l\ulk)\o(l)Srj, 

o(l\yjlk)\o(l)^rj, 

o(l\vl\ulk)\o(l)<Zrj, 

and diag (l\ u ifc), diag (l\ u ifc) and diag (l\ ul\u lk) are all less than yfl diag i \ 
We claim that one of l\ u ifc, i*, u ifc, ifc u i^ u ifc can be chosen as Jfc. 

If f f > - , put Jfc = ifc u I\ . 
J/iku/k 3 

if r f > * put j f c = r u i\. 
J/2

kuJk ^ 

Otherwise, f = - and f g - ; this implies 
J/!ku/k ^ J/2

kU/k ^ 

f f = [ / - f / - i - T a n d 

J/ik J/iku/k J / k J 

I '-J /-['--!•• 
J / 2

k J/!ku/k J / k J 
so that 

ľ f=ľ f+ľ / * -
J /i k u/ 2

k u/ k J/ k u/i k J /2
k 

Now we put Jfc = ij u i*, u ifc. 
Since f(x) is GP-integrable on i \ Jfc, given e > 0, .*/ = 2, let o*! be such a gauge 

on I \ Jk that 
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\\s(isj\f,n1)~(G?)íI^f\\<z 
for every á^fine p-partition Tli of I \ Jk with 2{nt) < *]. 

Let 52(x) = min (<5(x), £i(x)) and let Jl2 be a 52-fi
ne P-partition of I \ Jk with 

I(IT2) < rj. Then 

| | S ( / N A / , / I 2 ) - ( G P ) W / | | < E . 

Let 77 = (x, Jk) u I72, then 77 is a á-fine p-partition with 1(77) < rj9 so 

0 ) \\S(l,f,n)\\<e, 
but 

||S(/,L J7)|| £ «(GP) j ^ / l - | | / ( x ) ^ | | - | S ( / s J \ / , - 7 - ) - (GP)íA J k / | | ^ 

ž i « - e - | / ( x ) / J * | | . 

When fc is large enough, we have 

(2) \\S(l,f,n)\\ži«-2e; 

(l) and (2) form a contradiction if we choose e < |a. The proof is complete. 
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Souhrn 

POZNÁMKA KE GP-INTEGRÁLU 

SHUSHENG F U 

j . Jarník, J. Kurzweil a Š. Schwabik podali příklad, že zobecněný Perronův integrál obecně 
nezávisí spojitě na integračním oboru. V poznámce j e ukázáno, že nespojitá závislost může 
nastat pouze v hraničních bodech integračního oboru. 

Pe3K>Me 

3AMEHAHHE O GP-HHTErPAJIE 

SHUSHENG F U 

H. JIpHHK, .fl. KypuBeHJi H III. UlBa6HK noKa3anH Ha npHMepe, HTO o6o6meHm,nt HHTerpaji 
IleppOHa He3aBHCHT B o6meM cjiynae HenpepbiBHO OT o6jiacra HHTerpHpOBaHHH. B 3aMence noKa-
3aHO, HTO 3T0 MO3KCT CJiyHHTbCfl TOJH>KO B rpaHHHHblX TOMKaX 06jiaCTH HHTerpHpOBaHHfl. 
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