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Locally solid topologies on spaces
of vector-valued continuous functions

MARIAN NOWAK, ALEKSANDRA RZEPKA

Abstract. Let X be a completely regular Hausdorff space and E a real normed space.
We examine the general properties of locally solid topologies on the space Cy(X, F) of
all E-valued continuous and bounded functions from X into F. The mutual relationship
between locally solid topologies on Cy(X, E) and C,(X) (= Cp(X,R)) is considered. In
particular, the mutual relationship between strict topologies on C(X) and Cy(X, F) is
established. It is shown that the strict topology (s (X, E) (respectively 8- (X, E)) is the
finest o-Dini topology (respectively Dini topology) on Cy(X, F). A characterization of
0-Dini and Dini topologies on Cy (X, E) in terms of their topological duals is given.

Keywords: vector-valued continuous functions, strict topologies, locally solid topologies,
Dini topologies

Classification: 47A70, 46E05, 46E10

0. Introduction

Let X be a completely regular Hausdorff space, X its Stone-Cech compacti-
fication and let (E, | - ||g) be a real normed space. Let Sg stand for the closed
unit sphere in E. Let Cp(X, E) be the space of all bounded continuous functions
f from X into E. We will write Cy(X) instead of Cp,(X,R), where R is the field
of all real numbers. For a function v € Cy(X), T denotes its unique continuous
extension to BX. For a function f € Cy(X, E) we will write | f||(z) = ||f(z)|g
for all € X. Then || f|| € Cp(X) and the space Cy(X, E) can be equipped with
a norm || flloo = supgex [If[I(x) = [ [If]] lloo, where [luljoc = supyex [u(z)] for
u € Cy (X)

A subset H of Cp(X, F) is said to be solid whenever || f1]| < || f2l (i-e. || f1(z)||E
< ||fo(z)||g for all z € X) and f1 € Cp(X, E), fo € H implies f; € H. A linear
topology T on Cy(X, E) is said to be locally solid if it has a local base at 0 consist-
ing of solid sets (see [Ku], [KuO]). The so-called strict topologies on Cy(X, E) and
some subspaces of Cy(X, E) have been considered by many authors (see [A], [F],
[K1], [Ke], [Ks], [Ku], [KuO], [KuV1], [KuVa]). It is well known that the strict
topologies 3¢(X, E), 3-(X,E), f5(X,E), foo(X,E), B¢(X,E) and 3,(X, E) on
Cy(X, E) are locally solid (see [Ku, Theorem 8.1], [KuO, Theorem 6], [KuVi,
Theorem 5]).
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In Section 1 we examine some general properties of solid sets in Cy(X, E)
and next, in Section 2, general properties of locally solid topologies on Cy(X, E).
It is shown that a locally convex topology T on Cy(X, E) is locally solid iff 7
is generated by some family of solid seminorms defined on Cy(X, E). Recall
here that a seminorm p on Cj(X, F) is called solid whenever p(f1) < p(f2) if
f1, f2 € Cp(X, E) and || f1]] < || f2l]- In Section 3 we introduce a general method
which establishes a mutual relationship between locally solid topologies on Cp(X)
and Cy(X, F). In particular, in Section 4, the mutual relationship between strict
topologies defined on Cy(X) and Cy(X, E) is established. In Section 5 we dis-
tinguish some important classes of locally convex-solid topologies on Cy (X, E).
Namely, a locally convex-solid topology 7 on C (X, E) is said to be a o-Dini topol-
ogy whenever for a sequence (fy) in Cp(X, E), || fnll | 0 (i-e. ||fn(z)|| g | 0 for each
x € X) implies fn, — 0 for 7. Replacing sequences by nets in C(X, F) we obtain
a Dini topology on Cy(X, E). It is shown that the strict topology S5 (X, F) (resp.
B+(X, E)) is the finest o-Dini topology (resp. Dini topology) on Cy(X, E). We
obtain a characterization of both the o-Dini and the Dini-topologies on Cy(X, F)
in terms of their topological duals.

1. The solid structure of spaces of vector-valued continuous functions

In this section we examine the solid structure of the space Cy(X, E).

Definition 1.1 (see [Ku]). A subset H of Cy(X, E) is said to be solid whenever
11l < [If2ll and f1 € Co(X, E), f2 € H implies f1 € H.

The following lemma will be of a key importance for an examination of the
solid structure of Cy(X, F).

Lemma 1.1 [The solid decomposition property|. Assume that for f,g1,... ,gn €
Co(X,E), Ifll < llgr+---+gnll- Then there exist f1,..., fn € Cp(X, E) satisfy-
ing: [|fill < llgsll (i=1,2,... ,n)and f=f1+--+ fn.

PROOF: By using induction it is enough to establish the result for n = 2. Thus
assume first that || f(z)||g < |lg1(x) + g2(x)||g for all € X, where f, 91,92, €
Cy(X, E).

Let us put (for i = 1,2)

filz) = { ||gl||(”;])l_|,|_(||g;)2||(x)f(x) it [lg1ll(x) + llg2ll(z) > 0,
0 if [lg1ll(z) + llg2ll(z) = 0.

It is seen that f; € Cy(X, E) and f1 + fo = f. To show that || f;|| < |lg;| for
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i = 1,2, assume first that ||g1||(xo) + ||g2||(z0) > 0 for g € X. Then
l9ill (o)
1 fill (zo) = 171l (zo)
' lg1ll(zo) + llg2ll(z0)

lgill o) il

Next, let ||g1]|(z0) + [lg2]|(z0) = 0 for some xg € X. Then | f;]|(zg) = 0 <
llgill(xzo) (i =1,2). Thus the proof is complete. O

Theorem 1.2. The convex hull (conv H) of a solid subset H of Cy(X,FE) is
solid.

PRrROOF: Let H be a solid subset of C,(X, F), and let || f|| < ||g]|, where f €
Cy(X,E) and g € conv H. Then there exist g1,...,9n, € H and numbers
ai,...,an >0 with >3 a; =1 such that g = > | @g;. Hence by Lemma 1.1
there exist f1,...,fn € Cyp(X, E), such that || f;|| < a;llg;]| for i = 1,2,...,n
and f = Y, f;. Putting h; = oy L f; we get [hill < gl so b € H, (i =
1,2,...,n). But then f =37, fi => 1 ; a;h; € conv H, so conv H is solid, as
desired. 0

2. Locally solid topologies on spaces of vector-valued continuous
functions

We start this section with the definition of locally solid topologies on Cy (X, E).

Definition 2.1 (see [Ku]). A linear topology 7 on Cy(X, F) is said to be locally
solid if it has a local base at zero consisting of solid sets.

Theorem 2.1. Let 7 be a locally solid topology on Cy(X, E). Then the T-closure
H of a solid subset H of Cy(X, E) is solid.

PROOF: Let B, be a local base at 0 for 7 consisting of solid sets. Then H =
({H+V :V € B;}. Assume that | f| < ||g|, where f € Cy(X, E), g € H, and
let Vo € Br. Then g = g1 + g2 where g1 € H and g2 € Vp. Since || f]| < |9, by
Lemma 1.1 there exist f1, fa € Cp(X, E) such that f = f1 + fo and || /]| < |lg:ll
(i = 1,2). Hence f1 € H and fy € Vp, because both sets H and Vj are solid.
Thus f € H+ V for every V € B, so f € H. This means that H is solid, as
desired. (]

Definition 2.2. A linear topology 7 on Cj,(X, F) that is at the same time locally
solid and locally convex will be called a locally convez-solid topology on Cy(X, E).

In view of Theorems 1.2 and 2.1 we see that for a locally convex-solid topology
on Cy(X, F) the collection of all 7-closed, convex and solid 7-neighborhoods of
zero forms a local base at 0 for 7.
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Definition 2.3. A seminorm p on Cy(X, FE) is said to be solid whenever p(f1) <
p(f2) if f1, fo € Cp(X, E) and || f1]| < [ f2]-

Theorem 2.2. For a locally convex topology T on Cy (X, E) the following state-
ments are equivalent:

(i) 7 is generated by some family of solid seminorms;
(ii) 7 is a locally convex-solid topology.

PRrROOF: (i) = (ii). It is obvious.

(ii) = (i). Let By = {Vy : @ € A} be a basis of zero for 7 consisting of T-closed,
solid and convex sets. Let p, stand for the Minkowski functional generated by
Va, that is

pa(f) =nf{A>0:feAVy} for feCp(X,E).

Then p, is a solid 7-continuous seminorm and {f € Cy(X, E) : po(f) < 1} C
Va = {f € Co(X,E) : pa(f) < 1}. This means that the family {po : o € A}
generates the topology 7. O

3. The relationship between topological structures of C;(X) and
Cb (X7 E)

In this section, using Theorem 2.2 we introduce a general method which es-
tablishes a mutual relationship between locally solid topologies on Cp(X) and
Cy(X, E).

Recall that the algebraic tensor product Cy(X)® F is the subspace of Cy,(X, F)
spanned by the functions of the form u® e, (u® e)(x) = u(z)e, where u € Cp(X)
and e € E.

Given a Riesz seminorm p on Cp(X) let us set

P’ (f) =p(Ifll) forall fe Cy(X,E).

It is easy to verify that p" is a solid seminorm on Cj(X, E).
From now on let ey € Sg be fixed. Given a solid seminorm p on Cy(X, E), let
us put
p"(u) := p(u®eg) forall ue Cy(X).

It is seen that p” is well defined because p(u®eg) does not depend on eg € Sg,
due to solidness of p. It is easy to check that p” is a Riesz seminorm on Cp(X).

Lemma 3.1. (i) If p is a solid seminorm on Cy(X, E), then (p™)V(f) = p(f)
for all f € Cy(X, E).
(ii) If p is a Riesz seminorm on Cy(X), then (p¥)"(u) = p(u) for u € Cp(X).
PROOF: (i) For f € Cy(X, E) we have (4)" () = p(I1) = (/| ® co), where
|

([l @ eo)@)le = I fIl(z)eollz = Ifl[(z) = If (= )HE for all x € X. In view of
the solidness of p we get (p™)V(f) = p(f).
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(i) For u € Cy(X) we have (p¥)N(u) = p¥(u ® eg) = p(||u ® eg||), where
lu® eol|(z) = [[(u @ eo) (@) £ = ||u(z)eollp = [u(x)] = [ul(z) for z € X. Since p
is a Riesz seminorm, we get (p¥)"(u) = p(|u|) = p(u). O

Let 7 be a locally convex-solid topology on Cy(X, E). Then in view of The-
orem 2.2 7 is generated by some family {po : @ € A} of solid seminorms on
Cy(X, E). By 7" we will denote the locally convex-solid topology on Cy(X) gen-
erated by the family {p) : a € A} of Riesz seminorms on C,(X). One can check
that 7/ does not depend on the choice of a family {pq : @ € A} of solid seminorms
on Cp(X, E) generating 7.

Next, let £ be a locally convex-solid topology on Cp(X). Then £ is generated by
some family {pq : @ € A} of Riesz seminorms on Cy(X) (see [AB, Theorem 6.3]).
By ¢V we will denote the locally convex-solid topology on Cy(X, E) generated by
the family {p}, : o € A} of solid seminorms on Cy(X, E). One can verify that ¢V
does not depend on the choice of a family {py : o € A} of Riesz seminorms on
Cy(X) that generates &.

In view of Lemma 3.1 we can easily get:

Theorem 3.2. (i) For a locally convex-solid topology T on Cy(X, E) we have:
(TN = 7.
(ii) For a locally convex-solid topology & on Cy(X) we have: (¢V)" = €.

Theorem 3.3. Let £ be a locally convex-solid topology on Cy(X) and let T be a
locally convex-solid topology on Cy(X, E).

(i) For a net (fs) in Cy(X, E) we have:
fo -2 0 ifand only if ||f.|| T 0.
(ii) For a net (ug) in Cp(X) we have:

Vv
Uy i» 0 if and only if us ® eq 6—> 0.

Theorem 3.4. Let 71 and 19 be locally convex-solid topologies on Cy(X, E) and
let & and & be locally convex-solid topologies on Cy(X). Then

(i) if 71 C 79, then 7'1/\ - 72/\,'

(ii) if & C &, then & C &.

Proor: (i) Let {po : @ € A} and {pg : B € B} be generating families of
solid seminorms for 7 and 7o respectively. Since 71 C 79, for each o € A there
exist f1,... ,0n € B such that po(f) < amaxi<;<y, pg,;(f) for some a > 0 and all
f € Cy(X, E). 1t easily follows that p) (u) < amaxj<i<p pﬁl(u) for all u € Cp(X),
and this means that 7’1/\ C 7'2/\.

(i) Let {pa : @ € A} and {pg : B € B} be generating families of Riesz
seminorms for &; and &g respectively. Since £ C &2 for each a € A there exist
B1,---Bn € B such that pa(u) < amaxi<;<,pg,(u) for some a > 0 and all
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u € Cyp(X). Tt follows that p)(f) < amaxlgignpgi(f) for all f € Cp(X, E), and
this means that £/ C &. O

4. Strict topologies on spaces of continuous functions

In this section, by making use of the results of Section 3, we establish a mutual
relationship between strict topologies on Cy(X) and Cy(X, FE) which allows us
to examine in a unified manner strict topologies on C(X, E) by means of strict
topologies on Cj(X).

First we recall some definitions (see [S], [W], [Ku], [KuO], [KuVy]). For a
compact subset @ of SX \ X let Co(X) = {v € Cp(X) : 9|Q = 0}. For each
RS CQ (X) let

polu) = sup fo(z)u(z)| for u e Cy(X)
zeX

and

po(f) = sup [v(z)| [|f|[(z) for f e Cp(X, E).
zeX

Then p, is a Riesz seminorm on Cy(X) and p, is a solid seminorm on Cy(X, E).
For each u € Cp(X) and a fixed eg € Sg we have:

(4.1) po () = py(u @ eg) = sup [v(@)][u()| = pv(u)
zeX

and moreover, for each f € Cp(X, E) we get:

(4.2) po(I£1) = sup [o(@)] [|f]|(z) = po(f)-
rzeX

Let B3g(X) be the locally convex-solid topology on Cp(X) defined by {p, :
v € Cp(X)} and let Bg(X, E) be the locally convex-solid topology on Cy(X, E)
defined by {py : v € Cg(X)}.

Thus 8g(X) = fo(X,R) and by (4.1) and (4.2) we get:

(4.3) Bo(X)Y = Bo(X, E)
and
(4.4) Bo(X, E)" = Bo(X).

Now let € be some family of compact subsets of X \ X. The strict topolo-
gy Be(X, E) on Cp(X, E) determined by C is the greatest lower bound (in the
class of locally convex topologies) of the topologies (X, ), as Q runs over C.
Thus Be(X, E) is an inductive limit topology, and we denote it by LIN {8 (X, E) :

Q € C}.
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We will shortly write Se(X) instead of fSe(X,R). It is well known that the
strict topology Se(X) on Cy(X) is locally solid (see [W, Theorem 11.6]). Observe
that the strict topology Se(X, E) on Cy(X, E) has a local base at 0 consisting of
all sets of the form:

(+) abs conv (UQEG Wy, : for some vg € Cq (X))

where for vg € Cg(X), Wy, = {f € Cp(X,E): Pug (f) <1}
By making use of Lemma 1.1 it is easy to check that the sets of the form (+)
are solid. Thus we get:

Theorem 4.1. The strict topologies fe(X, E) on Cy(X, E) are locally solid.

Remark. The property of local solidness of strict topologies [e(X,E) on
Cy(X, E) for some important classes Cr, Cs (see definition below) was obtained
in a different way in [Ku].

The following theorem establishes a mutual relationship between strict topolo-
gies Be(X, FE) on Cy(X, F) and Be(X) on Cp(X).

Theorem 4.2. We have:

Be(X)" =fe(X,E) and fe(X,E)" = fe(X).
PROOF: By the definition of strict topologies and (4.3) and (4.4) we get

Be(X) C Bo(X) = Bo(X,E)" and Be(X,E) C Bo(X,E) = Bo(X)Y.

Hence by Theorem 3.2 and Theorem 3.3 for each ) € C we have

BG(X)\/ C (ﬁQ(X; E)/\)v = ﬁQ(Xv E)? S0 HG(X)\/ - ﬁ(‘?(Xv E)
and

Be(X, E)* C (Bo(X)V)" = Bo(X), so Be(X,E)" C Be(X).

Thus

Be(X,E) = (Be(X,E)")Y C Be(X)Y C Be(X,E), so Be(X,E)=pe(X)Y
and

Be(X) = (Be(X))" C Be(X, B)" C Be(X), so Be(X) = fe(X, E)".
Thus the proof is complete. ([

As an application of Theorem 4.1, Theorem 4.2 and Theorem 3.3 we get:
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Corollary 4.3. (i) For a net (fy) in Cy(X, E) we have:

fo — 0 for fe(X, E) if and only if || fo|| — 0 for Be(X).
(ii) For a net (uy) in Cp(X) we have:

ug — 0 for fe(X) if and only if us ® ey — 0 for Be(X, E).

Now we distinguish some important families of compact subsets of SX \ X.
Let

Cr = the family of all compact subsets of X \ X.

Cy = the family of all zero subsets of SX \ X.

The strict topologies 8- (X, F) and G5(X, E) on Cy(X, E) are now obtained by
choosing C; and C, as C appropriately (see [W, Definition 7.8, Definition 10.13],
[Ku]). In particular, in view of Theorem 4.2 we get:

Corollary 4.4. We have:

BT(X)V = ﬁT(X7 E)u BU(X)V = ﬁa(Xa E)7
and

Br(X, )N = 5 (X), Bo(X,E)" = Bo(X).

Remark. The statement (i) of Corollary 4.3 was obtained in a different way for
topologies 8- (X, E) and (5(X, E) in [Ku, Lemma 2.4].

Remark. The important classes of strict topologies Gs(X, E), 6p(X,E) and
Bg(X,E) on Cp(X, E) can also be defined as inductive limit topologies by tak-
ing appropriate classes € of subsets of 53X \ X (see [W, Definitions 10.13, 10.15],
[KuV], [KuO]).

5. Dini topologies on spaces of vector-valued continuous functions

The well known Dini’s theorem is telling us that whenever a topological space
X is pseudocompact then for a net (uy) in Cp(X), us | 0 (ie., ug(x) | 0 for
each x € X) implies ||tus|lco — 0. F.D. Sentilles (see [S, Theorem 6.3]) showed
that a Dini type theorem holds for topologies (5(X) and (,(X) for X being a
completely regular Hausdorfl space, that is, 8,(X) (resp. [r(X)) is the finest

of all locally convex topologies £ on Cp(X) such that up | 0 implies up, <0

(resp. ug | 0 implies uq N 0). These properties of strict topologies justify the
following definition of o-Dini and Dini topologies in the vector-valued setting.
Definition 5.1. (i) A locally convex-solid topology 7 on Cy(X, F) is said to
be a o-Dini topology whenever for a sequence (fy) in Cp(X, E), ||fall | 0 (ie.,
|| fnll(z) | O for each z € X) implies fn, — 0 for 7.

(ii) A locally convex-solid topology 7 on Cy(X, E) is said to be a Dini topology
whenever for a net (fy) in Cp(X, E), ||fo|l | 0 (i-e., ||foll(x) | 0 for each z € X)
implies f, — 0 for 7.
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Thus G5 (X) (resp. Br(X)) is the finest o-Dini (resp. Dini) topology on Cp(X).
In this section, by making use of the results of Sections 3 and 4 we show that

B (X, E) (resp. fr(X, E)) is the finest o-Dini (resp. Dini) topology on Cy(X, E).
We need the following technical results.

Lemma 5.1. (i) If £ is a o-Dini topology (resp. a Dini topology) on Cy(X),
then ¢V is a o-Dini topology (resp. a Dini topology) on Cy(X, E).
A

(ii) If 7 is a o-Dini topology (resp. a Dini topology) on Cy(X, E), then 7" is

a o-Dini topology (resp. a Dini topology) on Cy(X).

PROOF: (i) Assume that £ is a o-Dini topology on Cp(X) generated by a family
{pa : @ € A} of Riesz seminorms on Cy(X ). Then for a sequence (fy) in Cp(X, E)
with || fn|l | 0 we get pY(fn) — 0, because p(fn) = pa(||fnll) for each a € A and
n € N. This means that f,, — 0 for £V, as desired.

Similarly we get fo — 0 for ¢V whenever ¢ is a Dini topology.

(ii) Assume that 7 is a o-Dini topology on Cy(X, E) generated by a family
{pa : @ € A} of solid seminorms on Cy(X, E). Then for a sequence (uy) in Cp(X)
with u, | 0 and a fixed ey € Sg we get ||un ® egf | 0, because ||un ® eg||(z) =
|lun(z)eol| g = |un(x)|. Since pA(un) = palun ® eg) for each a € A and n € N,
we have that u, — 0 for 7/, as desired.

Similarly, we obtain that u, — 0 for 7\ whenever 7 is a Dini topology. O

The next theorem is an extension of the Sentilles results (see [S, Theorem 6.3,
[W, Corollary 11.16, Corollary 11.28)).

Theorem 5.2. (i) The strict topology B+(X, F) is the finest o-Dini topology on
Cy(X, E).
(ii) The strict topology B+(X, F) is the finest Dini topology on Cy(X, E).

PrOOF: (i) Since (5(X) is a o-Dini topology on Cp(X), by Lemma 5.1 and
Corollary 4.4 we obtain that 8,(X, F) is a o-Dini topology on Cy(X, FE). Now
assume that 7 is a 0-Dini topology on Cy(X, E). Then by Lemma 5.1 7/ is a
o-Dini topology on Cy(X). Hence 7" C f5(X), because (5(X) is the finest o-
Dini topology on Cy(X) (see [S, Theorem 6.3]). By making use of Theorem 3.2,

Theorem 3.4 and Corollary 4.4 we get 7 = (7)Y C B,(X)Y = B,(X, E), as
desired.
(ii) Similarly as in (i). O

Now we are going to characterize o-Dini topologies and Dini topologies on
Cy(X, E) in terms of their topological duals.

For a linear topology 7 on Cy,(X, E) by (Cy(X, E), T)’ we denote the topological
dual of (Cy(X, E), 7). In particular, let Cp(X, E)’ stand for the topological dual
of (Cb(X7 E)v ” ’ HOO)

We shall need the following definitions.
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Definition 5.2. (i) A functional ® € Cy(X, E)’ is said to be o-additive whenever
for a sequence (fp) in Cp(X, E), || fnll | 0 implies ®(f,,) — 0. The set consisting
of all g-additive functionals on Cy(X, E) will be denoted by Ls(Cy(X, E)).

(i) A functional ® € Cy(X, E) is said to be T-additive whenever for a net
(fo) in Cp(X, E), || f&|| | 0 implies ®(f5) — 0. The set consisting of all T-additive
functionals on Cy(X, FE) will be denoted by L,(Cy(X, E)).

Now we are in position to state our desired result.

Theorem 5.3. For a locally convex-solid Hausdorff topology T on Cy(X, E) the
following statements are equivalent:

(i) (Co(X, E), 1) C Lo(Cy(X, E));

(ii) 7 is a o-Dini topology.

PrOOF: (ii) = (i). It is obvious.

(i) = (ii). Let {pa : a € A} be the family of solid seminorms on Cy(X, E)
that generates 7 (see Theorem 2.2), and let 7 denote the locally convex-solid
topology generated by the family {p) : a € A} of Riesz seminorms on Cjp(X),
where p))(u) = p(u ® eg) for some fixed eg € Sg and u € Cp(X).

We shall first show that (Cy(X), ") C Ly (Cp(X)). Indeed, let p € (Cp(X), 7")’
and let up | 0 (i.e. up(z) | O for all x € X), where up, € Cp(X). Define a
linear functional ®, on a subspace C,(X)(eg) (= {u®eg : u € Cp(X)}) of
Cy(X, E) by putting @, (u® eg) = ¢(u). Since ¢ € (Cp(X), ")’ there exist ¢ > 0
and ai,...,an € A such that [®,(u ® eg)| = [p(u)] < cmaxi<i<p Po,; (u) =
cmaxi<j<n Pa; (U @ eg) for all u € Cp(X). This means that
@, € (Cp(X)(e0), T|Cb(X)(50))/’ so by the Hahn-Banach extension theorem there
is @, € (Cp(X, E),7) such that @, (u® eg) = ¢(u) for all u € Cy(X). By our
assumption @, € Ly (Cp(X, E)), so Dy, (un ®eg) — 0, because ||up @eq|| = up | 0.
It follows that ¢(up) — 0, so ¢ € Ls(Cp(X)).

Thus in view of [Ka, Theorem 5.6] (applied to a Banach lattice E = R), 7/
is a o-Dini topology on Cj(X), so by Lemma 5.1 (7)Y is a 0-Dini topology on
Cy(X, E). But by Theorem 3.2 7 = (7)Y, and the proof is complete. O

We have an analogous result for Dini topologies with a similar proof.

Theorem 5.4. For a locally convex-solid Hausdorff topology T on Cy(X, E) the
following statements are equivalent:

(i) (Cp(X, E),7)" C Lr(Cy(X, E));

(ii) 7 is a Dini topology.

Remark. In case F is a Banach lattice, the spaces C,(X, F) and Cy(X, F) (=
the space of all f € Cy(X, E) for which f(X) is relatively compact in E) became
vector lattices under the natural ordering: f < g whenever f(z) < g(z) in F
for all z € X. Thus one can consider the concepts of solidness and a locally



Locally solid topologies on spaces of vector-valued continuous functions 483

solid topology for Cy (X, E) and Cr.(X, E) in terms of the theory of Riesz spaces
(see [AB]). Moreover, in [Kg, Section 5] a functional ® € Cro(X,E) is called
o-additive if ®(fy,) — 0 for a sequence (fp) in Cre(X, E) such that fp(z) | 0 in
E for all x € X. Similarly T-additive functionals on Cr.(X, E) are defined. The
above Theorems 5.3 and 5.4 are analogous to [K2, Theorem 5.6, Theorem 5.5].
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