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Biharmonic morphisms

MusTaPHA CHADLI, MOHAMED EL KADIRI, SABAH HADDAD

Abstract. Let (X,H) and (X', H’) be two strong biharmonic spaces in the sense of
Smyrnelis whose associated harmonic spaces are Brelot spaces. A biharmonic morphism
from (X,H) to (X', H’) is a continuous map from X to X’ which preserves the bihar-
monic structures of X and X’. In the present work we study this notion and character-
ize in some cases the biharmonic morphisms between X and X’ in terms of harmonic
morphisms between the harmonic spaces associated with (X,H) and (X’,H’) and the
coupling kernels of them.

Keywords: harmonic space, harmonic morphism, biharmonic space, biharmonic func-
tion, biharmonic morphism

Classification: 31B30, 31C35, 31D05

1. Introduction

The notion of a harmonic morphism (also called harmonic map) between two
harmonic spaces was introduced by Constantinescu and Cornea in 1965 as a na-
tural generalization of holomorphic mappings between Riemann surfaces (see [4]).
This notion was later extended by Fuglede to the setting of Riemannian manifolds
in [9] and to the theory of finely harmonic functions in [12]. Csink, Fitzsimmons
and Qksendal ([5], [6]) also gave a probabilistic interpretation of this notion.

Our main purpose in this work is to extend the notion of a harmonic morphism
to the axiomatic theory of biharmonic functions.

We recall that the axiomatic theory of biharmonic functions, inspired by the
classical biharmonic equation A%y = 0, was developed by E.P. Smyrnelis in [14]
and [15] and applies more generally to equations of the type LjLou = 0, where
L1 and L9 are two elliptic or parabolic differential operators of second order on
an open subset of R™. In this theory, a harmonic space is a given locally compact
space X equipped with a sheaf H of linear spaces of pairs of real continuous
functions on the open subsets of X and satisfying some axioms. With such a
space, two Bauer harmonic spaces are associated. Many results of classical or
axiomatic potential theories were extended by Smyrnelis to the setting of the
biharmonic space theory.

In this work we study the notion of biharmonic morphisms, that is, mappings
between biharmonic spaces which preserve the biharmonic structures. We will
prove that the biharmonic morphisms between two biharmonic spaces (X, H) and
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(X', H') are exactly the harmonic morphisms of harmonic spaces associated with
these spaces which act suitably on the coupling kernels. At the end of this work
we will give a characterization of biharmonic morphisms in the classical case of
an open set in R™ and between Riemannian manifolds.

Let us also point out, according to Bouleau [1] et [2], that with a strong bi-
harmonic space there is associated a couplage of two diffusion processes (X¢) and
(Yz), which are themselves associated with semi-groups (P;) and (Q). This fact
allows us to look for a stochastic characterization of biharmonic morphisms. We
will come back to this question in a subsequent work.

Throughout this work the word function means, unless otherwise stated, a
function with values in R. If (f1,91) and (f2,92) are two pairs of functions on
a set F/, we adopt the following definitions concerning the product order:

(f1,91) = (f2,92) = f1 > f2, 91 > g2,
(f1,91) > (f2,92) = f1> f2, 91 > g2,

and we simply write (f,g) > 0 (resp. (f,g) > 0) instead of (f,g) > (0,0) (resp.
(f.9) > (0,0)). -

If X is a locally compact space, we denote by A and OA, respectively, the
closure and the boundary of A4 in the Alexandroff compactification X of X.

The notation used in this work and concerning the biharmonic spaces will be
as in the work of Smyrnelis which is quoted in the references.

The results of this work can be easily extended in a natural way to polyhar-
monic spaces of any order, the biharmonic case was considered for its simplicity.

2. Preliminary results

In this section we consider a strong biharmonic space (X,H) in the sense
of Smyrnelis [14] whose associated harmonic spaces (of Bauer) are denoted by
(X,H1) and (X, H2). We recall that for every open subset U of X, a function
h € H1(U) if and only if (h,0) € H(U) and that a function k& € Ha(U) if and
only if, for every x € U, there exists an open neighborhood U, of z contained in
U and a function u on Uy such that (u, k) € H(Usz).

We denote by U(X) and U;(X) (resp. UT(X) and UZT"(X)), i = 1,2, the cones
of H-hyperharmonic pairs and H;-hyperharmonic functions (non-negative, resp.)
on X. We also denote by ST(X) and S; (X), i = 1,2, the cones of non-negative
‘H-superharmonic pairs and non-negative H;-superharmonic functions on X. If
f is a function defined on an open subset U of X, we denote by f its lower
semicontinuous regularization, i.e., the greatest lower semicontinuous minorant of

finU.
Proposition 2.1 ([16, lemme 11.6]). Let v € Uy (X). Then the function

uy = inf{u € U (X) : (u,0) € Ut (X)}
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is a non-negative Hi-hyperharmonic function on X and the pair (uy,v) is H-
hyperharmonic on X.

Definition 2.2. The function wu, in the above proposition is called the pure
hyperharmonic function of order 2 associated with v.

A pair (u,v) € UT(X) is said to be pure if u = u,.

Remarks. 1. If (h, k) is a pure pair on X and if k is He-harmonic on an open
subset w of X, then (h, k) is H-biharmonic on w (see [8]).

2. If there exists a function u € S;"(X) such that (u,v) € ST(X), then
Uy € Sf_ (X) and uy is even an Hj-potential. We deduce from this fact that if
(h, k) is a non-negative biharmonic pair, then wuy, is the potential part in the Riesz
decomposition of the non-negative Hi-superharmonic function h.

The following theorem can be found in [2]:

Theorem 2.3. There exists a unique Borel kernel V on X with the following
properties:
(i) For any continuous function ¢ on X with compact support K, the function
V¢ is Hi-harmonic in the complement of K.
(ii) For every function v € Ll2+ (X), Vv is the pure hyperharmonic function of
order 2 associated with v.

We recall that a Borel kernel on a topological space E is a mapping N :
E x B(E) — R4 such that:

1. For every A € B(E), the function  — N(x, A) is Borel measurable on E.
2. For every x € E, the function A — N(z, A) is a non-negative measure on B(E).

Here B(E) is the o-algebra of Borel subsets of E. For a non-negative Borel
function f we denote by N f or N(f) the function [ f(y)N(-,dy).

The kernel V in the above theorem will be called the coupling kernel of the
harmonic spaces (X,H1) and (X, H2) (or simply the biharmonic space (X, H)).

The interest of pure H-hyperharmonic pairs lies in the following theorem, which
likewise can be found in [2], and which is essential, in particular, for the integral
representation of H-potentials and non-negative H-harmonic functions on X.

Theorem 2.4. Let (s1,s2) € ST(X). Then we have V(s3) < s1, i.e., there exists
a function t € S; (X)) such that

s1 =1+ V(s2).
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Lemma 2.5. There exists a positive, finite and continuous Ha-potential whose
associated pure hyperharmonic function of order 2 is a strict finite and continuous
‘H1-potential.

PROOF: Let (pg,qo) be a positive, finite and continuous H-potential in X. By
Theorem 2.4 there exists a function ¢ € Si" (X) such that pg =t + V(qo), from
which we deduce that t and V(qp) are finite and continuous. It is easy to verify
that pg is a strict Hi-potential. (I

More generally, if (pg, qo) is a positive, finite and continuous H-superharmonic
pair, then the pure hyperharmonic function of order 2 associated with ¢g is a
strict finite and continuous Hi-potential.

Let (po, qo) be a positive, finite and continuous pure H-superharmonic pair. We
know by [4, Theorem 8.1.1 and Exercise 8.2.3] that there exists a unique Borel
kernel W on X such that:

(i) W1 = po,
(ii) for every non-negative continuous function f with compact support, W f is
‘Hi-harmonic in the complement of the support of f.

Theorem 2.6. For every non-negative Borel function f on X we have

vi-w(l).
q0

PROOF: Let us consider the Borel kernel W’ defined on X by W' f = V(fqq) for
every non-negative Borel function on X. Since the pair (pg, qg) is pure we have
Vo = po, hence W'l = py. Hence, according to the properties of W, it follows
that W/ = W. The theorem is proved. O

Example. Consider the classical biharmonic space (R, H), n > 1, where the
biharmonic sheaf H is given for every open subset w of R™ by

H(w) = {(u,v) € [C}(w)]? : Au= —v, Av = 0}.
The associated harmonic spaces are identical to the classical Laplace harmonic

space and hence satisfy the hypotheses of this section. This space is strong if and
only if n > 5 (see [8]). The kernel V' of Theorem 2.3 is given in this case by

B 1 f(y)
Vi = g / o —yln2 Y

for every non-negative Borel function f on R™ and every x € R™, where oy, is the
area of the unit sphere in R"™.
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If X = Qis a Green domain in R", and if the space X equipped with the sheaf
induced on X by the sheaf H is strong, then the kernel V' is given by

Vi) = / Gale,y) () dy

for every non-negative Borel function f on Q and every z € Q, where G de-
notes the Green kernel of 2 normalized in the sense that, for all y € 2, we have
AGq(-,y) = —€y in the distributional sense, where €, is the Dirac measure at y.

According to [8], we know that if Q is a domain in R™, n > 1, equipped with
the sheaf induced by H, then 2 is a strong biharmonic space if and only if for
every (or for some) y € Q, the pure hyperharmonic function of order 2 associated
with Gq(+,y) is superharmonic (because the harmonic spaces associated with
are symmetric).

Moreover, it is not difficult to see that a bounded domain 2 in R" is strong
and there exist positive pure biharmonic pairs on 2. On the other hand, if Q is
not bounded, there may not exist any positive biharmonic pair, as it is the case
if O =R" (see [8]).

We end this section by the following two lemmas which will be useful later on:

Lemma 2.7. Let (u,v) be a pure H-hyperharmonic pair on X and (Uy,) be an
increasing sequence of open sets covering X. For each n, let u, be the pure
hyperharmonic function of order 2 associated with v on Uy,. Then we have u =
sup,, Un,.

PRrROOF: The pair (u,v) is H-hyperharmonic in X, hence, for every integer n, we
have u > uyp. Thus u > sup,, un. On the other hand it is not difficult to verify that
if n > m then uy > up, in Uy, and therefore the pair (sup,, un,v) = sup,,(un,v) is
‘H-hyperharmonic on every open Uy, hence on X. We deduce that sup,, un > u.
The lemma is proved. (I

We denote by PL(X) the set of finite and continuous Ha-potentials whose
associated pure hyperharmonic function is finite and continuous.

Lemma 2.8. For every non-negative Ho-hyperharmonic function, there exists an
increasing sequence (gy) of elements of PL(X) such that v = sup,, qn.

PrOOF: We know that every non-negative Ha-hyperharmonic function is the
supremum of an increasing sequence of finite and continuous Ha-potentials on X.
Hence, to prove the lemma, it suffices to prove that every Ho-potential is the
supremum of an increasing sequence of elements of P.(X). Let g be a finite
and continuous Ha-potential on X and (pg,qp) a finite, positive and continu-
ous H-potential on X. We have ¢ = sup,, min(q,nqg) and, according to Theo-
rem 2.4, V(min(g,nqg)) < npg because (npg, min(g, ngo)) is a non-negative H-
superharmonic pair, hence min(g, nqggp) € PL(X). O

Remark. Lemma 2.8 allows us to prove easily Theorem 2.3 of Bouleau.
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3. Biharmonic morphisms

From now on, both (X, H) and (X', H’) will be Brelot biharmonic spaces, that
is, biharmonic spaces whose associated harmonic spaces are Brelot spaces.

Definition 3.1. A biharmonic morphism from (X, H) to (X', H') is a continuous

mapping ¢ from X to X’ such that, for every open subset U of X’ and every H’-

hyperharmonic pair (u,v) on U, the pair (u o ¢,v o ¢) is H-hyperharmonic in
-1

= (U).

We recall that if (X1, K1) and (X3, K2) are two harmonic spaces (in the sense of
Constantinescu and Cornea [4]), a harmonic morphism from (X7, K1) to (X2, K2)
is a continuous mapping ¢ from X; to Xo such that, for every open subset
U of X5 and every Ko-hyperharmonic function w on U, the function u o ¢ is
K1-hyperharmonic on cp_l(U), or equivalently, according to [5], for every Ko-
harmonic function u on U, the function u o ¢ is K1-harmonic on ¢~ 1(U).

It follows easily from Definition 3.1 that if the pair (h, k) is H’-biharmonic on
an open subset U of X', then the pair (h o ¢,k o ¢) is H-biharmonic on ¢~ 1(U).

It is clear that if ¢ and ¢ are two biharmonic morphisms from (X, H) to
(X’,’H’) and from (X', H') to (X", H") respectively, then v o ¢ is a biharmonic
morphism from (X, H) to (X", H").

A biharmonic isomorphism from (X, H) in (X’,H’) is a bijection ¢ from X
onto X’ such that ¢ and ¢! are biharmonic morphisms.

In the same way as in [3], we can prove the following

Theorem 3.2. Let ¢ be a continuous mapping from X to X'. Then ¢ is a

biharmonic morphism from (X, H) to (X', ’H') if and only if, for every open subset

U of X' and every H'-harmonic pair (h, k) in U, the pair (uop, voy) is H-harmonic
~1

on o~ (U).

Proposition 3.3. Let ¢ be a biharmonic morphism from (X, H) to (X', ’H).
Then

(i) ¢ is a harmonic morphism from (X, H1) to (X', H}),
(ii) ¢ is a harmonic morphism from (X, Hz) to (X', H}).

PRrROOF: Let U be an open subset of X’ and v an H’l—hyperharmonic function on U.
Then the pair (u, 0) is H’-hyperharmonic on U, hence (uog, 0) is H-hyperharmonic
on ¢~ 1(U), so that u o ¢ is H;-hyperharmonic on ¢~1(U), which proves (i). Let
v be an H)-hyperharmonic function on U. Then for every x € ¢~ 1(U), there
exist a neighborhood V; of ¢(z) contained in U and a function wu, such (ug,v)
is H’-hyperharmonic on V;, thus the pair (uy o ,v o ¢) is H-hyperharmonic on
¢ 1 (V). We deduce from this that the function v o ¢ is H-hyperharmonic on
¢~ 1(U). This proves (ii). O
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The converse of the above proposition is not true in general as demonstrated
by the following example:

It is well known according to [10] that the harmonic morphisms of R? = C,
equipped with the classical harmonic structure defined by the Laplacian (see Ex-
ample of Section 2), are exactly the functions ¢ : C — C such that ¢ or @ is
holomorphic. In particular the constant functions are harmonic morphisms from
C to itself. However, it is easy to verify that these are not biharmonic morphisms.
These morphisms seem to be trivial, we are going to give non-trivial ones.

Let B denote the unit ball in C, and let f : B — B be defined by f(z) = 22,
One can easily verify that the pair (u,v) of functions defined by

and
v(z)=1- |z

is a pure superharmonic pair. The function v o f is superharmonic because f is
holomorphic (hence a harmonic morphism). On the other hand we have

3 1 1
uo f(z) = 6~ Z|Z|4+ 1—6|Z|8'

A straightforward calculation yields
A(uo f)(z) = 412[(2]* - 1),

but we do not have
Auo f)(z) < —vo f(2)

for every z € B as one can see by taking |z| close to 0, hence the pair (vo f,vo f)
is not hyperharmonic (recall that if the pair (u,v) is hyperharmonic on a domain
Q C R™ and if u # +o00, then Au < —v in the distributional sense).

These examples show that conditions (i) and (ii) of Proposition 3.3 do not
characterize the biharmonic morphisms. We still need a supplementary condition
related to the coupling kernels of biharmonic spaces (X, H) and (X', H') as we
will show in Section 4.

Theorem 3.4. Let ¢ be a biharmonic morphism from (X, H) to (X', H'). If there
exists a positive pure H'-superharmonic pair (pg, qo) such that (pg o p,qo o @) is
a pure H-potential then, for each pure H'-hyperharmonic pair (u,v) on X', the
pair (uo @, v o) is a pure H-hyperharmonic pair on X .

PROOF: Let us write (p,q) = (po © ¢, g0 © »). Then p and pg are strict potentials
on X and X’ (with respect to the harmonic sheaves H; and H/, respectively).
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By [4, Exercise 8.2.3], there exist two Borel kernels W and W’ on X and X'
respectively such that:

(1) W1 =p, W'l = Po;

(ii) W[ (vesp. W’f) is Hi-harmonic (resp. H)-harmonic) on X \ Supp(f) (resp.
X'\ Supp(f)), for every continuous function f with compact support on X
(resp. on X').

Let (u,v) be a pure H’-hyperharmonic pair on X’. Then, according to The-
orem 2.4, we have u = W’ and thus uo ¢ = (W'Z) o p. Now consider the
operators Wy and Wy defined on the set of non-negative bounded Borel functions
on X' by Wig = W(go ¢) and Wag = (W’g) o ¢. Then, combining Theo-
rem 8.1.1 and Exercise 8.2.3 of [4], we easily get W1 = Wa. In particular, we have

Wi(g5) = Wa(g5), that is, W(2£) = (W' Z) o ¢. This proves the result. O

4. Characterization of proper biharmonic morphisms

Throughout this section (X, H) and (X', H’) are two strong biharmonic Brelot
spaces.

Lemma 4.1. Let k be a positive Ho-harmonic function on a relatively compact
open subset U of X', w be an H-regular open set, w C W C U, and h, be the pure
hyperharmonic function of order 2 associated with k in w. Then lim,_.¢ hl,(z) =0
for each & € Ow.

PROOF: It is easy to verify that the pair (h/,, k) is nothing but the solution of the

Riquier problem in w for the boundary data (0, k|g,,). This proves the lemma.
O

We say that a function f: X — X’ is proper if the inverse image under f of
any compact is compact.

Theorem 4.2. If ¢ is a surjective proper biharmonic morphism from (X, H) to
(X', H'), then for every H'-regular relatively compact open subset w of X' and
every pure pair (u,v) on w, the pair (u o ¢, v o ) is pure on ™ (w).

PROOF: Let w be an H'-regular relatively compact open subset of X’ and k be a
positive H/z—harmonic function in a neighborhood of @. Then the pure hyperhar-
monic function h{, of order 2 associated with k on w is a strict H}-potential in w
(this follows obviously from Definition 2.2). Let us denote by hy the pure hyper-
harmonic function of order 2 associated with k o . Since the pair (h., o,k o ¢)
is non-negative biharmonic on ¢~ !(w), we have h/, 0 ¢ > hy. On the other hand,
the function h/, o ¢ — hy is Hy-harmonic on ¢! (w) and we have

li I —h =0
:cewll(rg),x_)g( wop = h)@)
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for every ¢ € dp~!(w). Since the open set ¢~ 1(w) is relatively compact, this
implies, according to the minimum principle, that h/, 0 ¢ — h; = 0 on ™1 (w).
In other words the pair (h., o ¢,k o ¢) is pure. Then, by Theorem 3.4, the pair
(uo,v o) is pure for every pure pair (u,v) on w. O

Corollary 1. Assume that there exists an increasing sequence (Up,) of ‘H'-regular
open sets covering X'. If ¢ is a proper surjective biharmonic morphism from
(X,H) to (X',’H"), then for every pure pair (u,v) on X’, the pair (uo ¢,v o) is
pure.

PrOOF: Let (Uy,) be an increasing sequence of H’-regular open sets covering
X' and let (u,v) be a pure pair. For every n, let us denote by u, the pure
hyperharmonic of order 2 associated with v in U,,. Then we have u = sup,, up,
hence u o ¢ = sup,, un © . As the pairs (un o p,v 0 @) are pure, it follows from
Lemma 2.7 that (u o ¢, v 0 ) is pure. (]

Remark. If the topology of X’ has a countable base, then it is known that there
exists an increasing sequence (Uy,) of H’'-regular open sets covering X'.

Corollary 2. Assume that (X', H}) and (X', H5) are Brelot spaces having the
same regular sets (this is the case if, for example, H} = H,). If ¢ is a proper
surjective biharmonic morphism from (X, H) to (X', H'), then for every pure pair
(u,v) on X', the pair (uo ¢,v o @) is pure.

PROOF: In fact, the assumptions of Corollary 1 are satisfied in this case because,
in a Brelot harmonic space with positive potential, there exists an increasing
sequence of regular sets covering the whole space. (|

Remark. If we drop the hypothesis that ¢ is proper in Theorem 4.3, then the
conclusion may fail. Indeed, let X be the unit ball in R” and X’ the unit ball in
R™, where n > m > 1 and let ¢ : X — X’ be the projection defined by

(X1, ey xn) = (X1, .., Tm).
Then it is clear that ¢ is a surjective biharmonic morphism, which is not proper.
Let w = %X’ be the ball of radius % in R™, and (u,v) be a pure pair in w (v > 0).
Then u = V,,v, but u o ¢ is not a potential on ¢~ !(w) because u o ¢ has positive
values on a part of dp~1(w). Hence (uo @, v o ¢) is not pure.

Proposition 4.3. Let U be a relatively compact open subset of X' and (u’,v’)
be an H'-superharmonic pair in a neighborhood of U. Then there exist an H'-
potential (p,q) and an H'-superharmonic pair (u,v) in X' such that
(i) (u,v) = («,0") + (p,q) in U;
(ii) the pair (p,q) is H'-harmonic in U;
(iii) if (u/,0") > 0, one can choose (u,v) > 0 in X'.

PROOF: The proposition can be proved in the same manner as Theorem 3.2 of [4]
for the harmonic case. O
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Proposition 4.4. Let ¢ : X — X' be a continuous mapping. Assume that ¢ is
a harmonic morphism from (X, H1) to (X', H}) and that for every pure positive
‘H-potential (p, q), the pair (pop, go) is pure. Then ¢ is a biharmonic morphism
from X to X'.

PROOF: Let us remark first that under the hypothesis of the proposition, if
(u,v) is a non-negative H’-hyperharmonic pair on X', then (u o ¢,v o ¢) is H-
hyperharmonic on X. In fact, this true for any H’-potential because of the decom-
position of Theorem 2.4 and the fact that ¢ is a harmonic morphism between the
harmonic spaces (X,H;) and (X', H}). For a non-negative H’-hyperharmonic
pair (u,v) in X', it suffices to use the fact that (u,v) is the supremum of an
increasing sequence of H’-potentials. Suppose now that the assumptions of the
proposition are satisfied, that U is an open subset of X’ and (u,v) is an H'-
hyperharmonic pair on U. Let w be an H’-regular open subset of X’ such that
@ C U. Assume first that (u,v) > 0. According to Proposition 4.3, one can
find an ‘H’-potential (p,q) on X', H'-harmonic on w, and an H’-superharmonic
non-negative pair (ug,vo) on X’ such that (ug,vg) = (u,v) + (p,q) on w, and
hence (ug o p,v9 0 @) = (uo ,v0@)+ (pow,qop) on ¢ (w). But the pair
(ug o p,vg 0 ) is H-hyperharmonic on ¢~ (w) and (p o ¢, q o ¢) is H-harmonic
on ¢~ 1(w), thus the pair (u oy, v o) is H-hyperharmonic on ¢~ (w). Since w is
arbitrary and H/-regular subsets of X’ form a base of X', it follows that the pair
(w0 ¢, v 0 ) is H-hyperharmonic on o~ (U).

For an arbitrary pair (u,v), one can go back to the previous case by adding
locally a suitable non-negative biharmonic pair to (u,v). ([l

Now we may prove the following

Theorem 4.5. Assume that there exists an increasing sequence (Up) of H'-
regular open sets covering X'. Let ¢ : X — X' be a proper surjective continuous
function. Assume also that ¢ is a harmonic morphism from (X, Hy) to (X', H})
and from (X, Hz) to (X', H,). Then the following conditions are equivalent:

(i) ¢ is a biharmonic morphism;

(ii) for every positive pure H-potential (p, q), the pair (p o ¢, qo @) is pure.

ProOF: The implication (i) = (ii) has been proved in Corollary 2 of Theo-
rem 4.2. For the implication (iii) = (i), see Proposition 4.3. O

Let us denote by V and V' the coupling kernels of the biharmonic spaces (X, H)
and (X', H'), respectively. In terms of coupling kernels, we have the following
characterization of biharmonic morphisms:

Theorem 4.6. Assume that there exists an increasing sequence (Uy) of H'-
regular sets covering X' and that for every relatively compact open subset U
of X' there exists a positive H'-harmonic function on U. Let ¢ : X — X'
be a proper surjective continuous function. Assume also that ¢ is a harmonic
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morphism from (X,H;) to (X', H}) and from (X, Hs) to (X', H,). Then the
following conditions are equivalent:

(i) ¢ is a biharmonic morphism;

(ii) (V'f)op = V(f o) for every non-negative Borel function f on X'.

PrOOF: The implication (ii) = (i) follows immediately by Theorems 4.5 and 3.3.
In order to prove the implication (i) = (ii), let us denote by P.(X’) the set of
finite and continuous H’z—potentials whose associated pure hyperharmonic func-
tions of order 2 are finite and continuous. Then, by the above theorem, we have
(V'g) oo = V(qo o) for each ¢ € PL(X'). According to Lemma 2.8, we have
Vg = V(qo ) for every ¢ € Pc(X’). But the space of differences of finite and
continuous potentials which vanish outside a compact K of X is dense in the
space of finite and continuous functions with support contained in K, thus we
have V/f o p = V(f o ¢) for every finite and continuous function with compact
support. Hence, by the monotone class theorem, we have V'f oo = V(f o ¢) for
every non-negative Borel function f on X. O

We end this section by a characterization of biharmonic morphisms in the
classical case. Let n > 3 be an integer. The kernel of couplage V relative to the
biharmonic space R™ equipped with the sheaf H defined by

H(w) = {(u,v) € [C(w)]? : Au= —v, Av =0}

Vi) = 1 / f) dy

on(n—2) ) |z —y|"2
for every non-negative Borel function f on R™, where o, is the area of the unit
sphere in R™ (see [8]).
We also recall the following characterization of harmonic morphisms of R"
equipped with the classical sheaf associated with the Laplace operator (see [10]):

is given by

Theorem 4.7. For a function ¢ from a domain U of R"™ to R™, m,n > 2, the
following conditions are equivalent.
(i) ¢ is a harmonic morphism.
(ii) The components p; (1 < j < m) of ¢ and the functions p;p; (i # j),
3022 — cp? (1 <4,5 <m) are harmonic on U.
(iii) The components p; (1 < j < m) of ¢ are harmonic on U and
(Vpi, Vp;) = 6Z-j|Vgoi|2 on U, where (V;, V;) is the inner product of
Vp; and V;.

Let us also recall that if ¢ is a non-constant harmonic morphism from a do-
main U of R™ to R™, then n > m and ¢(U) is an open subset of R™ (cf. [10,
Theorem 4]).

For biharmonic morphisms we can now, using Theorems 4.6 and 4.7, state the
following
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Theorem 4.8. For a non-constant proper function ¢ from a domain U of R™,
n > 5 (or only n > 2 if U is bounded), to R™, m > 5, the following conditions
are equivalent.

(i) ¢ is a biharmonic morphism.
(ii) The components ¢; (1 < j < m) of ¢ and the functions p;p; (i # j) and
3022 — cp? are harmonic in U, and

L G (#(e) ) 10) dy — [ Guewiew)ay

for every non-negative Borel function f on R™ and every z € U.
(iii) The components ¢; (1 < j < m) of ¢ are harmonic on U and one has

(Vos, pj) = 5ij|V902‘|2 on U and

L ) G0 = [ Guiew)ay

for each non-negative Borel function f on R™ and every x € U.

Remark. All results of this section hold for any non-constant open harmonic
morphism ¢ : X — X’ provided that the inverse image by ¢ of any compact subset
of ¢(X) is compact. Let us recall here that a harmonic morphism ¢ : X — X’ is
open if the points of X’ (or just of f(X)) are strongly polar (see [10]).

5. Biharmonic morphisms between Riemannian manifolds

All Riemannian manifolds considered in the sequel are assumed to be con-
nected, second countable and infinitely differentiable.

Let M be a Riemannian manifold and Aj; be its Laplace-Beltrami operator.
We shall say that a function v on M is harmonic if it is a solution of the harmonic
equation

A MU = 0

on M. It follows that u is of class C°°. The constant functions are of course
harmonic. As shown by R.-M. Hervé [12, Chapter 7], the sheaf of harmonic
functions in this sense turns the manifold M into a Brelot harmonic space (in
the slightly extended sense adopted in [4] in order to include the case when M is
compact).

Let M and N be two Riemannian manifolds. A continuous mapping ¢ : M —
N is called a harmonic morphism if v o ¢ is a harmonic function on ¢! (w) for
every function v which is harmonic on an open set w C N (such that ¢~ 1 (V) # ().

A function u on a Riemannian manifold M is called biharmonic if u is of class
C* and A?wu = 0. If we identify the harmonic functions v with the biharmonic
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pairs (u, —Apsu) as in R™, then M endowed with the sheaf 7, of the biharmonic
pairs is a biharmonic space whose associated harmonic spaces are identical to those
defined above by the harmonic functions.

Let M and N be two Riemannian manifolds. A continuous mapping ¢ : M —
N is called a biharmonic morphism if f is a biharmonic morphism between the
biharmonic spaces defined on M and N by Aj; and Ay, respectively.

The following result follows easily from [10, Lemma 4]:

Theorem 5.1. Let M and N be two Riemannian manifolds and ¢ : M — N a
non-constant harmonic morphism. Then ¢ is a biharmonic morphism if and only
if one has

Ap(feod)=(Anf)od
for any C?-function on N.
It follows from this theorem that a biharmonic morphism
¢o: M — N

between two Riemannian manifolds is not only a continuous mapping which pre-
serves biharmonic functions, but it also satisfies

Ap(uod) = (Ayu)o
for any biharmonic function v on N.

As an immediate consequence of the above theorem, we have the following
characterization of biharmonic morphisms between open subsets of R™ and R™:

Theorem 5.2. For a non-constant function ¢ from a domain U in R™, m > 5
(or only n > 2 if U is bounded), to R™, n > m, the following conditions are
equivalent.

(i) ¢ is a biharmonic morphism.

(i) The components ¢; (1 < j <n) of ¢, the functions p;p; (i # j), and the
functions cp% — cp? are harmonic on U, and moreover Acp? = 2 for some
and hence any j =1,...,n.

(iii) The components ¢; (1 < j < m) of ¢, the functions @;p; (i # j), and the
functions (p% — <p§ are harmonic in U, and moreover |Ag;| = 1 for some
and hence any j =1,...,n.

We say that a Riemannian manifold M is strong if the biharmonic space
(M, Hjyy) is strong. A strong Riemannian manifold is necessarily parabolic, that
is, it possesses a Green kernel.

Let M be a strong Riemannian manifold and let us denote by Vj; its coupling
kernel, i.e. the kernel associated with the sheaf Hj; as in Theorem 2.3. Then it
is easy to see, as in the biharmonic space R™, n > 5, that, in the distributional
sense, Aps(Vas f) = —f for any non-negative Borel function on M such that Vj; f
is superharmonic.
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Theorem 5.3. Let ¢ be a harmonic morphism between two Riemannian ma-
nifolds M and N. Denote by Vjs and Vi the coupling kernels relative to M
and N, respectively. Then ¢ is a biharmonic morphism if and only if one has
Vn(q) o ¢ > V(g o p) for every non-negative hyperharmonic function ¢ on N,
and

ApVN(f) o —=Vm(fop) =0
for all non-negative Borel functions f on N such that Vy(f) # +oo.

PrROOF: Assume first that ¢ : M — N is a biharmonic morphism and let ¢
be a non-negative hyperharmonic function on N. Since (Vyg, ¢) is non-negative
‘H n-hyperharmonic, the pair (Vi (g)op, gop) is non-negative H j;-hyperharmonic
on M. Hence, by Theorem 2.3 we have Viy(q) o p > Vis(go ¢). Now let f be a
non-negative Borel function on N such that Vy;(f o ¢) # +00. Then we have

A (Vi (feop)) =fop,

and by Theorem 5.1
Ap((Vvf)op)=fop

in the distributional sense. Hence

Apl(Vn(f) o @) = V(S o @)l =0.

Conversely, let ¢ : M — N be a harmonic morphism satisfying the assumptions
of Theorem 5.3. Let (p, ¢) be a finite non-negative H y-superharmonic pair on N.
By Theorem 2.4 we have

(p,q) = (5,0) + (VNg,q)

for some non-negative H p1-superharmonic function on N. Therefore

(Pop,qop)=(s0p,0)+ ((VNg)op,qo )
=(VN(@) o —Vrm(gop)+s09,0)+ (Var(gop),qgop).

By the hypothesis, every term of the last of these equalities is H ps-superharmonic,
hence (poy, goyp) is Hps-superharmonic on M. Moreover, if (p, ¢) is H-biharmonic
on an open subset U of N, then it follows from Remark 1 of Section 2 that (pop, go
¢) is Hps-biharmonic on ¢~ 1(U). Since any non-negative H y-hyperharmonic
pair on N is the supremum of an increasing sequence (up,vn) of finite H -
hyperharmonic pairs, it follows that for any non-negative H pr-hyperharmonic pair
(u,v) on N we have the same conclusions for the pair (uop,vop). Now let (u,v)
be an H-biharmonic pair on an open subset w of N, z € w and w’ be a relatively
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compact open neighborhood of x such that w/ C w. Then by Proposition 4.3 there
exist two non-negative H y-superharmonic pairs (p, ¢) and (s,t) on N such that

(Sa t) = (uv ’U) + (pa L])

in w and that the pair (p,q) is Hy-biharmonic on w’. It follows from above that
(w0 ¢,v 0 @) is Hys biharmonic on ¢~ 1(w’). Since z and w’ are arbitrary, we
conclude that the pair (u o ¢, v o ) is Hs-biharmonic on ¢~ !(w). The proof is

complete. O
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