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1. I N T R O D U C T I O N 

The Floquet theory of a differential equation 

(q) f = q(t)y, qeC°(R), 

(R = (-co, co)), describes the properties of solutions of (q) when the function q 
is periodic, usually with period n: q(t + n) = q(t) for teR. The whole theory is 
based on the fact that with every solution u(t) of (q) also u(t + n) is a solution of 
this equation. 

By the Floquet theory there is (uniquely) associated a quadratic algebraic equation 
to every equation (q) possessing a rr-periodic coefficient q whose roots— the so-called 
characteristic multipliers of (q)—play an important role in investigating the properties 
of solutions of (q). In [2-5, 10, 11, 15, 16] are expressed the characteristic multipliers 
of (q) by means of phases and central dispersions of (q) under the assumption that (q) 
is bothside oscillatory (on R). There are also investigated the bothside oscillatory 
equations of the type (q) with given characteristic multipliers. Under the assumption 
that (q) is nonoscillatory (then necessarily disconjugate) on R, the characteristic 
multipliers of (q) are expressed in [17] by means of hyperbolic and parabolic phases 
of this equation. 

Boruvka [1] investigated all functions X—the so-called dispersions (of the 1st kind) 

of (q) —characterized by a property that the function —==d— is a solution of this 
ViXxoi 

equation (generally on a subintervai of R) for every solution u of (q). On this basis 
the Floquet theory was generalized by Laitoch [9] even for equations of the type (q), 
whose coefficient is not generally a Ti-periodic function. To every bothside oscillatory 
equation (q) and to every dispersion X of (q), X # idR, may be uniquely associated 
a quadratic algebraic equation, whose roots are called the characteristic multipliers 
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of (q) relative to the dispersion X. These roots are expressed by means of phases and 
dispersions of (q) in [12, 13]. 

Our object is now to express the characteristic multipliers of (q) relative to the 
dispersion X in assuming that (q) is disconjugate on R, making use of dispersions 
and hyperbolic and parabolic phases of (q). There is also described a structure of 
disconjugate equations of type (q) with given characteristic multipliers relative to 
the same dispersion X. Finally, there is described a structure of dispersions of (q) 
relative to which this equation has given characteristic multipliers. This article 
generalizes the results of [17] where the coefficient q of the disconjugate equation (q) 
is supposed to be a ^-periodic function and X = t + it. 

2. BASIC D E F I N I T I O N S , NOTATIONS AND RELATIONS 

In what follows we investigate equations (q) disconjugate on R, that is, every 
nontrivial solution of (q) has at most one zero on R. Trivial solutions are excluded 
from our considerations. 

/ 
Convention. 

f~l will denote the inverse function (if any) tof Let S c R , Then ids will denote 
the identity mapping of S. Composite functions such as j8[X(0], Pi(h) will be written 
in short j3X(t), pth. 

In accordance with [1, 5] we say that a function a : R -> R, a e C°(R) is a (first) 
phase of (q) if there exist independent solutions u, v of (q) satisfying 

tga(0 = ^ for *eR - {teR; v(t) = 0}. 

Any phase a of a (disconjugate) equation (q) has the following properties: 

a e C3(R), a'(0 * 0, | lim a(0 - Hm a(0 I g it, 
* - * — oo f-*ao 

- {a, t) - a'2(0 = 9(0, 

where (a, f} = -= — — - ( —— J is the Schwarzian derivative of the function a. 
1 ' 2 a< (0 4 V a ' ( 0 / 

<£ denotes a set of the phases of the differential equation y" = - y . The set (£ is 
a group with respect to the composition of functions. It holds for every eeC that 
e(t + n) = e(t) + n . sign e'. The function e e C°(R) belongs to (£ exactly if there 
exist numbers atj (i9j = 1,2), det (atJ) ^ 0, such that 

t g e ( t ) = a " + a " t g t 

^21 + «22 tg t 

for teR, where the expressions on both sides of the last formula are meaningful. 
If a is a phase of (q), then (£a := {ea; eeffi} is the set of phases of (q). 

102 



A function Xe C3(S), X'(t) # 0 for t e S c R which is a solution (on S) of the 
nonlinear differential equation 

(qq) -{X,t} + X'2.q(X) = q(t) 

is called the dispersion (of the 1st kind) of (q). If X is a dispersion of (q) defined 

on S, then the function — is for every solution u of (q) a solution of (q) 
VIXXOI 

(on S). The function X(t):= t + n, t eR5 is a dispersion of (q) exactly if q is 
a Ti-periodic function. The dispersions of (q) are not generally defined on R. Let us 
say that the dispersion X of (q) is complete if it defined on R and X(R) = R. 

Let a be a phase of (q). A function X is a dispersion of (q) on S if there exists 
eeG: X(t) = a-1ea(t) for teS and conversely, for every e e (£ the composite 
function a_1ea is a dispersion of (q) (on an interval, where the composite function 
a~*ea is defined). Let X be a dispersion of (q) and let X(t) = t on an interval S. Then 
it follows from the existence and uniqueness theorem of solutions of (qq) that 
X= idR. 

We say that (q) is generally (specially) disconjugate (on R) if for a (and then for 
every) phase a of (q) is | lim a(t) - lim a(f) \ < n (\ lim a(t) — lim a(f) | = n). The 

f - + — C O f—>co f—>—oo f—>oo 

equation (q) is specially disconjugate exactly if there exists a unique (up to the multi­
plicative constant) solution u of (q) satisfying u(t) =£ 0 for t e R. 

All the foregoing definitions and results are given in [1, 5]. 
Say (in accordance with [6]) that a function /? e C°(S), S c R , i s a (first) hyperbolic 

phase of (q) on S if there exist independent solutions u9 v of (q) satisfying | u(t) \ < 
< | v(t) | for t e S and 

t g h f l O - - ^ for teS. 

Then peC3(S)9 p'(t) ?- 0, ~{fi,t} + p'2(t) = q(t) for teS. The equation (q) is 
generally disconjugate exactly if there exists a hyperbolic phase /? of (q) on R for 
which j8(R) = R. 

Say (in accordance with [7, 8]) that a function y e C°(S), S c R, is a (first) 
parabolic phase of (q) on S if there exist independent solutions w, v of (q) satisfying 
v(t) 9- 0 for t G S and 

tf)-S| for teS. 

Then y e C3(S), y'(t) ?- 0 and -{y, t) = q(t) for t e S. The equation (q) is specially 
disconjugate exactly if there exists a parabolic phase y of (q) on R for which y(R) = R. 

Let © be a set of functions/such tha t /e C3(R),/(R) = R and/ ' (0 * 0 for f eR. 
The set © is a group with respect to the composition of functions and (£ is a sub­
group of ©. 
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3. P R E P A R A T O R Y , L E M M A S 

Let X jt idR be a complete dispersion of the disconjugate equation (q) and let u, v 

be its independent solutions. Then — , —- - are also independent 

V| x'(t) I Vl x'(t) I 
solutions of (q) on R and there exist therefore real numbers atJ (i,j = 1,2), det atj # 
# 0 : 

uX(t) 

Vi X'(o i 
vX(Q 

Vi X'(o Í 

auu(0 + a12v(t), 

= a21w(0 + a22v(t). 

Let a solution z of (q) exist such that — - = X . z(t) for t e R, where X is 

Vu'(oi 
a (generally complex) number. Then A is a root of equation 

Q2 ~ (an + a22) Q + det au = 0. (1) 

The coefficients of (1) are independent of the choice of the independent solutions w, v 
of (q). Equation (1) is called the characteristic equation of (q) relative to the disper­
sion X and its roots are called characteristic multipliers of (q) relative to the disper­
sion X(see [12]). If there does not exist any solution z of (q) possessing the above 
properties, we say that (q) does not possess any characteristic multipliers relative 
to the dispersion X. Analogous to the proof of Lemma 4 [12] we may show: det au = 
= sign X'. 

Let O_i, 0! be the characteristic multipliers of (q) relative to the dispersion X. 
Then it follows from [9] the existence of the independent solutions u, v of (q) satisfying 
either 

uX(t) f. vX(t) , . . v , , « 
u(t), — w = QX . v(t), O_1.o1=signX (2) 

\ XV) \ V|x'(0l 

or 

»X(t) , ч vX(î) __/л , u л „г - = ^ i . w ( 0 , . = u(t) + QX . v(t), g_1=Ql, Ql = l. (3) 
VlXXOI V|X'(0i 

Lemma 1. 
Let X # idR be a complete dispersion of (q). Then lhe equation (q) relative to the 

dispersion X has the characteristic multipliers only if sign X' = 1. These roots are 
then real and positive. If I is a characteristic multiplier of (q) relative to the disper­
sion X, then there exist independent solutions u, v of (q) satisfying (3). 

Proof. Let X ^ idR be a complete dispersion of (q). Let (q) has characteristic 
multipliers relative to the dispersion X denoted by £_ i, Qx. Let sign X' = — 1. Then 
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O_! . O! = — 1. Hence there exist independent soiutions u, v of (q) for which (2) 
holds and consequently also 

uX(t). vX(t) = X'(t). u(t). v(t)9 t e R. (4) 

Let t0 be an arbitrary number for which X(l0) ^ t0. Now, by our assumption, 
Xf(t0) < 0 and from (4) follows the existence of at least one zero of the function u . v 
on the closed interval with the boundary points t0 and X^o). We deduce, using our 
assumption X ^ idR, that X(t) ^ t on any interval — thus (q) is oscillatory, which 
contradicts our assumption. 

Let sign X' = V If Q~i,Qi are complex numbers, then analogous to [12] we 
can prove that they are equal to e±an\ where 0 < a < 1 and there exists a phase a 
of (q) and an integer n: aX(t) = a(t) + (2n + a)n, teR. However then a(R) = R 
and therefore (q) is oscillatory. Consequently the equation (q) relative to the disper­
sion X may have real characteristic multipliers only. 

Suppose O_! < 0, Qi < 0. Then there necessarily exists a solution u of (q): 

—. I = Q . u(t), t eR, where Q(< 0) is one of the numbers Q-l9Qi. Let t0 be 
VI x'(01 
an arbitrary number, X(l0) ^ l0. Then the solution u has at least one zero in the 

closed interval with end points t0 and X(l0), which conflicts with our assumptoin 

on disconjugacy of (q). 
Let us assume finally that O_t = Ox = 1 and that there exist independent solutions 

u, v of (q) satisfying (2). Then we have for every solution z of (q) that —______= = 

ViXxoi 
= z(t) for t e R. Let X(l0) # ô anc* let zl be a solution of (q), zt(t0) = 0. Then 
zYX(t0) = 0, hence zx has at least two zero, which is a contradiction. 

Remark 1. 
Let X # idR be a complete dispersion of (q). It becomes evident from Lemma 1 

that the investigation of the characteristic multipliers of (q) is meaningful only in 
increasing complete dispersions. The characteristic multipliers of (q) relative to the 
given dispersions are expressable in the form Q, O"1, where Q ^ 1. 

In the following two lemmas we investigate a set of all increasing complete 
dispersions of (q). We show that this set is always dependet on at least one para­
meter and is therefore "sufficiently rich". 

Lemma 2. 
Let (q) be a generally disconjugate equation. Then the set of increasing complete 

dispersions of (q) form a group dependent on one parameter. 
Proof. Let (q) be a generally disconjugate equation. Then, by the 

Theorem [V p. 82], there exists a phase a of (q): a(R) = f 0, — J. Let us put (£t : = 

: ss <s e <£, s(0) = o, e( —J = "?"(• S i n c e a l ® a i s t n e s e t o f dispersions of (q), it 
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is obvious that a~1(£1a is the set of increasing complete dispersions of (q). It follows 
from the definition of group (£ and from the set (&x: if ee&l9 then there exists 
a number k > 0 and 

tgє(0 = fc.tgí, íєR — <ү + jҡ,j = Q, ±1, +2, ...1 (5) 

and conversely: if k > 0 is a number, ee C°(R) meets (5) and e(0) = 0, then e e ^ . 
Consequently the set of increasing complete dispersions of (q) is dependent on one 
(positive) parameter. It remains to prove that the set a " 1 © ^ is a group. It suffices 
to show that d^ is a subgroup of the group (£. Let el9e2e(£1. Then there exist 
positive numbers kl9 k2: tget(t) = kx . tg t, tge2(t) = k2 . tg t. From tge1e2(t) = 
= ki . tg e2(t) = kxk2 . tg t, t g e ^ 1 ^ ) = k!-1 . tg t then it follows e^1, e1e2e(£l9 

which was to be proved. 

Corollary 1, 
Let X # idR is an increasing complete dispersion of a generally disconjugate 

equation (q). Then X(t) ^ t for t e R. 

Proof. Let a be a phase of a generally disconjugate equation (q), a(R) = 

= f 0, —- J and let (£t be similarly defined as in the proof in Lemma 2. Then there 

exists e e ^ such that X= a_ 1sa. Evidently X(l0) = -fo exactly if e(tt) = tx for 

t1: = a(t0)el 0, — J. Since tg e(t) = k . tg t for a positive number k, k ^ I, we obtain 

tg t1 = tg e(lx) = k . tg tl9 v/hich is a contradiction. 

Lemma 3. 

Let (q) be a specially disconjugate equation. Then the set of increasing complete 
dispersions of (q) form a group depending on two parameters. 

Proof. Let (q) be a specially disconjugate equation. By the Theorem [1, p. 82] 
there exists a phase a of (q) from which a(R) = (0,7c). Let us put C2 : = {ee (£, 
e(0) = 0, signs' = 1}. Then a _ 1 ^ 2 a is the set of increasing complete dispersions 
of (q). If e e (52, then there exist numbers kt > 0, k2: 

*«>-*rnhiT (6) 

(for all leR where the expressions on both sides of (6) are meaningful) and also 
reversely: if k1 > 0, k2 are arbitrary numbers and e e C°(R) meets (6) and e(0) = 0, 
then e e (£2. Therefore the set of increasing complete dispersions of (q) depends on 
two parameters. Let e1,e2e<&2. Then there exist numbers kt > 0, k2, k3 > 0, 

K '•tg £ l ( 0 = fc1+
tgfc2tg7'tg £2(0 = fcTTTTtil •F r o m the equal i t ies tg £l£2(0 = 

tg£2(o t g . t g e _ 1 ( 0 _ tg f 
K + kг tg є2(ř) '" fe^fcз + (/qfc4 + fc2) tg t ' Ě

 fei-i _ fel~ifc2 t g , ' 
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file2(0) = e2(0) = 0,e-
x(0) = 0 then follows that et \ exe2 e (£2 and consequently 

G2 is a subgroup of the group (S and a~*(£2a is a group. 

Corollary 2. 
Let (q) be 0 specially disconjugate equation. Then the set of increasing complete 

dispersions X of (q), for which X(t) # t for t eR, depends on one parameter. 
Proof. Let (q) be a specially disconjugate equation and a be one of its phases, 

a(R) = (0, n). Let (S2 be similarly defined as in the proof of Lemma 3 and e e (£2. 
Then there exist numbers /q > 0, k2, for which (6) holds and X:= a^ea is an 
increasing complete dispersion of (q). It is easy to see that X(t) ^ t for t e R exactly 
if e(t) ^ J for t e (0, TT) which obviously occurs if and only if kx = 1 and k2 ^ 0. 

Corollary 3. 
Let X ^ idR be an increasing complete dispersion of a specially disconjugate 

equation (q). Then the equation X(t) — t = 0 has at most one root on R. 
Proof. Let a be a phase of a specially disconjugate equation (q), a(R) = (0, n) 

and let X= a_1ea, where ee(£2. Then for t0eR we have X(*0) = t0 exactly if 
e(ti) = î for tt : = a(l0) e (0,7c). To prove our assertion of Corollary 3 it suffices 
to show that the equation e(t) = t has at most one root on interval (0, n). Since 
e e ^ 2 ) there exist numbers kx > 0, k2 such that (6) holds. If kx = 1 and k2 # 0, 
then it follows from the proof of Corollary 2 that e(/) # t for t e (0,7r). Let kx > 0, 
k2 = 0. By our assumption X # idR and therefore kx ?- 1 and e(t) = t exactly for 

n 
t = —-. Let 0 < k! 7-- 1, k2 # 0. Then the equation e(t) = t has the solution tx 

on the interval (0, TT) if and only if tgt! = (1 — kt) k~l. Thus the equation X(t) - t = 
= 0 has at most one root on R. 

4. THEOREMS ON THE EXPRESSION OF THE 
CHARACTERISTIC MULTIPLIERS OF A DISCONJUGATE 
EQUATION (q) RELATIVE TO THE DISPERSION X 

Theorem 1. 
Let X be an increasing complete dispersion of a disconjugate equation (q), X(t) =£ t 

forteR. Then: 
a) numbers Q, Q~ , where Q > 1, are the characteristic multipliers of(q) relative to 

the dispersion X precisely if(q) is generally disconjugate and there exists a hyperbolic 
phase f$ of(q) on R: 

pX(t) = p(t) + a, teR, (7) 

where a = \TIQ(> 0), 
b) the equation (q) relative to the dispersion X has a double characteristic multiplier 

(==1) precisely if (q) is specially disconjugate and there exists a parabolic phase y 
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of(q) on R: 
yX(0 = y (0+l> ' e R . - (8) 

Proof. Let Xbe an increasing complete dispersion of a disconjugate equation (q) 
and let X(t) =£ t for teR. Let next Q, Q~X (Q *Z 1) be the characteristic multipliers 
of (q) relative to the dispersion X. 

a) (=>) Let Q > 1. Then there exist independent solutions u, v of (q) satisfying 

U%(t) /x V%(i) -1 /x « m\ 
.—— = Q • M(0> P=-==— = g -KO. *eR. (9) 

VX'(0 VX'(0 
Evidently the solutions u, v do not have any zero and we may without any loss of 
generality suppose that u(t) > 0, v(t) > 0 for t e R and | uv' — u'v | = 2. Then the 
equation (q) is generally disconjugate and according to Lemma 2 [17] there exists 
a hyperbolic phase p of (q) on R, so that 

efi(t) P-P(t) 
u(0=-7==, v(0=-7= =r, teR. (10) 

From (9) it follows 

and further 

where a = In Q(> 0). Thus pX(t) = p(t) 4- a for t eR. 
(<=) Let a hyperbolic phase ft of (q) exist satisfying (7), where a = In Q > 0. 

Then (q) is generally disconjugate. Let the functions u, v be defined (10). Then u, v 
are independent solutions of (q) and 

uX(t) epx(t) emt) em+a
 a em 

= ea • = o . u(0, 

V IЯ0I 
, VЏJ — 

VI/ЛOI 

uX(t) _ 
-J_(0 e 

u(0 
f(0 

eWX(t) = _V«'> -_ e2(/»(ř) + a) 

Vr(0 y/\ß'x{t)x\t)\ Vi(/щo)'í VIЯOІ Vi/3'(0 

-в ' 
Ü X ( 0 c c e

 л — a e —1 

VX'(0 V| /rX(0 x't)) | Vl /3(X(0') I Vl P'(t)1 VI /*'(01 

From the above it follows that o, g" 1 are the characteristic multipliers of (q) relative 
to the dispersion X, Q > 1. 

b) (=>). Let # = 1. According to Lemma 1 there exist then independent solutions 
u, v of (q): 

uX(0 r.\ vX(t) 
~ U(t), ~-=±=L: = u(0 + V(t), t 6 R. VXxo VX'(o 

Hereby necessarily u(0 ^ 0 for t e R. Let us put y(0 : = ~~. Then y is a parabolic 

phase of (q) on R, T_f(.) -• **<$> , »«> + * > - - ^ + 1 • .(*) + 1. The 
uX(t) u(t) u(t) n ' 
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= u(t) + v(i), 

- v(t), 

parabolic phase y of (q) meets (8) and since y(R) = R, it is evident that (q) is a specially 
disconjugate equation. 

(=>) Let a parabolic phase y of a specially disconjugate equation (q) exist, satisfying 

(8). Let us put u(t) : = —- , v(t): = — , t e R. Then u, v are independent 

V|y'(OI V|y'(OI 
solutions of (q) and it follows from 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ r * ( 0 _ y(t) 

Vx'(0 V|y'X(0*'(OI Vl(yX(t))' 
p-Y(Q 1 

V^(0~ Vly'X(0Z'(0l ~ V|(yX(0)'| Vl7(t)7 
that (q) relative to the dispersion X has a double characteristic multiplier ( = 1). 

Theorem 2. 

Lef X ^ idR be an increasing complete dispersion of a disconjugate equation (q) 

and let t0 e R: X(t0) = t0 exist. Then (q) is specially disconjugate and\J X'(t0), \j\IX'(t0) 

are the characteristic multipliers of(q) relative to the dispersion X and X'(t0) ,-= 1. 
Proof. Let X # idR be an increasing complete dispersion of a disconjugate 

equation (q) and let t0 eR : X(t0) = t0 exist. By Corollary 1 the equation (q) is then 
specially disconjugate and by Corollary 3 there exists a single number t0 of the above 
property. There exists at the same time one and only one (up to a multiplicative 

constant) solution u of (q): u(t) ?- 0 for t e R. Since — is also a solution of (q) 

VX'(0 

= b.u(t), r e R . (11) 

without any zero on R, there exists a number b: 

uX(t) 

VX'(0 
The number b is necessarily equal to one of the characteristic multipliers of (q) 
relative to the dispersion X. Since u(t0) ^ 0, it follows, writting t0 for t in (11), that 
b = \lX'(t0) and therefore \/X'(t0), l/yX'(t0) are characteristic multipliers of (q) 
relative to the dispersion X. Suppose that X'(t0) = 1, which implies that (q) relative, 
to the dispersion Xhas the double characteristic multiplier ( = 1). There exists then 
according to Lemma 1, a solution v to the solution u, for which 

uX(t) 

Vr(o 
vX(t) 

u(t), 

1/(0 + v(t). 
y/X'(t) 

Writting t0 for t in the last equality, we obtain v(t0) = u(t0) + v(t0), thus u(t0) = 0, 
which is a contradiction. 
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5. T H E S T R U C T U R E O F T H E D I S C O N J U G A T E E Q U A T I O N S (q) 

W I T H G I V E N C H A R A C T E R I S T I C M U L T I P L I E R S R E L A T I V E 

TO T H E D I S P E R S I O N X 

Let X be an increasing complete dispersion of a disconjugate equation (q). Let 
us put£fx : = {a e (5, aX = Xa}. Similarly as in Lemma 2 [13] we can prove t h a t ^ x 

is a subgroup of the group (8. 

Definition 1. 
Let X T£ idR be an increasing complete dispersion of a disconjugate equation (q t). 

Say that equations (qx) and (q2) relative to the dispersion X have the same behaviour if: 
(i) they have the same dispersion X, 

(ii) both are either specially or generally disconjugate and 
(iii) they have the same characteristic multipliers relative to the dispersion X. 

Theorem 3. 
Let X ^ idR be an increasing complete dispersion of a generally disconjugate equa­

tion (qt) and let pt be a hyperbolic phase 0f(qi) on R: 

PxX(t) = px(t) + a, a > 0, t e R. (12) 

Then (qx) and (q2) relative to the dispersion X have the same behaviour precisely if 
a hyperbolic phase P2 of (q2) is expressable in the form 

p2 = pth, 
where h e £fx. 

Proof. LetX ^ idR is an increasing complete dispersion ofa generally disconjugate 
equation (q t) and let a hyperbolic phase px of (q t) satisfy (12). 

(=>) Let (qx) and (q2) relative to the dispersion Xhave the same behaviour. Accord­
ing to Theorem 1 there exists a hyperbolic phase P2 of (q2) onR: P2X(t) = Pi(0 + a 

teR. Putting h:=fc1p2, then sign h! = 1, hX = fc1fl2X = P\KP2 + a) = , 
= XPilp2 = Xh and consequently heSfx. 

(<=) Let h e Sfx and /?2 := pth be a hyperbolic phase of (q2). Then P2X(t) = 
» pxhX(t) = ^!Xh(t) = pth(t) + a = J82(0 + « and q2(t) = -{ j3 2 , f} + / # ( / ) = 

= - { M 0 + /?22(0 - -{&. Xi0] . * , 2(0 ~ {* '} + &*(') - [>**(/) ~ 
~ i^2

2X(0] * ' 2 ( 0 ~ {X, t) + jB'2
2(0 = - { * , *} + ^ ' 2 ( 0 • q2X(f). Thus (q2) has the 

dispersion Xand (q t) and (q2) relative to the dispersion Xhave the same behaviour. 

Theorem 4. 

Let X be an increasing complete dispersion ofa specially disconjugate equation (q^ , 
X(t) T̂  t for teR. Let yt be a parabolic phase 0f(qi) on R such that 

7iX(t) = Ti(0 + h teR. (13) 

Then (q0 and (q2) relative to the dispersion X have the same behaviour exactly if 
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a parabolic phase y2 0f (q2) is expressable in the form 

y2 = Vih, 
where he &*x-

Proof . Let X be an increasing complete dispersion of a specially disconjugate 
equation (qO, X(0 ^ t for teR. Let yt be a parabolic phase of (qx) on R 
satisfying (13). 

(=>) Let (qO and (q2) relative to the dispersion Xhave the same behaviour. Accord­
ing to Theorem 1 there exists then a parabolic phase y2 of (q2): y2X(0 = 72(0 + * 
for r e R . Putting h := 71"

1y2, then hX = y1"1y2X= y1"
1(?2 + 0 = -^Vi"1^ = ^ 

and consequently he£?x. 
(<=) Let h E <9̂ Y and y2 := y^h be a parabolic phase of (q2). Then y2(R) = R and 

therefore (q2) is a specially disconjugate equation. It follows from y2X = yxhX = 
.-= yxXh = hy2 + 1 and q2(t) = - { y 2 , t} = ~{y2X, t) = - { y 2 , X(0} • Xf2(t) -
- {X,t} = X'2(t). q2X(t) - {X,t} that (q2) has the dispersion X and that (qx) 
and (q2) relative to the dispersion X have the same behaviour. 

Theorem 5. 
Let X # ldR be an increasing complete dispersion of a specially disconjugate equa­

tion (qx) and let there exist a number t0 such that X(t0) = t0. Then (qt) and (q2) 
relative to the dispersion X have the same behaviour if and only if qx = q2. 

Proof. Let the assumptions of Theorem 5 be satisfied. According to Corollary 3 
X(0 T* t for t e R - {t0}. Let (qt) and (q2) relative to the dispersion Xhave the same 
behaviour. Then 

- { X J 0 + J r / 2 ( 0 . q i ^ ( 0 = qi(0, 

- { X , t } + X'2(t).q2X(0-q2(0. 

Herefrom X'2(t)[qiX(t) - q2X(t)] = qt(t) - q2(t) and X'(t)yJ\q1X(t) - q2X(tY\ = 
= Vl #i(0 ~ q2(0 I- Integrating the last equality from t0 to t we get 

J VI qtX(s) - q2X(s) | X'(s) ds = J Vl qi(0 - q2(0 I ds 
to tQ 

and on making use of the substitution method in the integral on the left side of the 
last formula we obtain 

X{t) 

J Vl 4i(0 " te(s) I ds = J Vl qi(0 - q2(0 I ds 
to t0 

and 
X(t) 

J y/\qi(s) — q2(s)\ds = 0, teR. 
t 

Since Xis not identically equal to t on any interval, it follows from the last equality 
t h a t ^ = q2. 

If qx = q2, it becomes evident that (qO and (q2) relative to the dispersion Xhave 
the same behaviour. 
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6. THE STRUCTURE OF DISPERSIONS OF THE CONJUGATE 

EQUATION (q) RELATIVE TO WHICH THIS EQUATION 

HAS GIVEN CHARACTERISTIC MULTIPLIERS 

Let Q > 1 and let (q) be a generally disconjugate equation. Then there exist exactly 
two increasing complete dispersions X_, X__ ( # idR) Of (q), X_ =£ X__, relative to 
which the equation (q) has lhe characteristic multipliers O, O"1. 

Proof. Let the assumptions of Theorem 6 be satisfied. Then there exists a phase a 
of (q) meeting a(R) = (0, n/2). Let e_ e C°(R), e__ e C°(R), e_(0) = e__(0) = 0, 
tg£i(0 = Q2 • tg l, tge_.t(t) = O"2 . tg t. Let us put X_ := a ^ e ^ , X__ := a_ 1e_ t a. 
Then X_ and X__ are increasing complete dispersions of (q). If we put u(t): = . 

sina(0 -/ x cosa(0 « . - _ . * , , . n , >. 
, v(t) := — , teR, then u,-v are independent solutions of (q) V|a'(0l V|a'(0 

and it follows from 

uX,(0 sinaXf(0 sine£a(0 t sina(t) 
ӣ(í), 

y/x&t) V l a З Д В Д l V i M 0 ) ' l V|a'(0l 

vXiit) _ cosaA';(t) cose;a(0 _ -,- cosa(0 _ -,-

VAKO Via'A-,.(0A-;(0l V i M O X l Vi«'(0l 

0 = -1,1), 

that (q) relative to the dispersion X_ and X__ has the characteristic multipliers 
Q and O"1. 

Let Ybe an increasing complete dispersion of (q) and let O and O"1 be the character­
istic multipliers of (q) relative to the dispersion Y. Then there exist independent 
solutions u, v of (q) satisfying 

teR, (14) «У(0 íл 
- , - = Q • u{t), 

VУ'(0 

VY(Í) -1 , v 

, = Q • v(t), 
VУ'(0 

and thus also 

, : = Q • U(t), 

vУ_ 1 '(t) 

"У_1(0 
, = = = <? • v(t), 

VУ _ 1 ' (0 

tєR. 

Therefore O, Q~1 are the characteristic multipliers of (q) relative to the dispersion Y"1. 
It follows from (14) and from Corollary 1 that Y(0 ^ t and u(t) v(t) ^ 0 for / eR. 
We can assume without any loss of generality that u(0 > 0, v(t) > 0. Let a_ e C°(R), 

0 < a_(t) < —r and tg a_(t) = — -̂y for t e R. Then a_ is a phase of (q) and we get 

from (14): 
tga1Y(t) = ^ 2 . tga 1 ( t) , ' e R , (15) 
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=И) ax(R) = (0, •—-1. Hence, there exist s2 e C^ (the set (&l was defined in the proof of 

Lemma 2) and a number k > 0 such that ax = e2a, tg e2(t) = k . tg t. Since Y = 
= a" 1 a 3 a 1 for an e 3 e 6 1 } we see that Y =-= a" 1ea, where e : = z2

 1 e 3 e 2 . For the proof 
of Theorem 6 it suffices to show that s = ex. Since tg a x Y = tg e 2 aa _ 1 ea = tg e2ea = 
= k . tg ea, O2 . tg ax = O2 . tg e2a = kO2 . tg a, it follows from (15) that tg e = 
= Q2 . tg t. From the last formula and from the equalities e(0) = sx(0) = 0 we get 
g = slt which was to be demonstrated. 

Theorem 7. 

Let Q > 1 and (q) be a specially disconjugate equation. Then there exists a set of 

increasing complete dispersions of(q) dependent on a single parameter relative to which 

(q) has the characteristic multipliers O, O"1. 

Proof. Let O > 1 and (q) be a specially disconjugate equation. Let a be a phase 

of (q), a(R) = (0, n). Let the set (£2 be defined analogous to the proof of Lemma 3. 

Let finally Q, O"1 be the characteristic multipliers of (q) relative to an increasing 

complete dispersion X ^ idR. According to Theorem 2 there exists then a number t0i 

X(t0) = l0 and VX'(t0), \jv X'(t0) are the characteristic multipliers of (q) relative 

to the dispersion X. Our object now is to find all the increasing complete dispersions 

Y of (q) having such a property that Y(tx) = tx and V F ^ ) is equal to one of the 

numbers D, O " 1 in a number tx = tx(Y). According to Corollaries 2 and 3 and by 

their proofs, Y is a increasing complete dispersion of (q) and there exists (a single) 

tg t 
number tx: Y(tx) = tx if and only if Y = a ^a , where e(0) = 0, tg e(t) = ~ — 

ki 4- k2 tg t 
and there is either kx > 0, k2 = 0 or 0 < kx ^ 1, k2 ^ 0. Hereby Y(tx) = tt exactly 

n 
if e(t2) = t2(e (0, n)) for t2 := a(tx) and it holds: f2 = — for kt > 0, k2 = 0 and t2 

for 0 < k! ^ 1, k2 s6 0 is one and only one solution of the equation tg / = 

= (1 — ki) k2
l (on (0, n)). By a calculation we can verify that Y'('i) = ef(t2) arid 

e '(t2) = k~1 for t2 = — and s'(t2) = kx for t2 ^ - y . Let (£3 cz (£ be a set of those e 

satisfying 

t g ' 
tge(0 

Ql + k2 tg t 

where k2 e R and i = ± 1 . Then a~1(£3a is the set of increasing complete dispersions 
of (q) relative to which this equation has the characteristic multipliers O, g~ l . 
Remark 1. 

From Corollary 2 and from Theorem 2 then follows the existence of a set D of 
increasing dispersions of the specially disconjugate equation (q) which is dependent 
on one parameter relative to which (q) has a double characteristic multiplier ( = 1). 
If (S4 is a set of those e e (S, e(0) = 0 satisfying (6) with kx = 1 and k2 # 0 and if <x 
is a phase of (q) such that a(R) = (0,7i), then £> = a " 1 ^ . 
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S O U H R N 

ZOBECNËNÁ FLOQUETOVA TEORIE 
DISKONJUGOVANÝCH DIFERENCIÁLNÍCH 

ROVNIC y" = q(t)y 

SVATOSLAV STAN K 

Jsou vyšeířovány rovnice typu 
(q) У"~q(t)y, geC°(R), 

které jsou diskonjugované na R(= (—00, 00)). Nechť Xje disperse (L druhu) rov-
nice (q), X(R) = R, X(t) щà t. Pak pro každé řešení u rovnice (q) je také uX(0/l <ЯГ'(011/2 

řešením této гovnice. Řekneme, že (obecn komplexní) číslo X je charakteristickým 
kořenem rovnice (q) při dispersi X, jestliže existuje netriviální řešení z rovnice (q): 
zX(t)/\ X'(t)\1/2 = X. z(t), tєR. V práci je uvedeno vyjádření charakteristických 
kořenů rovnice (q) při dispersi X užiíím dispersí a ћyperbolických a parabolických 
fází rovnice (q). Je popsána strukíura rovnic typu (q), které při téže dispersi X mají 
předepsané cћarakterisíлcké kořeny a dále je popsána stmktura dispersí rovnice (q) 
při nichž má tato rovnice předepsané cћaгakteristické kořeny. 

PEЗЮME 

O Б O Б Щ E H H A Я METOДA ФЛOКE 
Д И Ф Ф E P E H Ц И A Л Ь H Ы X УPABHEHИЙ y = q(t)y 

БEЗ C O П P Я Ж E H H Ы X TOЧEК 

CBATOCЛAB C T A H E K 

Изyчaeтcя ypaвнeниe типa 

(q) y" = q(0y, qeCҲR) 

бeз coпpяжeшiыx тoчeк нa R ( = ( — 00, 00)). Пycть X — диcпepcия (1-гo poдa) 
ypaвнeния (q), X(R) = R, X(l) ~Ф t. Toгдa для любoгo peшeния u ypaвнeния (q) 
фyнкция мX(0/V |X'(0I являeтcя тoжe peшeниejvr этoгo ypaвиeния. (Booбщe 
кoмплeкcнoe) чиcлo X нaзывaeтcя xapa тepиcтичecким opнeм ypaвнeния (q) 
пpи диcпepcии X, ecли cyщecтвyeт нeтpйвиaльнoe peшeниe z ypaвнeния 
(q) : zX(0/v|X'(OI ^ ^ • z (0 ? lєR. B paбoтe пpивoдятcя выpaжeния xapaктe-
pиcтичecкиx кopнeй ypaвиeния (q) пpи дкcпepcии Xc пoмoщью диcпepcий и гипep-
бoличecкиx и пapaбoличecкиx фaз ypaвнeния (q). Пpивoдитcя oпиcaниe cтpyк-
тypы ypaвиeний типa (q), кoтopыe npи тaкoй жe диcпepcии X имeют пpeдпиcaн-
ныe xapa тepиcтичecкиe кopни и дaльшe oпиcaнa cтpyктypa диcпepcий ypaвнeния 
(q) пpи кoтopыx этo ypaвнeниe имeeт пpeдпиcaнныe xapaктepиcтичecкиe кopни. 
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