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(Received April 30th, 1983) 

Investigations of dynamic systems excited by the Dirac function are of great 
significance both from the mathematical and the technical point of view. The Dirac 
function is not directly generable and therefore another equivalent description 
of the investigated system is sought wherein the Dirac function does not occur, 
or with smalter requirements on accurasy, the Dirac function aray be approximated 
by a reslangle or an exponential impulse. 

The transfer function is defined as a ratio of the Laplase images of the output 
and input magnitudes with zero initial conditions, i. e. 

H(S) = - ^ - = hmSm+K-lSm-1 + ...+blS + b0 ^ 
z(s) a„sn + a-,-j. a""1 + ... + axs + a0 

where m, n are non-negative integers numbers. Assume m = n, ak, bk = constant, 

fl„ = i. 
The transfer function (!) may be put into an image form of the differential equation 

snY(s) + an.ls
n'1Y(s) + ... + a0Y(s) = (2) 

= bmsmZ(s) + bm.ls
m~lZ(s) + ... + b0Z(s), 

which is also the Laplase image of the differential equation 

y{n) + tf„-iy(',-,) + -. + cioy = bmz^ + bm-xz<m-» + ... + b0z. (3) 

Equation (3) is generally programmed in the form of a system of the differential 
equations 
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yi = V - a0y, 
y? = bxz - axy + yi9 

j 3 = b2z - a2y + j 2 , (4) 

yn = K-& - art_ty + yn„u 

y = b„z + yn. 

Certain difficulties arise if z = <S(t) is the Dirac impulse defined by the relations 

<5(0 = Пm (t, є) 
e~>0 

(5) 

<5(t, є) = 0 for t < 0, 

á(t, є) = — for 0 ^ t й є 
є 

<Ş(t, e ) = 0 for t > є, 
00 * 

f á(0d/=fá(0 = 3(0, 

where 

3(0 = o 
3(0 = i 

for t < 0, 

foг t > 0. 

(5a) 

(5b) 

If we bring to the input integrator the Dirac function 5(t) (see figure 1), then we 

get a step function #(t) on its output (under the assumption that the integrator 

changes its sign), i.e. 

D(0 = -Г(и(0 + ô(t))àt = -J«(0d/ - 3(0-
0 0 

(6) 

ŚU) 
O 

°щ 

d)'- ţл(D<LІ-ìf(i) 

м(i) 

Fig. 1 

oTftJ 
c 

-rft). Çлo(l)dŁ-Y(i) 

Integration of the function S(t) is thus equivalent to placing the initial condition 
- 3 ( 0 = - 1 . 

Figure 2 illustrates a program block for solutions of system (4) for m = n — 1 
if the function z = <5(t) is realizable. If the Dirac impulse is not realizable, then 
the block in figure 2 may be re-plotted on the ground of relation (6) — see figure 3. 
Thus, no difficulties arise for n > m in modeling dynamical systems exited by the 
Dirac function. Another situation is in case of the function n = m, where the 
response y is obtained by the last equation of system (4) on the output of the 
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adder. Figure 4 shows a not realizable program block (z = <5(t)) for such a case. 
Let us assume the Dirac impulse in time t = 0, multiplied by the coefficient bn 

to pass from the output of the adder over the coefficients a} to the inputs of the 
relative integrators, where — according to (6) —it proves as a further equivalent 
initial condition~(-\)n~ }apn. The program block by figure (4) may then be 

« <-»* 
A-Л 

ť~& 

•«>t ">Г 
Fíg. 2 

-õ (£) 
?C-//r«) -ć-z/rft) 

© 

6/) ^ 
Ьг^ 

.*-/ 9 , 
Fig. 3 

ïн> Tc-/Ґ> 

Fig 4 
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re-plotted to the form of figure 5. The program block in figure 4 is described by the 
system of differential equations (4). If we put z = d(t), then the program block 
in figure 4 is described by the system of equations 

.«/><-) o-Cf) ҐCí) o Ґ«) 

(-l)>i = - J (-l)"«0.vdí + (-1)"M<0 

Fig. 5 

(7) 

(-D»- 2 = _ | к-iг^y + (-!)•*] d. + (-n-^мtø 

(--)"" V í = - | [ ( - i ) " " V + (-í)"-J^yj]dt + 

+ (-i)""V<0 

-y. = - I [-fl--i.v + ( - 1 ) 4 - , ] dt - bi-Mt) 
0 

y = yn + W(0-

Inserting the value of (7a) for y in (7) we get on the ground of (6) that 

( - ! )> , = -J(-l)''flo.vBd.-(-l)"aoM(0 + (-l)"M(0 

(7а) 

(8) 

(-l)""ł>-2 = - í [(-l)""łai.vп + (-!)>,]dř - (-ly-^ЬM) + ( - l ) " _ ł M ( 0 

( - I У V I = -f [<-D""V- + (-iгj+1yj~àt - (-i)-vдo + 
0 

+ (-i)"~V(o 

-.v, - - J [-аn-i>-в + (-l)Vn-i]d/ + Ot-tЪҖt) - b„.Җt) 
o 
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The last two expressions on the right sides of system (8) may be regarded as the 
initial values of the relative functions (~l)n~yyj + i. The program block in figure 5 
is described by the system of equations (upon substituting 1y = lyn). 

( - l Y V i = - / ( - - r V j - d f + (-l)n(b0 - a0bn)9(t), ( 9 ) 

0 

(-iy-11y2 = -h(-iy-xa^y. + (-l)nlj>,]dt + (-l)"'1^ - aibn)9{t), 

(-iy-llyJ+1 = - í K - i r v * . + (-iy-j+ilyjiàt + (-iy-j(bj - ajbjm. 

-lyn = - 1 l-a„-1
1y„ + ( -1)1 V„-i df - (&„_! - «„-A)9(f). 

0 

On account of the fact that systems (8) and (9) are (up to the notation of variables) 
identical, it holds yn = lyn9 then also the program block for t > 0 in figures 4 and 5 
are equivalent. The input value y for i = 0 by figure 4 and (7a) is given by the 
relation y = yn + b„<5(t). The output value xy by figure 5 is given by the relation 
1y = 1yn = yn- Figures 6 and 6a show the course of the values y and ly by the 

Fig. 6 Fig. 6a 

program blocks in figures 4 and 5, respectively. If z = 3(t), then, by (1), the image 
of the output magnitude y is given by the relation (n = m, a„ = 1), 

ľ(s) = b„ + (Ь,-! - Ы - | ) ^ " ' + (Ьп-2 ~ Ьпа„-2)5Н 2 + ... + Ь0 - а0Ьп 

5П + аи-1з
п-1+ ... + „о 

^ ( Ь „ _ ( - а п _ Л ) ^ " е 

_ Ь + --_» г - . 

(10) 

s" + ап + ... +а„ 

The first term on the right side after the inverse transformation gives bn8(t), the 
second term (a lineai system with constant coefficients is concerned) is an image 
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of functions of the type At V cos (cot + c/?). If the numerator is a multiple of the 

denominator, i.e. by = kaj, bn = k, then 

ү(s) = k*" + ka

n-is" + - + Ь 0 = k 

s" + a^-^s"'1 + ... + a0 

( П ) 

and y(t) = kS(t) as can be seen in the program block in figure 4. If for instance 

the system with the transfer function 

_ Y(s) __ b2s
2 + bxs + b0 

J~1\S) — , — - , 

As) s2 + a^s + a0 

is investigated, then, with z = (5(0, the image of the response y has the form 

(12) 

У( S ) = 
b2s + bts + b0 

s2 + axs + a0 

= b2 + 
(b{ - aлb2)s + b0 - a0b2 

S2 + űiS + a0 

(13) 

Solving the task by means of the progiam block on the ground of relations (9) 
and by figure 5, then the program block for m — n = 2 has the form by figure 7 
and is described by the system of equations (for t _ 0, &(t) = 1) 

(14) -y2 = - J ( - t f i y 2 + yi)dl - b! + atb2, 

yl = - J ^ 0 y 2 ^ l + b0 - «0^2, 
0 

Performing the differentiation we find that 

- y i = «ly2 ~ yi, 

yi. = ~0Oy2> 

(14a) 

where for the initial conditions by (14) and figure 7 y2(0) = bi — #ib2> yi(0) = 
= bo — a0b2 hold. 

Putting the system of (14a) to a second order differential equation for y2 gives 

yi + «iy 2 + a0y2 = 0 (14b) 

Fig. 7 
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with the initial conditions y2(o> = b{ — aLb2, y2(0) — —aL(b{ — a!b2) 4- b0 — 
- a0b2. The Laplace i máge of (14b) has then the form 

s2Y2(s) - s(bL - aLb2) + aL(bL - aLb2) - h0 + a0b2 + aLsY2(s) -
- aL(bL - aLb2) + a0Y2(s) = 0, 

i.e. 
s2Y2(s) - s(bL - aLb2) - b0 + a0b2 + a1sY2(^) + tfo^ifa) = °> 

whence 

(15) Y2(s) = (».-«.*->- + * » - - . * - . 
5 4- aLs a0 

The image of the response is the samé as the second part of the expression on the 
right side of equation (13). For t > 0 is thus y2 — y. And the program block by 
figuře 4 may by replaced by that of figuře 5. 

Souhrn 

SIMULACE DYNAMICKÝCH SYSTÉMŮ 
S PŘENOSOVOU F U N K C Í TYPU m = n 

BUZENÝCH DIRACOVOU F U N K C Í 

KAREL BENEŠ 

V práci je popsána možnost modelování přenosových funkcí typu m = n systémů 
buzených Diracovou funkcí. Na základě odvozených vztahů je ukázáno, že odezvu 
je možno sledovat pro t > 0. 

Doc. Ing. Karel Beneš, CSc. 
katedra kybernetiky a matematické informatiky 
přírodovědecké fakulty University Palackého 
Leninova 26 
771 46 Olomouc ČSSR 

Pej/oAie 

CHMyJI>IL{H>I flHHAMHMECKMX CHCTEM 
C n E P E A O T O ^ H O Í Í o y H K I í M E M T H n A m - n 

B03BY>KAEHHI>IX OYHKLJKEH # H P A K A 

KAPEJI EEHEU1 

B pa6ore onncana B03MO>KHOCTb MO/rejiHpoBaHM5i nepcaaTOHHbix ^yuKnnŘ 
THna M = H CHCTeM B036y>KjrěHHi>ix (jvynKaMeň ^upaKa. Ha ocHOBe noKa3aHHbix 
OTHouieHHH noKa3ano HTO BbixojjHuií cumaji MO>KHO noBTopHTib RJISÍ T > 0. 
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